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PREFACE. 



IT has been for some time a subject of 
complaint amongst mathematical readers, 
t^iat, although the analytical sciences have 
been investigated with the greatest ardour 
and success for a length of time by men of 
the most eminent talents upon the conti- 
nent, yet scarcely any works exist in the 
English language in which the improve- 
ments made by them are noticed. 

As their notation and peculiar modes of 
proceeding are different irom those used by 
English Mathematicians ; I conceive that a 
translation of an elementary treatise upon 



IV PREFACE. 

analytical mechanics by one of the most 
distinguished of the continental Analysts, 
with notes that shall enable the reader to 
understand it with greater facility, will 
render an acceptable service to those who 
are desirous of being in some degree ac- 
quainted with their merits. 

It is hoped that when this work is under- 
stood^ the obstacles which may be met with 
in reading the M6chanique Celeste, or the 
Mech'aniqtie Analytique, will principally 
atisc from the difficulty of integrating the 
equations of which the authors make use. 
This can only be obviated by a diligent 
perusal of some of the treatises upon the 
integral calculus, given by Euler, Waring, 
"C6usin> Legendre, and Lacroix; particu- 
larly the Traite du Calcul Differentiel et 
Integral by the last mentioned writer. 

To say any thing relative to the merits 
of such productions as the M^chanique C6- 
leste or the *5VIechanique Analytique would 
be superfluous. They are so great as to 
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itid&cie atv eminent Analyst* to assert^ 
that all elementary treatises upon mechan- 
its should be composed as preparatory to a 
pefFusal 6f them. 

The work which is here translated will 
serve la give those readers whcr')are unac- 
quainted with the writings of the continen- 
tal Analysts, some idea of the elegance and 
extent of which their methods are capable, 
^ilhftve only to regret that the task of pre- 
seating it has not been attempted by abler 
bands; but, from some excellent analytical 
"^•specimens already before the public, Uttle 



* It is uovf certain that the Mechaoique AnaSjtique and 
the Mechanique Celeste are the true sources from which a 
•omplete and methodical knowledge of all the properties of 
the equilibrium and of the motion of bodies either solid 
•r fluid, which objects form the principal application of 
transcendental analysis, can be obtained; it is therefor«^ 
necessary that in future the elementary treatises should be 
composed with the vi^w of leading to these works. 

Discours preliminaire to the Traite elementaire de Calcul 
Diiferentiel et de Cnlcul Integral par S, F. Lacroix, Edit. 
M09. 
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(teufefe.cafi be entertained of; it soon being 
followed bx origin^ treatises upon the same 
subject^ by writers well qualified for tlie 
undertaking. — From the rapidly increasing 
taste for the works; of the continental Ma- 
thematiciaos> there is every reason to hope, 
that the time is not far distant when the 
analytical sciences will again flourish in the 
country of their illustrious founder* 
. With respect to the notes, the whol^ qt 
which I have added to the treatise of La- 
place, it may be proper to observe, that 
they are intended in some degree: to facilitate 
the reading of the text to those students 
whose information is not supposed to extend 
beyond the elementary principles of me- 
chanics and of fluxions as taught in this 
island; — They contain some additions to the 
original work. These are particularly neces- 
sary, as the treatise of Laplace was merely 
intended for an introduction to the Mechan- 
ique Celeste. In making them I have deri- 
ved considerable assistance from the work» 
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of the most eminent writers upon mechanics, 
particularly Lagrange. 

•As these notes were merely composed 
with the hope of promoting a favourite sci- 
ence, of which every one who is acquainted 
with the confined sale of the generality of 
mathematical works must be well aware, 1 
hope the reader will receive with indulgence 
any errors into which I may unintentionally 
haKji^' fallen; particularly when he is in- 
formed^ that they were written at intervals 
under very unfavourable circumstances ari- 
sing from the care of a school and other 
duties^ which the " res angusta domi** ren- 
dered unavoidable. 
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CHAP. I. 

Of the equflibrium and of the eomposttjlon ofthcforctt, 
which act upon a mateti^l point, 

1« A BoDF appears to us to be in motion "when it 
changes its situation relative to a system ' of -bodies 
TThich -we suppose to be at rest : but as aR bodies-, eVen 
tkose T^hicb seem to be in ti state of ibe! moaK absolute 
rest, may be in motion ; we conceive ti space, bound- 
less, immoveable^ and penetrable to matter: it is to the 
parts of thi^ real or ideal space that we by imagination 
refer the situation of bodies ; and we conceive them to 
bb in motion when they answer successively to difierent 
parts of space. 

The. USiture of thM singular mpdification in consg* 
quen$e of ^hiiph bodies are transported from one plage 
tp VJpj't^r, i^, an|df%lijf ays will be unknpwn: we hjivf 
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to determine any thing more than its effects, and the 
laws of its action. The effect of a force acting upon a 
material point is, if no obstacle opposes, to put it into 
motion ; the direction of the force is the right line which 
it tends to make the point describe. It is evident that 
if two forces act in the same direction, their effect is the 
sum of the two forces, and that if they act in a contrary 
direction, the point is moved by a force represented by 
their difference. If their directions form an angle with 
each other, a force results the direction of which is a 
mean between the directions of the composing forces* 
Let us see what is this resultant and i(s direction. 

For this purpose, let us consider two forces x and y 
acting at the same time upon a mtatejcial point il/, and 
forming a right angle with each other. Let % repre- 
sent their resultant, and S the angle which it makes with 
the direction of the force x ; the two forces x and y 
being given, the ^ngle d will be determined, as well as 
the restittant %\ m short there exists amongst the three 
quantities x^ %^ and d a relation which it is required 

, .^^t^us then suppose the forces ,^ and y infinitely 
sfPf^Il, and equal to the differentisils dx and dy ; let us . 
suppose agaia that x becoming sjaccessively dx^ Sdx^ 
S4?:iij&G* y becomes dyySdy, 3dyy&c.; it is evident 
that ^be Biigle d will be always the , same, and ,that the 
rei^^Itants; will become successively dz, 2dzy 3dzy &c. ; 
t^eriqfQre ia the successive incitements of the three forces 
Xy^j and ;s, the ratio of ^ to 2 will be constant, and 
can be expressed by a function * of fl which we will re- 






* Every expression in whidh any number of iadcterminate 
quantities enter in any manner, is called a fanction of the 
indeteitninate qdantiti^. Thas ^^ aT^jd+bXy sin. x 
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» 

present by 9 (d) ; we shall therefore have 07^=2; ^ (9) ; 
an equation in which a: may be changed into^, pro- 
vided that at the same time we change the angle S into 

J — '6y V being the semi-circumference of a circle whose 

radius is unity. 

Moreover the force x may be considered as the re- 
sultant of two forces x* and j/', of which the first jr^ is 
directed along the resultant 2, and the second x^* per- 
pendicular^^to it. The force x which results from these 
two new forces forming the angle 6 with the force x' 

and the angle - — 9 with the force x"^ we shall have 

these two forces may be substituted fpr the force x. 
In like manner two new forces ^' and y" may be sub- 

stituted for y^ the first being equal to — and directed 
along s, and the second equal to — and perpendicular 

<3 



logarithm of (a-^'bx) are called functions of ^ ; and (ix-\-ifj 
(x-^-y)^^ sin. (ax-\^y) and log, (ax-\-y^) are called func- 
tions of X and y. One quantity is called an explicit function 
of another quantity or quantities, when we directly perceive 
how it is formed from the other quantity or quantities. 
Thus in the expressions ^zz:(ia?*+6jc+c and yzr.axz-^bx^'^- 
€z* ; we have first ^ an explicit function of x, and next ^ an 
explicit function of x and z. When we do not directly see 
how pne quantity, is formed from others, but must find it by 
an algebraical proqess^ we call that quantity an implicit 
function of the othc^rs^ Thus in the fir$t of the foregoing^ 
equations, x U W iinplicit function of ^, and in the second, 
an implicit function of j^ and »• 



te 2 ; we rfiafl thiereftte have, ittste&d of the tifb foteek 
i* andy, the fbut follolviDg : 

** \y* ay %/ 

the two last acting in contrary directions destroy each 
other ; the two first acting in the same direction, when 
aHded together fohh the resultant z ; We have therefore 

firotn which it follows that the resallant of the two forced 
^ and^ is represaited in quantity by the diagonal of a 
:i^ectangle whose sides represent these forces. 

Let us proceed to determine the angle 0. ♦ If we in- 
crease the force x by its differential dr^ without altering 
the force y, this angle will be diminished by the inde- 
finitely small quantity c/d, but it is possible to suppose 
the force dr resolved into two, one dx' in the direction 
of Zf and the other dx^' perpendicular to it ; the point 
M will then be adted upon by the two forces Z'^dx' 
and dx'^ which are perpendicular to each other, and the 
resultant of these two forces which We represent by z' 

will make with dx" the angle — dB ; we shall have 

therefore by what precedes 

dx»=:z^.f^j^d6^ 

the ftinction ^ I — d9| is consequently indefinitely 



* That the ireimoniDg in the proof of (he direction of ihh 
resulting force m&j be more readily tottptcfbended, I hwk 
given k Mgi>am, (fig, 10 in wliiei^ we intiy suppose Mx 
br bz=x, Mb. 6t xz or ac==:i/f iisP^^m otzc=Mx^ zii!:=: 
da^^ z!c=:d3if'j Mc= resuitatit of z^dif arid Sa/', angle JsMot 
=d, and angle sJtfc=:—rfd. 
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omall, and of the form — kddy k being a ccflsstant quantity 
independent of the angle S ; Vfe have therefore 

1 

t' differing Mly by an indefinitely small quantity from 

% ; moreover as dx^ forms with dir the angle - — F, 

« 
"We have 



*.=ir.»(|-9)=*; 



therefore 



ds^r^'^ 



If we increase the force 1/ by dy, supposing .r constant i 
we shall have the corresponding variation of the angle 

J by changing x into y, y into .r, artd 6 into > — '"% m 

the precedbg equation, which Iheh ^iVcs c TOi— ^ ^ ; bjr 
making x and y vary at the same time, the whole vari- 
tiidti of the angle S tf fll be ^^^,~/^i , iiid We *all hkf^ 

xtf^/ — 1/dx 



z* 



=S*d8. 



By substituting for 2* its value x^-^j/* and* integratii^g 

* The integinl 6t fluent of the quantity ^^^^i^idtdd, 

may easily be found by sabstitating ux for^, and udx'^xdu 
for dy, which gives 

xudx^x^du'—uxdv du 






• , * • ^ 



therefore an arc whose taogas u,is eqaal to kB+f^ consequent- 
ly w=:^ = tang. (k9+f). In the aboVc itli harAy ik^cesilify 

the flaxions of d;^ ^^ Uj wd d. 
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As . 

we shall have -= tang, (h^p)y p being a consfatit 

quantity. This equation being combined with that of 
a^'\-y^z=:z^ J gives .rr=:2, cos. (k^p)* 
ti- It is now only required to find the two constant quati* 
tities k and p ; but if we suppose y to vanish, then evi- 
dently s=r, and ft=0 ; therefore cos. f=l, and xzzzz. 
cos. kB. If we suppose x to vanish, then 2==y and 
(=4^7; COS. A:d being then equal to nothing, A: ought 
to be equal to Sn-j-l? ^ being a whole number, and in 
this case x will vanish whenever 9 shall be equal to 

^ ; but »r being northing, we have evidently flzzzf tt ; 
therefore 2«-|-i=l or w=i=0, consequently 

XZHZZ. COS. 0. 

From which it follows, that the diagonal of the rect^ 
angle constructed upon the right lines which represent 
theiwoforcesjrandy, represents, not only the quantity, 
but likewise the direction of their resultant. In like man- 
'iier we are able for any force whatever to substitute two 
other forces, which form thesides.ofB rectangle halving 
that force for the diagonal ; and from thence it is easy 
to conclude, that it is possible to resolve a force into 
three others which form the sides of a rectangular pa- 
rallelepiped of which it is the diagonal *• 

* Far H MA (fi^. 2. J represent any fqrce, it may be 
resolyed into two others, MB and MF^ by means of the 
rectangular parallelogram MBAFj also MF may in like 
manner be resolved into the forces MG and ME, by form, 
ing the rectangular parallelogram MGFE ; then if a paral- 
lelepiped be constructed having MEFG and MB for its 
'bftBdand altitude, the force represented by its diagonal itf^ 
,will have been resolved into three other forces represented 
in quantity and dfrectioa by its three edg^s MG, ME, add 
MB, These three lines art called the eo-ordiQates «l the 
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Let therefore a, d, c be the three rectangular co- 
ordinates of the extremity of the right line, ^hich re« 
presents any force whatever, of ivbich (he origin is that 
of the co-ordinates; this force will be represented by 

the function V^a*+6*4'^*5 ^°^ '^y resolving it parallel 
to the axes of a, by and c, the partial forces will be re- 
spectively represented by these co-ordinates. 

Let a\ Vy c' be the co-ordinates of a second force ; 
a-^a'y b^b'y c-f-c' will be the co-ordinates of the re- 
sultant of the two forces, and will represent the partial 
ones into which it can be resolved parallel to three 
axes ; from which it is easy to conclude, that this re- 
sultant is the diagonal of the parallelogram constructed 
upon the two forces. 

In general a^byC; a'y b'y c'; &c. being the co-or- 
dinates of any number whatever of forces ; a-j-tf'-j-a'^ 
&c. ; b-\'b'-\'V' &c ; c-|-c'+c'' &c. will be the co-or- 
dinates of their resultant ; the square of Which will be the 
sum of the squares of these last co-ordinates ; we shall 
therefore, by this means, have both the itiagnitude arid 
the position of the resultant. 

2. Prom any point whatever of the direction of a 
force S, which point we shall take for the origin of this 
force, let us draw to the material point M a right line 
which we w^U call s ; let .r, v, and z be the three rect- 
angular co-ordinates, which determine the position of 
the point m'y and a^ b, and c the co-ordinates of the 
origin of the' fotce ; we shall then have * 

s=y (x—a)^'\-(y—b')^-\'(z—cf' 



♦ In (Jig. 3.ji let Ax^ Ay^ and Az represent the three 

*n^taiigulajr co-ordinates of x^ y^ and «, and MS the line s-, 

frotn the poidtfi S and M let fall the perpendiculars Sm and 

mi upon th0 plane yAx^ join m and ^j draw iS'jR perpendi. 



8: i^ap^Acjq's u^cnAHlcs. 

If TO rcsolye tl\q force S pars^Ue^ to, tbe iq^es of x, of 
^, aqd of s / the cpxr^spop^in^ partial fojcces vUl he bj 

the precediDg ii*». iS. — — ^^ S.lLZL^ and iS. ^-^^, * 



ki' 



cular to AOr, firpm m, a^cl JV, iu the plane ^^, draw the 
perpendiculars mP and iV^T* to jIx^ frotm ^ draw mQ per. 
pendicuiar to NT; then because Sm and il/iV are perpen- 
dicular to the same plane, they are parallel to ea^h other ; 
also as mN meets MN in the plane ^Ax^ it is perpendicular 
to it, and parallel and equal to SR^ as is Sm to RN ; in 
the rectangular ^gnreBTQm we have BT=jnQ^ and Pm=z 
TQ. In the figure SM:=z8^ Sm=RN=ic, MN=z, MR 
dzBfN'r-NR=Z'-<, NT=sf, mP=:.TQ=:b, NQf=zNT'^ 
TQ=s/—by AT=Xy AP=ayPT=LmQ=4T—JPz=:a:^a^ 

ai^ i^s MRS U a, right angled tr^tngle MJS=^&B^+M&* 
but Si]^^=zmN,*=j as. th^ triangle mQN, i^ right t^gle^. 



qS bj? substitution, ^==:/(^»^a^*+f>— ^i^+fz-rO*. If 
iSf coina4e« with ^ tl^, ^, 6, i^n4 c yanish^ an^ 



lift «, jS, a^nd, y respectivfily represent the angles, which 
dt in tll^is casf nai|fe3 ^Ith the a^eis of jt,, j(, and z, then it if 
eyid^nt from fig* 2. in which we m^r suppose MA-r-s^ 
Mg=Xj i^f JB=±:3^, and MB=z^ that we have tile following 
jgroportion s t x' t i rad. (1) : cos. «, consequentlj 

q^. 4p=^; in Ukf manner cos* /S=^, ^^4 con* orr:-; if* 



these cosines be substituted fior their iralnet in the equation 



it will be changed into the following, 



l=V^cos.^«+cos.^/34-co8«'7« 
* By the preceding number f : x — a : : $ : S. 

^s ^ f9^u 19. 11^9 4U^ttoft Qf tha ^m ^» * V^i 



aad 1^—1 denoting, according to the received nota* 

flka, ttie co-efficimts of tlie variations ixy it/^ and )», 
in t|ye varialjoi) of tbe pr^ce^ing expression of 5. 

If, in Uke manner, we liame 5' the distance of 3f from 
any point In the direc tion -of ^Qotber force S'^ thiat potn^ 

bf iHg ^\L^n for iii% origin of tb|5 forpe ; 5' jr^ 1 will 

be this force resolved parallel to the axis of ^, and so 

' . ■ - • . 

on of the rest ; the sum of the forces S, S', S^, &c. re- 
4K)Ived parallel to this axis will therefoi:^^!;^ .^» SpI f J 
the characteristic 2 of finite" inlegrals' denoting here^ 

tl^e wim^f the terxa* 5, Kja)^ ^'' \fi)^ *^* 

Let V be the resultant of all the forces S^ S', &c. j 
and u the distance of the point M&mn a poiat in the 



' tt \ * » ' P ' ^'"W % ■ 



• The expression, (^^, jf"^^, (^|ij enclosed l«. 

tween parentheses, represent the co.efficients of the partial 
il^r^nli^ions <)f thf) e<{uatipD 

s=\/(x^a)^+(if^b)^+('z—cj'' 
Hhen by making a«, ^, ^nd » rs^ry fteparatelj ; thns difftr- 
eatiatiug ike equatieo, liy supposiog j^ mi is ooQItaut, vf 

j»btain ^.= (^^^^^"^ thevefoteC-^zz ^^=^, in like man. 
oer, T-J^sni'-— - and rii|nr£llii these expr€8slo«s 



are eyiilently eqairalent td the co.sioes of the angles which 

thejiq 

tively. 



the )i99 ijftjijfo w%l| tbft cQ«)Ordiiiatei 9, ^, aod c rejipec- 
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direction of this resultant^ ivhich is taken for its origin^ 
F. ( ^ ) will be the expression of this resultant re« 
solved parallel to the axis of :r ; we shall therefore hai^r 
hy the preceding number r*. ( r~ )= 2. S. i^h 
We shall have in like manner^ 

^- Cnh^- '• GO- -• G-:)=^- '■ GO- 

from which we may obtain, by multiplying these three 
equations respectively by ^or^ iy^ and iz^ and then add- 
ing them together, 

V- Str-T-S. S.is/ . . . Ca) 
As this last equation has place^ whatever may be the 
variations ^x, ij/^ and izy it is equivalent to the three 
preceding ones.. 

If its second member is an exact variation of a func- 
tion <py we shall have F. ${«=$$, and consequently, 

Ihat is to say, the stim of all the forces S, S^, &c. re- 
solved parallel to the axis of x is equal to the partial 

differential ( ^ 1. This case generally takes place 

when these forces are respectively functions of the dist- 
ance of their origin from the force Jlf. In order to have 
the resultant of all these forces resolved parallel to any 
right line whatever, we shall take the integral 2./. Sis^ 
and naming it f , we wilt consider it as a function of Xi 
and of two other right lines perpendicular to a: and to 

each other; the partial differential I ^^jlhyft then be 



".».». 
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IjkNP resultant of the forces Sy S'y &c. resolved parallel to 
the right line x.^ 



* The following expressions of the equilibrium of a point 
follow from the above equations*. Suppose that the powers 
are represented both in magnitude and direction bjr S^ S\ 
S\y &c. whose directions form the following angles, 
with the axis of x . • • «, a', a", • • • 
with the axis of ^ * • • /3, 0^ /3", • • • 
with the axis of « • • • y, y', y, • • • 
By resolving each of these forces into three others whose di* 
rections are parallel to the axes, we shall have for the com* 
posing forces parallel 

tox ^ . S, COS. a, 5'. cos. a', S". COS. a", &C. . 

toy . •. S. COS. jS, 5'. COS. /3', S\ cos. 0\ &c. . 

to 2r • . S. COS. y, iS'. cos.y', <y. COS. y, &c. . 
Each of these three collections of forces is equiralent to a 
single force, equal to their snm^ because these components 
are directed in the same right line. Naming P, Q, and K 
the three forces respectively parallel to x^ y^ and z^ we shall 
have 

P=S'.COS.a+S',COS,a'-fiS".COS.a'+&C. 

ez=5.cos./3+5^.cos.j8'+S".cos./3"+(&c. 

JR=rS'.COS.y+5'.COS.y'4"'S".C08.y"-|-&C. 

Let a, 6, and c represent the unknown angles which the 
direction of the resultant V forms with the three axes ; 
V, cos. a, V, cos. 6, V, cos c will be its components in the 
directions of the axes ; we shall have therefore F* cos ozrP, 
V^ cos. 6=rQ, and V. cos. c=A. If we add the squares of 
these equations together, remembering that co8.^a4-Gos.*64" 
cos.*c=l, we shall obtain r*r=P*+C«+B% which gives 

Trrt/f P*+e*4-fl»J ; the direction of the resultant may 
be obtained from the equations 

#o««j|==^?. COS. h =r^, COS. c =p.. 

These eqoatkMia datenme. botili Ihamai^nkude and^.tte dir 



3. When the point Jlf IS in eqmVihriohy th€ ndHIM 

of all the forces which solicit if, tbeir resutfaiit is no* 

thing, and the equation (a) becomes 

Oi=2. S. h / (6) 
which shews, that in the case of the equilibrium of a 

point acted upon by any mafmbet whaterer of forces, 

the sum of the products of each force by the element of 

its direction is nothing. 

If the point M is forced to be upon a curved surface, 

it will experience a rc-action which we shall denote by 

JR. This re-action is equs;Ll and directly contrary to the 

ptessure with which the point presses upon the surface ; 

foir by snppofitiig it acted upon by t^^ forces^ R and 

— 7?, it is possible to conceive, that the force — J? ig 

destroyed by the re-a-ction of the surface^ and that the 

point M presses upoil the surface With (he force — R/ 

but the force of pressute of a point upon a surface is 

perpendicular to it^ otherwise it would be possible to 

r«solve the force into two, one perpendicular to the sur* 

&ce, which would lie destroyed by it, the other pa. 

rallel to the surface, in consequence of which the point 

would have no ax^tion upon it, Which h confrary to the 



rnktm** 



r^ct^oti of the resuftant ^, wHicA is evidently the dhigonal 

p( th^B parAllelepfped coiii^iructed dpon P', Q, ai^d R. If 

the systeixi be iti eqailil/rio; itir manffest that each eollectioii 

5f forces i^aYailel^ the aites shbtiVd likewise be in e^illbrio, 

^kichgities 

V PrtiO, 0=tiO, JB=0. 

With respect to the signs cf the 6onponeiit9 iSf. cos. m^ 
iS', cos. ft', 4c., it may be observed tUtut those which tend 
to increase the co-ordinates shontd be Tec^fbirea positive, 
ftsU ti6sb:'»hkh act m aeoateary dtractiM lifi^??.; 



9 bAFlfXcM'd utcitAHiet^r tf 

^supposilion ; naming ^ r ther^for^ the piStp^ditnloff 
^irawn from the point JIf at the diirftce, and terminated 
in any point whatever of its directiiMl', the force R will 
be directed along this perpendicular ; it will be neces- 
sitrj therefore to add if .5r to the second member of the 
equation (b) which will become 

— R being then the resultant of all the forces 5, S', to? 
it is perpendicular to the surface^ 

If we suppose that the arbitrary variations ^x^ Ij^ 
and 1% appertain to the curve surfece upon which ttie 
point is forced to remain^* we shall have, by the K^ainie 
of the perpendicular to this surface, JnrzO, which ma]Ee# 
. iZ. ^r vartish from the preceding equation: the eq-tra* 
tion (b) has place therefore in this case, provided thaf 
we extract one of the three variations ^, Sy, and ^s,by 
means of the equation to the surface ; but then the 
equation (b) which in the general case is equiiralent to 
three, is not equivalent to more than two distinct equa- 
tions, which we may obtain by equalling separately to 
nothing the co-efficients of the two remaining di#er-» 
enfials. t hti «/r=0 be the equation of the sur&ce^' 



■ ^* l^Cfig'T 40 let a point be in equilibrio at J^, on the 
€urv« AMB^ by means of the forces MPy MQy and the -re^ 
action of the curve ; then if MRy supposed perpendicular !• 
the curve at M, be the resultant of the forces MP, and MQ^ 
it will represeat the pressure of the point upon the curve, 
aad if RM be produced to r, and MrzzMR, then Mr w^tt 
represent the re.action of the curve upon the.pi^.t, wbi(^ 
may be supposed in eqail^Jbripin posxsequefice^f^.ihe ^fgfg 
MBy MQy vOiMr. ■ ■,„, , ., *^,orft# 

f The n^reof a sur&ce may be determini^d by thvee ^f^ 
eugular co^orflinates, as that4)f a liar may 'l(y two y "^^^(^9^ 
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the two (equations ^r==0 and ^uzizO will bave place at 
the same time, this requires that Sr should be equal t<r 
Niu, N being a function of a:, ^, and z. Naming a. 



"T^ 



UzzO be an equation to a surface, and let its co-ordinates x^ 
jf, and z be respectively measured upon the lines ^Xj AY^ 
and AZ (Jig* ^0/ if the values of x and y are given and 
represented by a and 6, by taking on the axes of or andy 
APzziaj AQuzb^ and drawing the parallels QiM', PM! to 
these axes, the point ilf , which is the projection of the point 
M of the surface upon the plane oix^y^ will be deterniined ; 
the equation by substitution will then give the corresponding 
yalue of 2, which determines the length of the co-ordinate 
MM J and, consequently the point M of the surface. 

Curves of double curvature are formed by the intersection 
of two surfaces. Thus, let the equations to two surfaces be 
represented by F(x^ y, sJzzO, and /fa?, ^, s^rzO, then the 
curve of double curvature formed by their intersection nrllf 
have the same co-ordinates ; if therefore the variable x be 
extracted by means of these equations, the resulting one will 
represent the projection of the curve of double curvature 
upon the plane of^s; In like manner, if ^ had been ex. 
tracted, the resulting one would have been that of the pro- 
jection upon the plane of xz; and if 2 had, that of the pro- 
jection upon the plane of xy. The resulting equations 
likewise represent cylindrical surfaces elevated upon these 
projections respectively perpendicular to the planes of the 
co-ordinates, and the curve of double curvature will be the 
Intersection of any two of these surfaces. 

Those who are desirous of being acquainted with the pro- 
perties of surfaces, or of curves of double curvature, or of 
lines sup^i^cd in space, and considered with reference to 
tbUlr 'pi^bjettions upon three planes at right angles to each 
fiber, may consult the Traite' du Calcul iDifierentiel et 
DnitKgral par S. F« Lacroir, the Application de UAIg^bre ala 
<ltQ«Mtrie par MM. MoDge et Hachette, ftc. 
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5, and e (he co-ordinates of the origin of r, wt shall 
liaviB to determine it ' 



r=V(:c—a)^+(j/—b)*+Cz—c)^ ; 
from which we may obtain 

(F^).+(si)'+(F^)'==*5 and consequently 

•^^■K^:)'+G-:)+(nyH' 

bj making therefore 

R 



i/c^) +(^:)'+(r.y 

the term JR. ^r of the equation (c) will be changed into 
Xiuy and this equation will become 

0=2. S.h-^\.^u/ 
in which we ought to equal separately to nothing the 
co-efficients of the variations ^a:,5y, and ^z^ which gives 
(hree equations ; but they are only equivalent to two 
between x^ y, and 2, on account of the indeterminate 
quantity X which they contain. We may therefore 
instead of extracting from the equation (b) one of the 
variations ^x^ ^t/^ or iz^ by means of the differential 
equation to the surface, add to it this equation multi«. 
plied by an indeterminate quantity X, and then con-^ 
siderthe variations ^x^ }y, and ^z as independant quanti^ 
ties. This method, which likewise results from the theory 
of elimination, unites to the advantage of simplifying 
the calculation, that of making known the pressure 
•—72 with which the point jif act« against the surface*. 



* Let the point be supposed in equilibrio upon a surface 
whose eqaatioB is tirrO, and let the forces jS^, S'j S", 8cc, be 
redaced te three F^ Q^ and R acting in the directions of Hie 



If ^Ffii^MK*! MKUAViQ9f 



^s jj9g ^h'f§ |>p^i4 to j[?e <aQQt|dD^.d ia ^ c«mal <lf 
timple or Rouble currature, it Mrill prpv^ ^9 ti^ |;i^ 

— ~ — _ ■ - ■ ^ . - ■ ■ ■ - ^ ■« m 

tlttee rcrtftng«1ar co-ordinates ( ifien t\e sn^ pf t^iem^men^ 
P,^x+Q.^j/+R^ will be ^QHivalefiJ »o ^lf+S'.h'+S''^sf' 
-f-&c. 9od bjF ^4dio^ ^tf fDtiltijplied by tjkqi indeterminate^ 
^antity x, the equation of equilibrinm becomes 

Imt f^ being a known function of Xj ^y and z^ we lAall have 
■Iby difiierentiatipn 

IF'/MF")^ and (jr^l reprweotiog the <»^4fl|ci0nt» of 

Jbr, 2^9 and ^z» By substituting this value of ^u in the pre. 
/Ceding equation^ it becomes 

^fcieb f t'Tef, by equalling separately to soth^n^ end^ cmD of 
^ iervaa muU^H^4 respeptively by ix^ djf^ iMid h^ tde thfe^ 
i^pmmg ,e^V,a^ipns 

rrO, 



*+x.(f«)^, 



^freoi which, by extracting x, we shall obtain the two follow- 
^J^ equations ' 



•ir 



«-0-:)-'-(g)=». 



liiat $jt>nii|ia jlJie. ^n4it^(^Rf <^ t^ equilibrium ^ a p^t 
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of the canal, a re-action wfiich we shall denote by k, 
that triH be equal and directly contrary to the pressure 
with which the point acts against the canal, the dirt c- 
tion of tvhich will be perpendicular (o its side; but the 
curve formed by this canal is the intersection of two 



In the case of a point acted upon by certain forces, the 
conditions of its equilibrium upon a surface may be found 
with more ease, by directly substituting in the equation ^ 

the yalae of ^ obtained from the differential equation 

of the surface, and then equalling separately to nothing the 
co.effieients of the differentials ^x and ^jr. By this idethod 
we shall immediately get the equations 






which are equivalent to the equftiions found by the other 
method. 

In like manner, if a body is forced to be upon a line of a 
given description, determined by the two differential eqna^ n 
tions ^^zzzp^Xy ^z^izq^x of the projections of the line upon the 
planes of jr^and xzj we have only to substitute these va'ues 
of J^ and §2, in tie equation P.^aJ+Q.Siy+fl.Jjg^riO, which, 
on being divided by ^.r, giyes the equation, 

p.+Q.p+jR.gtrO, 
for the condition ofequiUbriam. 



D 



18 Laplace's mechanics. 

surfaces, of which the equations express its nature ; vfe 
may therefore consider the force k as the resultant 
of the two forces iZ and R\ which re-act upon the 
point itf from the two surfaces; moreover as the di- 
rections of the three forces R, J?', and k are perpendi- 
cular to the side of the curve, they are in the same 
plane. By naming therefore Sr and Sr' the elements of 
the directions of the forces R and i?', which directions 
are respectively perpendicular to each surface, it will 
be necessary to add to the equation (b) the two terms 
if.Sr and JK'.Sr' which will change it into the following 

If we determine the variations Sx, ij/j and iz so that 
they may appertain at the same time to two surfaces, 
and, consequently, to the curve formed by the canal ; 
^r and ^r' will vanish, and the preceding equation will 
be reduced to the equation (b)^ which therefore has 
place again in the case where the point M is forced to 
move in a canal ; provided, that by means of the two 
equations which express the nature of the canal, we 
make two of the variations ^x, ^t/j and ^z to disappear. 

Let us suppose that uz=0 and u^=0 are the equations 
of the two surfaces, whose intersection forms the canal. 
If we make 

R 



/(rJ+(r:)'+0- 



and 

X': 



72' 



/X2 



the equation (d) will become 

0=2. S.J«+\J«4-Ji'J«' y 
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Bnfquation in Mhich the co-efBcicnts of each of the 
variations ^x^ ^t/, and ^2 will be separately equal to no- 
thing; in this manner three equations will be obtained, 
by means of which the values of X and >J may be deter- 
mined, which will give the re-actions R and 72' of the 
two surfaces ; and by compo*-ing them we shall have 
the re-action k of the canal upon the p(»i: t il/, and, 
consequently, the pressure with which this point acts 
against the canal. This re-action, resolved parallel to' 
the axis of x is equal to 

the equations of condition t/=::0, and ii'sziO, to which 
the motion of the point 3f is subjected, express, there- 
fore, by means of the partial differentials of functions, 
which are equal to nothing because of these equations, 
the resistances which act upon this point in consequence 
of the conditions of its motion. 

It appears from what precedes, that the equation (b) 
of equilibrium has generally place, provided, that the 
variations $x, ^y, and Hz are subjected to the conditions 
of equilibrium^ This equation may therefore be made 
the foundation of the following principle. 

If an indefinitely small variation is made in the posi- 
tion of the point Af, so that it still remains upon the 
surface, or the curve along which it would move if it 
were not entirely free ; the sura of the forces which so- 
licit it, each multiplied by the space which the point 
moved in its direction, is equal to nothing in the case, 
of equilibrium *. 



* Let the forces S, S", S", ftc. be supposed to act npoa 
the point Minih% direetitfns of the HaM 9, #^, V, kc. rt. 
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Tne variations ^.r, 5y, and ^z bring supposed arbi- 
trary and independent, it is possible in the equation 



sppctively drawn from that point to the origins of these 
lyrorces; let F represent their resultant, and u a line drawn 

"vfrom the point M in its direction ; also, let any line MN^ 
be supposed to be drawn from the point ilf, and each of the 
forces Vy S^ S'j Stc. to be resolved into two ethers, one in 
the direction of this line, and the other perpendicular to it. 
Because V is the resultant of all the other forces, its compo- 
nent along the line MN will be equal to the sum of the com. 
ponents of the other forces along the same line ; let m, a, 
a', a", &c. denote the angles which the directions of the 
forces F, 5, 5', S'\ &c« respectively make with the line 
MN^ we shall then ha?e the following equation, 

V.cos.mrzzS. cos, a-\S^, cos, a' -\S"*cos,al\'-^Scc. 
Jjet any point N be taken upon the line MNy then if this 
line be represented by 6, and its respective projections upon 
the lines fn, s, ^, s^', Sec, or their continuations by At/, 
A«, A«', Aa", &c. we shall have 

Aurz&.cos.m, A«:=:j&.cos.a, A^'rrd.cos.a', &c. 
If both, sides of the preceding equation are multiplied by by 
it will, by substitution, become 

F.au=:S.As+SJas'+S".As"+&c. 

"If the point M be supposed to move to the point JV, and the 
line i^iVbe regarded as representing the virtual velocity of 
this point, the quantities Am, A5, A^', &c. will denote the 
virtual velocities of thb point in the directions of the forces 
V, 5, S'y S'\ &c. ; the last equation therefore shews, that the 
product of the resultant of any number of forces applied to 
the same point, by the virtual velocity of this point estimated 
in its direction, is equal to the sum of the products of these 
forces, by theif^ jespecti? e yiTtual. ye^lpcities, estimated in the 
dffecti^ns of the i/oxi^^ . It Jis ^^ Absolutely . necessary that 
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(a) to substitute for the co-ordinates x^ y and A^tbree 
other quantities "which are functions of them, and \jf3 
equal the variations of these quantities \o nothiagw 

Thus naming p the radius drawn from the ori|?in of 
the co-ordinates to the projection of the point jif upon 
the plane of x and y^ and «r the angle formed by p and 
the axis of x, we shall have 

j?!=:^.cos. tff ; j<=p.sin. m* 
By considering therefore in th^ equation (a)^ ^i-^'^bfjf^ 
foe. as functions of />, t7, and 2, and comparing thie oj^ 
efficients of \m^ we shall have 

— *( r" I is the expression of the force F resolved in 

the direction of the element p.lzs. Let V be this force 
resolved parallel to the plane of x and ^, and p the per- 
pendicular let fall from the axis of %^ upon the direction 



- * • 



tk^ Tirtual velocities should be supposed indefinitely tfmall^ 
if they are, tha last equation becomes 

In the case of equilibrium, we have f^=iQ, and consequently 

0=:S'.J*+5'.5*'+S"^5'', &c. 
If the point is forced to remain npon a given curve or sur. 
fa^ce, this equation will be proper, the virtual velocities Za^ 
l^y h'*^ &c. being supposed indeiSqitefy small, and iu:^ in- 
stead of V. 

The products SJZsy S'.^s'^ S".^_sf'y &c. are called b^ some 
authors the moments of the powers S, S'^ S"y8ce* ; and their 
sum being equal to nothing, which has place not onl^ for one 
point, but, as will be proved hereafter^ for any sjstem what- 
ever in eqnilibrio, is called the principle of virtual ve- 
locities. 
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of V parallel to the same plane.; — will be a second 

expr/ession of the force V resolved in the direction of 
the eleoient p^ ♦; we shall therefore have 

If we suppose the force P to be applied to the extremity 
of the perpendicular p, it will tend to make itturn about 
^eaxis of z ; the product of this force by the perpen- 
j^lcular is what is called the moment of the force F with 
respect to the axis oiz ; Ihis moment is therefore equal 

to l^«(t— ); ^^^ it appears from the equation (e)^ 

that the moment of the resultant of any number what- 
ever of forces is equal to the sura of the moments of 
these fences 



♦ L«t MB Qig. 60 represent F', or the force F resolved 
along a plane parallel to that of xi/^ let be the point where 
this plane cuts the axis of z^ join OM^ then OM will be pa- 
rallel and equal to fj draw OA or p perpendicular to V or 
MB produced, also BD perpendicular to OM; then, as the 
right angled triangles MBDj MO A have a common angle at 
M, they are similar, consequently 

MOCf) : OA(p) : : MB(V') ; DBz=P—; 

f 
but the line DB represents the force V* resolved in the di. 

rection p^tfr-perpendieulaftcii^, therefore that force is repre. 
seated by ^^- — • 



/ 
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CHAP. II. 



Of the motion of a material point, 

4. A Point at rest is not able to give itself any mo-. 
tioD, because it does not contain Mrithin itself any cause 
\¥hy it should move in one direction rather than another. 
When it is solicited by any force whatever, and after- 
wards left to itself, it will move constantly in an uniform 
manner in the direction of that force, if not opposed by 
any resistance. This tendency of matter to persevere 
in its state of motion or rest, is called its inertia. This 
is the fiist law of the motion of bodies. 

That the direction of the motion is li right line foU 
lows evidently from this, that there is not any reason 
why the point should change its course more to one 
side than the other of its first direction : but the cause 
of the uniformity of its motion is not so evident. The 
nature of the moving force being unknown, it is impos- 
sible to discover a prion if it ought to continue with- 
out ceasing. In fact, as a body is incapable of giving 
itself any motion, it appears equally incapable of alter* 
ing that which it has received ; so that the law of 
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* ' nVf ' 

of V parallel to the same plane ; — will be a second 

p 

expression of the force V resolved in the direction of 
the element pits ♦; we shall therefore have 

If we suppose the force P to be applied to the extremity 
of the perpendicular p, it will tend to make it turn about 
ibeiixis of z ; the product of this force by the perpen- 
dicular is what is called the moment of the force F with 
respect to the axis ofz ; Ihis moment is therefore equal 

to J^-( t— I ; ^^^ Jt appears from the equation (ejj 

that the moment of the resultant of an j number what- 
ever of forces is equal to the sum of the moments of 
these (onceB 



♦ L«t MB Qfig, 60 represent F', or the force F resolved 
along a plane parallel to that of x^^ let be the point where 
this plane cuts the axis of z^ join OMj then OM will be pa- 
rallel and equal to fy draw OA or p perpendicular to V or 
MB produced, also BD perpendicular to OM; then, as the 
right angled triangles MBD^ MO A have a common angle at 
My they are similar, consequently 

MOCf) : OA(p) : : MB(V') : DB:=:P—i 

f 

but the line DB represents the force V* resolved in the di. 
rection fivt- perpendieulaf to p, therefore that force is repre. 

seated by ^^- — • 



/ 
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CHAP. II. 



Of the motion of a material point, 

4. A Point at rest is not able to give itself any mo-. 
tioD, because it does not contain Mrithin itself any cause 
\¥hy it should move in one direction rather than another. 
When it is solicited by any force whatever, and after- 
wards left to itself, it will move constantly in an uniform 
manner in the direction of that force, if not opposed by 
any resistance. This tendency of matter to persevere 
in its state of motion or rest, is called its inertia. This 
is the fiist law of the motion of bodies. 

That the direction of the motion is A right line foU 
lows cyidently from this, that there is not any reasoa 
why the point should change its course more to one 
side than the other of its first direction : but the cause 
of the uniformity of its motion is not so evident. The 
nature of the moving force being unknown, it is impos- 
sible to discover a prior/ if it ought to continue with- 
out ceasing. In fact, as a body is incapable of giving 
itself any motion, it appears equally incapable of alter* 
ing that which it has received ; so that the law of 
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inertia is tbe most simple and natural which it is pos- 
sible to imagine ; it is also confirmed by experience^ 
for we observe upon the earth that the more the ob« 
stacles are diminished, which oppose the motions of 
bodies, the longer these motions are continued ; which 
leads us to believe, that if the obstacles were removed 
they would never cease* But the inertia of matter is 
most remarkable in the motions of the celestial bodies, 
which have not during a great number of ages experi- 
enced any perceptible alteration. Thus we may regard 
the inertia of bodies as % hm of nature, and when we 
shall observe any alteration in the motion of a body, we 
will suppose that it is owing to the action of a different 
cause. 

In uniform motion the spaces gone over are in pro- 
portion to the times, but the time employed in describ- 
ing a given space, is longer or shorter according to the 
magnitude of the moving force. These differences have 
given rise to the notion of velocity, which, in uniform 
motion^ is the ratio of the space to the time passed ia 
going over it : thus, s representing the space, t the 

time, and v the velocity, we have tt==?- • Time and 

« 

space being heterogeneal, and consequently, npt com- 
parable quantities, a determinate interval of time is 
chosen, such as a second for an unit of time; in like 
ipanner, some unit Of space is chosen, as a metre; and 
tben 3pace and time become abstract numbers, which 
express how often they contain the units of their species, 
that are thus rendered comparable to each other. By 
this means the velocity becomes the ratio of two ab- 
stract numbers, and its unity is the velocity of a body 
which passes over the space of a metre in one second. 
5. The force being only known by the space which 
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it causes a body to describe in a given time, it is natural 
to lake this space for its measure ; but this supposes that 
many forces acting in the same direction, should cause 
the body to pass over a space equal to the sum of the 
spaces which each of them would have made it go 
over separately ; or what comes to the same, that the 
force is proportional to the velocity. This is what we 
are not able to know a priori^ owing to our ignorance 
of the nature of the moving force; it is therefore ne- 
cessary to have again recourse to experience on this 
occasion, for all that which is sot a necessary conse- 
quence of the little which we know respecting the na- 
ture of things, must be to us but a result of observation*. 



* Mr. Knight, in the ninth No. of the Mathematical Re., 
pository, has attempted to prove the law of the proportion, 
ality of the force to the velocity, by supposing two straight 
lines at right angles to each other, to represent the magni. 
tades and the directions of two forces, and taking parts from 
these lines, measured from their junction, to represent the 
velocities which these forces would respectively cause ; and 
by completing two parallelograms, one about the lines de. 
noting the forces, and the other about those denoting the 
velocities, and drawing diagonals in each of them represent, 
ing the respective resultants of the forces and the velocities ; 
he has shewn that if the diagonals are in the same right line, 
the parallelograms will be similar, and consequently the 
forces and the respective velocities proportional ; if they 
are not, it must be supposed that the resultant of the forces 
has caused a motion in a different direction to its own, which 
is absurd. 

Mr. Knight has, 1 think, proved that the force varies as 
the velocity, If it be taken for granted, that the proofs re. 

E 
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Nammg v the veloaiiy of tlie eautb, wliich is common 
to all tfre bodies upon it« surftice, let fhe the force by 
ivhicb one of these bodiiBsibFis flM;tuatedin consequence 
o# this velocity, and let uaksmppose that tt=:/(p (f) is.the 
refetion which existslbetweeRthie velocity and the force; 
<p (f) being a function of/ which it is necessary to ie^- 
termine by experiment. Let &, i, and c be' the three 
partm* forces into which' the fo»ce / may be resolved 
pHfaHe( ify three axes which a*e perpendicular io each, 
other. L«t as then stippose the moving body Mio be 
solicited by anew force/', which* may be resolved into 
three others a',, b'^ and d parallel t-o the same aoses^ 
The forces by wh*ch this body will be actuated ia the 
directions of these axes, are a-^a', ft-|-6', and c-f-c'/ 
naming J'the sole resulting force, it will become, from 
what precedes, 

If the velocity corresponding to F be natne^' tl^ 
i^JL^l — ^ iiriil represent this velocity resolved pa- 



specting tlire composition and the resolution of forces, and^ 
those respecting the composition and the resoluttt)n of v«low 
cities, are sausfactorily deraon«trated indlBpendient of each- 
other. 

• If ET represents tHe velocity of the body correspond ng^ 
to F, we shall find that part of it relative to the aws of a-^el 
My the proportion 

(a+a') U 

but F— /c«+«'>)'+r6+^'>)'+fc+OS therefow^ by 
suh^tiiujtion.the expression becomes -^ — ~ — • 



rallel to the axis ofay also ^ie veialiyc velocity of the 
body upon the earflj parallel to this axis will tie 
C^i+^)U _ av ^ ^^ ^^_^^,.)^ ^ ^F)_a. (p (f). Tlie 

greatest forces which we are able to impr-essupon bodies 
at the surface of the earth, being much smaller than 
those by which they are actuated in consequence of the 
motioB of die earthy vtc may loonsiider a', b'^ aitd c' as 
indefinitely small quantities relative to /; we shafll 

therefore iiave F=f'\ -: ; and 



* If a\ if^j aad c' iare supposed infinitely mbaII Telfttire 
tof^ thpir squares and products may be neglected : tlhe p-x-, 

pTessior\\/(a-i-a'y+(b+k'y'}^c+c^y will then become 

x/a^+b'-+c^+^a(^+'i0b^+'2.cc' ; let a^+ft^+c^—/* and 

^fi^+Zbb'+'S£(/=y9 ^^^ 'f *he expression Vp+^ is ex. 

panded by the binomial theorem, it will become /4-if 

2/ 

&c. or f-\ y flbc. but as ail the terms after the 

two first of the series contain the squares, products, or 
higher powers of o^ ^S_ and c, they may be neglected. 
If in the expression (p (x) we substitute x+k for a:, it be- 

comes9(:r+A;z=9C^;+-^.>t+i^£ii2.it«+j[!£W ^, 

+ jYTi^ ***^^ ^'^^^^ '^ ^*^ ^ represented 

dx 1.2. £/x* l.<i^dx^ 

M»U ^alied die theorem «f Taylor, and « pro^«ed a vtine^^ 
of ways in different mathematical works. Iff be substituteij 
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pCF)z=ip(f)-{-''-^^±j^,<^Cf); <(/(/) being, the 

differential of (pCf) divided by df. The relative velo- 
city of Mia the direction of the axis of a, nvill, in like 
manner, become 

a'.<p(f)-[y.{aa'+bb'+cc'}. <^(f). 

Its relative velocities in the directions of the axes b and 
c trill be 

b'.(p(f)-^{aa'+bb'-^cc'}. ^'(f); 

e'.<f(f)-[j.{aa'+bb'-\-ce'}. <f(f). 

The position of the axes a^b^ and c being arbitrary, we 
may take the direction of the impressed force for the 
axis of a, and then b' and c' will vanish ; and the pre- 
ceding relative velocities will be changed into the fol- 
lowing, 

I((p^(f) does not vanish, the moving body in conse- 
quence of the impressed force a', will have, a relative 
velocity perpendicular to the direction of this force, 
provided that b and c do not vanish ; that is to s«iy, 
provided that the direction of this force does not coin- 



for dP, and — JL.. -'"*"..■. forAr in the above expression, it becomeoi 
^Tn aaf'\-bb^+ccf\^^^,.^aaf+bb'+cif ^^.... 

V f^~ y=^9(S) + — J •n/)'+&c- 5 

bat as the quantities i/, b'y and c' are indefinitely small, the 
prodncts and higher powers than the first of ■ ■ 
nay be neglected. 
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eide ivith that of the motion of the earth. Thus, sup- 
pose that a globe at rest upon a very smooth horizontal 
plane is struck by the base of a right angled cylinder, 
moving in the direction of its axis, which is supposed 
horizontal, the apparent relative motion of the globe 
i¥ill not be parallel to this axis in all its positions Tvith 
respect to the horizon : thus we have an easy means of 
discovering by experiment if ?Y/>) has a perceptible 
value upon the earth ; but the most exact experiments 
have not shewn in the apparent motion of the globe any 
deviation from the direction of the impressed force ; 
from which it follows that upon the earth, ^^{f) is very 
nearly nothing. If its small value were perceptible, it 
would particularly be shewn in the duration of the oscil- 
lations of the pendulum, which would alter as the posi- 
tion of the plane of its motion differed from the direction 
of the motion of the earth. As the most exact observations 
have not discovered any such difference, we ought to 
conclude that ^Y/J is insensible, and may be supposed 
equal to nothing upon the surface of the earth. 

If the equation ^'(f)-=Ji has place, whatever the 
force f may be, (f(f) will be constant, and the velocity 
will be proportional to the force ; it will also be pro- 
portional to it if the function ^(f) is composed of only 
one'term, as otherwise (f(f) would not vanish excqpt/ 
did : it is necessary, therefore, if the velocity is not 
proportional to the force, to suppose that in nature the 
function of the velocity which expresses the force is 
formed of many terms, which is hardly probable ; it is 
also necessary to suppose that the velocity of the earth 
is exactly that which belongs to the equation (f'(f)z=Oy 
which is contrary to all probability. Moreover the ve« 
locity of the earth yaries during the different seasons of 
the year ; it is about one thirtieth part greater in winter 



4ban in <8iinimcr. This vairtaf ioo is stiU more oonssAer- 
abie^iif^as every tbisg appears to indicate, the soiar 
^yslem be in isoIvmi in space ; for accovdin^ as this pro- 
gressii^ motion agrees wMi ihnt of the earth, or « con- 
^trary^oit, *there should result during th^ course of th« 
year very grf^at variations i« the absolute motion of 
tie ^artli, which would aker the equation that we are 
considering, and the relation of tfce impres8*»d force to 
the absolute velocity which results, if Ibisequation a«d 
this ratio were «ot independent of the motion of the 
^artfa ; nevertheless, the smaltesrt difference has not beeti 
discovered by observation . 

Tfius we have two laws of motion, the law of ioertia, 
and tfiat of the force l)eing proportional to the velotnty, 
which are given from experience. They are the most 
fmtural arid the most simple which it is possible to 
imagine, and are without doubt derived from the na- 
tiM« itself of matter; hirt this nature being unknown, 
they are with res^ject to us sok^ly the consequences of 
observation, and the only ones which the science of me- 
<Aanics requires from experience. 

«. As the vdacity is proportional io the force, these 
iw0 quantities raa^ be represented i>y «ac^ other,, and 
^n that has 4been previously estalilisl^ed respecting the 
.poinpesition of forces, may foe applied to the conposi- 
^n of velocities *. It tber-efore rosuhs that the reki- 

^ Let v', v'\ and v"^ ^reprei ent tbe BOtforin velocities ioa. 
pEfi&sed apon a body in the dir«ttioas ^f thr«e xectaaguUr 
CO-jQjrdinates, x^ ^, and e, the spaces resipectively passed over 
in the time t iA4:oaseqaence of them ; we shall then have the 
three following equations 



trve moficm^ of? m system of bodies aetttafed bjr sif j 
forces whaiev^^ are fhe same wfaftferev ma^r be ibeie 
common modioli;; for this losC iMt4oB resolved into thfM 
others parallel te* tlN-eo fixed* SfXies, CMieee tbe pai>4iaifr 



aod the resulting motion will be aniform and rectilinear, and 
determined by the equation 

in which 5 represents the spkce gone orer. If i^ repseseale 
the velocity of the body, it will be equal to 

The co.sines of the angles which the direction s of the mo. 
tfov forms with the co-ordinaCies Xy ^^ and :!f rei^M^WeHfri 
arre 

X b' y_^ a" 

Let «, ^9>^^ and 2 have the same significatiolis. as abore, 
and g^, g", and g'" denote the constant accelerating forces* 
impressed parallel' to the axes of ocy^^ and z \ then the eqaa* 
tions of the motion of the point being 

the equations of the prcgeotioiis of the line passed! cflRer upon 
the planes of xy and yz^ will be,, as appears by extracting ^* 
from the two first and two last equations 

the line passed oyer will therefore be a right line^ aiid we 
shall ha?e 



3fi ]>APLACB'8 iibchanigw. 

velocities of each body parallel to these axes to increase 
by the same quantity, and as their relative velocity 
only depends upon the difference of these partial velo- 
cities, it is the same.nrhatever may be the motion com- 



If »f Pj and y represent ihe co.sities oC the angles which s 
makes with a?, i/j and z respectively, then 

COS. a^ Z ' ..,.,.,., i»ax > COS*^= 






cos.y:^: 



The accelerating force in the direction of s is constant and 
equal to y/(^ *+^'*+g"' *), and composed of the three given 

accelerating forces, as is the case with uniform motions. 

Retaining the foregoing notation, and supposing that t>', 
^', and d" represent the initial velocities of a point acted 
npon by constant accelerating forces parallel to the three 
axes ; the equations of the impressed motion wilt be 

lx=v^t-hi^i^; y=v"t+i^'t^i z=v'U+yUK 
The projection of the curve passed over by the p«int upon 
the plane of xy^ found by extracting t from the two first 
equations, is 

A^ B^ and C being constant quantities, a comparison of the 
co.efficients of x^ and xy will shew that this projection is a 
parabola. The projection upon one of the other planes will 
also give a parabola, consequently the line passed over is a 
parabola^ 

It may be proved that the curve passed over is of single 
curvature or upon a plane, without obtaining the equations 
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mon to all the bodies ; it is therefore impossible to judcre 
concerfting the ahsolufc motion of the sjsteia of which 
we make a part, by the appearances we observe, and it 
is this which characterises .the law of the proportion-* 
ality of the force to the velocity. 

Again, it results from No. 3, that if we project each 
force and their resultant npon a fixed plane, the sum of 
the moments of the composing forces thus projected, 
with respect to a fixed point taken upon the plane, is 
equal to the moment of the projection of the rcsultani ; 
but if we draw a radins, which we shall call a radius 
vector, from this point to the moving body, this radius 
projected u4)on the fixed plane will trace, in conse- 
quedce of each force acting separately, an area equal to 
the product of the projection of the line which the 
moving bo<ly is made to describe, into one half of the 
perpendicular drawn from the fixed point to this pro- 
jection : this area is therefore proportional to the time. 



of projection, by extracting t from the three equations of 
motion, which' gives one of the form 

that belongs to a plane sarface. 

If the velocities -r-f — , and --- parallel to the three axes 

dt dt dt ^ 

ait any instant whatever, are composed into one, it will be 

The accelerating force in the directioa of the motion, or 
— -, is, as may eaeiljr be proTed, 

g'(p'+/ o+g'r°"+ g" o+g"r«'Vo 
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It is also in a given time proportional to (he moment of 
the projection of (he force ; thus, the sum of the areas 
"which the projection of the radius vector would describe 
in consequence of each composing force, if it acted* 
alone, is equal to the area which the resultant would 
make the same projection describe. It therefore fol- 
lows, that if a body is projected in a right line, and 
afterwards solicited by any forces 'whatever directed to- 
wards a fixed point, its radius vector will always de- 
scribe about this point areas proportional to the times ; 
because the areas which the new composing quantities 
cause this radius to describe will be noth ing. Inversely, 
Vfc may see that if the moving body describes areas 
proportional to the times about the fixed point, the re- 
sultant of the new forces which solicit it is always di- 
rected towards this point. 

7. Let us next consider the motion of a point solicited 
by forces, such as gravity, which seem to act continu- 
ally. 

The causes of this, and similar forces which have 
place in nature, being unknown, it is impossible to dis- 
cover whether they act without interruption^ or, after 
successive imperceptible intervals of time ; but it is easy 
to be assured that the phaBnomena ought to be very 
nearly the same in the two hypotheses ; for if we repre- 
sent the velocity of a body upon which a force acts in- 
cessantly by the ordinate of a curve whose abscissa re- 
presents the time, this curve in the second hypothesis 
will be changed into a polygon of a very great numbd^ 
of sides, which for this reason may be confounded with 
the curve. We shall, with geometers, adopt the first 
hypothesis, and suppose that the interval of time which 
separates two consecutive actions of any force whatever 
is equal to the element dtot the time, which we will de- 
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note by f . It is evidentlj necessary to suppose that the 
action of the force is more considerable as the interval 
is greater which separates its successive actions ; in 
order that after the same time f, the velocity may be the 
sanae ; the instantaneous action of a force ought there- 
fore to be supposed in the ratio of its intensity, and of 
the element of the time during which it is supposed to 
act. Thus, representing this intensity by P, we ought 
to suppose at the commencement of each instant dt, the 
moving body to be solicited by a force P.dt, and moved 
uniformly during this instant. This agreed upon : 

It is possible to reduce all the forces which solicit a 
point Mio three, P, Qy and /2, acting parallel to three 
rectangular co-ordinates x^z/f and 2, which determine 
the position of this point; we shall suppose these forces 
to act in a contrary direction to the origin of the co- 
ordinates, or to tend to increase them. At the com- 
mencement of a new instant dty the moving body re- 
ceives in the direction of each of its co-ordinates, the 
increments of force or of velocity, P,dt, Q.dt^ R,dt. 
The velocities of the point Jl/ parallel to these co-ordi- 
nates are — , -7^, and — ; for during an indefinitely 

small time, they may be supposed to be uniform^ and, 
therefore, equal to the elementary spaces divided by the 
element of the time. The velocities by which the 
moving body is actuated at the commencement of a 
new instant, are consequently, 

^ ^P.dl; ^£+Q.dt; -/^+R.dt; 
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dz . , dz r dz . y^ ^ 

but at this new instant, the velocities hj which the 
moving bodjr is actuated parallel to the co-ordinates 

x, y^ and %, are evidentlj ^+rf. ^/ ^+rf. ~y and 

dz . ^ dz - ^ -idx , ^ , ,dv , ^ 

T&^'dTt'' the forces —d~4.p.cf^,—rf.^+ Q. dt, 

dz 
and — d.-^^R.dt^ ought therefore to be destroyed, so 

that the moving body may in consequence of these 
•cfe forces be in equilibrio. Thus denoting by Ix^ Sy, 
and S« any variations whatever of the three co-ordinates 
Xy y^ and r, variations which it is not necessary to con- 
fcmnd with the differentials dx^ dy^ and d%y that ex- 
press the spaces which the moving body describes pa- 
rallel to the co-ordinates during the instant dt ; the 
equation {h) of No. 3 will become 

Xh=^x. \ rf.^^— P,dt \ +Jy. \d. ^ — Q.dt \ . 
c dt V c dt ^ y 

•{.^z.^d.p^—R.dt'^. (f) 

If the point,^be free, we shall equal the co-efl5cients 
efiXy Sy, and '&% separately io nothing, and^ supposing 
the element <2^ of the time constant, the differential 
equations will become ^ 




* The equations =iP, — ^^zzQ* and zirJR, are 

^ dt* ' dt*^ ^ dt* ' 

sufficient to enable as tO" AiscoTef Ihe velocity, the trajectorj 



JLAPIiACS's MECIIANICVk 37 

If tlie point M be not free bat subjected to move 
upon a curve line or a surface, tkere must be extracted 



&n4 the place at any given time, of a point not constrained 
to move along a line or a surface, but continually acted upon 
by forces which are given every instant both in magnitude 
and direction. 

Thus supposing for greater simplicity, that thp point 
moves in the plane xy, P and Q being constant or variable 
but given ; by extracting the timt from the two equations 

iz:P, — -'T'Qo and integrating them twice, we shall 

d t^ d t^ 

find a relation between x and j^ which will give the trajectory 
of the point. In a like manner, the relation between x and 
^, or y and t may be found, which will give the pesition of 
the point for any given value of the time i. The values of 

— and — will likewise eive the velocities of the point ia 
dt dt ^ ^ 

the directions of x and ^, from which we may obtain tlhe 

real velocity v of the point ; for 

The first of the two constant quantities which the abov0 
double integration requires, will be determined by the ralii^ 
of the velocity at a given instant, such as the commence, 
ment of the time t. The second will depend upon the situa. 
tion of the point with respect to the two axes at this Jttstant. 

If the moving body be attracted towards a fixed poiat by a 
sTogle force, the integrals of the equations 

^zzP, ^=Q, ^l?=ft, 
dt'' ^ dt^ dt* ' 

may be readily obtained in the following manner, 

Let the origin A of the co-ordinates be plaiced at this 

fixed iK>iat, and suppose the moving bod^ m in any positioa^ 

having ^, y^ and » for its reetasgalaF co^ordiiiates ; tkea ks 
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from the equation (f)^ by means of the equations to 
the surface or the curve *, as many of the variations 



distance from the point A will be represented by ^J^zAyzji^ 

and the force acting upon it by — Sy which when resolved in 
the directions of x^ y^ and z gives 

— Sx ^ —Sy ^Sz 



Va?*+3^*+«*' V^j;*+j/*+s*' y^a?»+^*+^»* 

The three first mentioned equations, by proper multiplication 
and subtraction, evidently give the three following, 
xd^3/ "-yd^xzuCxQ — yP).dt^^ 
zd^x — xd^zz=:(zP — xR).dt^, 
ydH — zd''yz=i(y R — zQ) .diK 
If the above values of P, Q, and R are substituted in these 
equations, their second members will vanish, and their first 
will give by integration, the following xdy — ydx:^cdt^ 
xdy — ydxzzzd dtj wndydz — zdyznd'dty c, c', and d" being 
constant quantities ; these equations shew, as will be here, 
after demonstrated, that equal areas are described in equal 
times, by the projections of the line Am upon the planes of 
the co-ordinates. If these integrals be added together, after 
having multiplied (he first by z, the second by y^ and the third 
by Xy the equation cZ'\'(/y-\-d'xzizOf which belongs to a plane, 
will be obtained. 

* If a point moves upon a curve line or surface, it may 
be supposed free, and acted upon by a force equal and op. 
posite to the perpendicular pressure upon the curve or sur. 
face. Let us, for example, suppose that zznf(x^y) is an 
equation to a curve surface, by differentiating it, we shall have 

izzzpdx+qdy. Let M=:^(l+p^+q^)y then it may be 

easily proved that the normal of the curve surface forms with 
the axes x^ y^ and z^ angles, the co.sines of which are 
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ixy Ij/y and Iz as it will have equations, and the co-effi- 
cients of the remaining variations must be equalled to 
nothing *. 



p Q .1 

-~r, TT, andT7 respectiyely. If iV^ represent a force in the 

direction of the normal, equal and opposite to thepressure 

upon the curve, its components in the directions of the axes 

pN qN N 

«, ^, and z will be — -r^-, ^ and -jjj respectively ; the 

two first forces are negative, because they tend to diminish 

the co-ordinates x and ^, if the curve surface have its con. 

vexity towards the planes of xz and t/z^ as can easily be 

proved. The point may therefore be regarded as free, and 

Np Nq N 

acted upon by the forces P — -r^, Q — --^, and R+Tf » 

which will give the following equations, 



d^x 
dt^— 


:P- 


Np 
M > 


d^y 


:Q- 


Nq 


d^z 
dt^-^ 


:B + 


N 



* When the motion takes place in a resisting medium, the 
resistance of the medium may be regarded as a force which 
acts in a direction contrary to the motion of the body. Let 
/represent this resistance, then its moment will be — /.Jt, if 

f is supposed to be equal to Y(x — 0* + (^ — tn)^ + (z — n)*9 
/, i7t, and n being the co-ordinates of the origin of the force 
/• By differentiation 

X — / ^ y — m ^ z — n ^ 
t t ^ z 

If the origin of the force / is supposed to be in the tangent 
of the carve described by the body, and indefinitely near to 



•0 Xi4»iAfQr«M^ >UEC:nA:S3€%» 

fi. It ifi possible in the ^^ation (f) to ttippose the 
vatiations ^m^ %, and ^x; eqiialio (be (differentials ^^jp^ 
dt/j and dz^ because, these differentials are rreoessarilj 
subjected to the conditions of the motion of the moving 



it ; it rVsmy be coucei ved that x — bzzidx^ y_ — mzzd^^ z — n 
zzdzy which gives, by representing the element of the curve 
fyy ds^ the follow ing equations, 

X — J dx y — m dy z — n dz 

consequently, 

dx . dy dz 

ds d s ^ ^ ds 

If the resisting medium be in motion, it will be necessary 
to compose this motion with that of the bo4y., in order tp 
obtain the direction of the resisting force. Let d»^ c/jS, and 
dy denote the small spaces through which the medium passes 
parallel to the axes of the ca-ordinates x^ y^ and s, during* 
the time that the body describes the space dsj it will be 
proper to substract these quantities from dx^ dy^ and dz^ in 

order to have the relative motions^ As dszz:V dx^ -f c/y* -}- dt^y 
if it be supposed that 

d (r=V^(dx--d^)^+(dy — d^J^-^^Cdz — ay)% 

the following equation may be obtained, 

dx — c/a ^ dy — d^ ^ dz — dy ^ 
^i:=. — :7 . ^ ^+— -; . ^^+"~7? — ^- ^-- 

dcr da- aa- 

It should^be observed with respect to the resistance /, that 

ds 
it is generally a function of the velocity v; ; bwlin this case 

in which the medium is in motion^ it is a iiinctlon of the re. 

dr 
Native velocity -rz* 



bodj ilf» Bj making this supposition^ and aft^f wards 
iiiitegr^^iDg^ tb« equaiimi (fj, we shall bnve : 

€ being a coiiHaut quantity* -^^ — -istbo square 

clf tRe T^iociljr of TIf, wliich teloeiij \f e ifill denote by 
»/ sdpposin^ fllerefore that P dx-\'Q.di/-\-R,d% Is 
ihfc exact dlflktdntial of a ftinctiort ip, we sball lia^e * 



* 

'^ in every case in wliich the formula P.dX'^Q,dy'\-R.dz 
fs an exact differeTitial of the variables a?, ^, and z^ the equa. 
tion (g) will give the velocity of the point M at any part 
of its trajectory, if we know it at any one determinate place. 
For as ^ is. a functioa of x^ ^^ ami 2^ let it b£ represented 
hyf(x^^z)^ also suppose A to denote the known velocity at 
the point where the co-ordinates are Oj af^ and a", then we 
shall have the equations 

A^—c+%f((iyd,d')y 
and confequently 

This eqfiation ehews tii# value of ?, w^ep jf, ai)d th^ com^^ 
^iQnUsXy^, :y, a, o't 4iiMt «/' corr^spoodiBg to ttio velocities 
V and ^ are given, 

It fippeari from the fibove tbat it Is posiil^le tp determine 
the ditiferencjQ of the squares of ti^ velocities at two points of 
.tb« traj^foryt by iPf»n« of the co-ordi^^i.of ih^a^e points, 
':wH^OQt>kii^wiag tUr cu^v^ a^ong wbich the nioviog body 
|^s«8 ^n goJiOg ffoxa one ^int to tjia o^f« 

Tba ^lHXf0 4oe9 not bold <good if P.d^+Q.d^^R.du bo 
nvt^m^^^?^ itfff^jcen^^ as for initance^ wb^a Uu» forces 
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This case has place when the forces which solicit the 
point M^ are functions of the respective distances of 
their origins from this point, which comprehends nearly 
all the forces of nature. 

In fact S, S', &c, representing these forces, 5, s'^ 
&c. being the distances of the point M from their 
origins, the resultant of all these forces multiplied by 
the variation of its direction, will be equal, by No, 2, 
to S.S.S^y it is also equal to PJ^X'\-Q.^i/'\'R.^z ; we 
have therefore 

and as the second member of this equation is an exact 
differential, the first is likewise. It results from the 
equation (g)^ 1st. That if the point Jlf is not solicited 
by any forxes, its velocity is constant, because in this 
case <fz=z.O *• It is easy to be assured of thb otherwise 



P, Q, and R arise from friction or the resistance of a fluid, 

and contain in their values th^ velocities — , — . and — ; in 

dt^ dt^ dt' 

which case the expression is not an exact difierential of a 

fnnction of d?, ^, and Zj regarded as independent variables. 

For to integrate 9 under such ciicumstances, it would be ne. 

cessarj to substitute the values of these variables and their 

differentials in functions of the time, which could not be done 

except the problem had been pre viousi J solved. 

* If the point w not acted noon bj any accelerating force, 

but moves from an initial impnlse, the forces P, Q, and R 

are nothing and ^ vanishes, therefore r*zi:r, or the velocity 

Is constant, consequently the velocities in the directions of 

the axes or, ^, and are constant, -iiild may b& iilpfyosed r6» 
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o 



by observing that a body raoving on a surface or curve 
line, loses at each rencounter ivith the indefini(e1y small 
plane of the surface, or of the indefinitely small side of 
the curve, but an indefinitely small portion of its velo- 
city of the second order *. Sndly, That the point 31 in 
passing from one given point with a given velocity, to 
arrive at another, tvill have at this last point the same 
velocity, whatever may be the curve which it shalL 
have described. 

But if the body is not forced to move upou a deter- 
minate curve, the curve described by it possesses a si- 



spectively eqaal to the invariable qaantities (/, (/', and d". 
We therefore have the equations 

d/"" ' dt~ ' dt'^ ' 
from which by extracting dt^ we shall obtain d'dxz^cfdy^ and 
d'dyzzid'dz; which give by integration c/'jpiiza+c'^/, and 
d^i/zizb'^'d'z for the equations of the projections of the tra- 
jectory upon the planes of xi/ and ^z ; but these equations 
belong to straight lines, consequently the trajectory is a 
straight line. . 

* It is proved in most treatises upon mechanics, that if 
a body moves along a system of inclined planes, the velocity- 
lost in passing from one plane to another, is, as the versed 
sine of the angle which the planes make with each other. If 
the number of planes in agiven curve are indefinitely increas. 
ed, the supplements of their angles of inclination, and con. 
sequently the chords become indefinitely small ; by the rules 

of tf igOBometry we have versed sine =: ■ i « ; there. 

^radius 

fore if the chord is an indefinitely small quantity of the first 
ord^r^ the versed sine is. an indefinitely small one of the se- 
cond, consequently the velocity lost may be regarded as sfn 
indefinitely small quantity of the second erder. 



inilar property to ^hicn ive have been conducted by 
metaphysical considerations, am! which is'j in fact, bu^ 
a remarkable result of the preceding differential equa- 
tions. It consists In this, that the integral fvds confi*- 
prised between tlie two extreme points of the cwrre 
described, is less than any other cun e, if the body is 
free, or less than any other curve subjected to the same 
surfece lapqn which it mov^s, if it is not entirely free. 

To make this appear, we shall observe that jP.c^r-J- 
Qtdy*\-R'.d% being supposed an exact differeatiai, the 
equation (g) gives 

y 

the equation (f) trf the p re ceding nun^ber becomes aW 

dx dv dz 

Naming the element of the curve described by the 
moving body (j^, w« sfaaU have 

and by equating^ 

dr' d^ d^ 

by differentiating, with respect to 5, the expression of 
&, welshallhaye 

dt d4 ^ di '^ ' dt 



i. 



• ^ ttiat dsz=^{tU^+dif*+dii^)' if evident fr©» consderi^. 
iog that^he co-ordinates of ^ and s^ds arecr, ^, z and ^:f i/x, 
S/+^S/9^+^y consequently, 
s+ds^sz=:^{(x+dx'^x)^+(y^dj/^i/)^^(z+dz'^z^^^ 

which gives i/srr^Cd'**+i(y*+*rf«.*j* ,| 



The diaraoicristios d and rCeuig iadepcnclaiit*, wo 
may place 1 hem one ioefoK the otiier at wiH ; the pro* 
coding equatioa caa llierefore be made to take the fol* 
lowing form, 

dt cLt '^ dt 

dz 

dt 



iA^ 



* tt 'rnvf h^e be oetst^ary to obserti^, that wliiiQ eqaa. 
ti»«« teataii^ the dilfdt#ntial& 4», d^, and «te, aodtlto varhi- 
t^As 9di, j^, aad dt at the lame time^ the cKAnnitiala aaA 
TariatkiBs ar«; to be suppo^d coMtaot witk fespeei to etch 
other, ia all the cartons processes of difereatiation or lolje^ 
gration. The order ia which these processes are performed 
is also indifferent as to the result. Thus l.dxzizdJix^ l.d^scz:^ 
d,i.dx:=zd^ixj i,d^xmd»^. ^.rfn^»x=rrf"^a?, also lju:rzpu^ u 
being he»e supposed a ftin<?tion of a?, y, tt^ dxj di/^ d%y d^x^ 
8m, ,^ tlie Sign-Zdenotnig the integrattcNi of flie faction tt^itk 
respect to the characteristics dx^ &c. If u be a function 
of x^ %f^ and sr, the equ a t i on u::z:f(x^») gives 



a!^ 



in which we evidently have from the process of difieretrtiatioii 

Tx)-\ixr \Ty)=\ryr \Tz)-\Vzr 

Af ^, natare of these n^rtes will not permit me to enter f«t)^ 
irpoa (fte subject oC Tar4atiotis, I shall ff«fef the reader, whd 
isntesiTons of ihfortnatton i^spectin^ them, to the Trs^ti^dti 
Ca^lcul Differentia et Int^gtat pour S. F. Lacroxju The. 
Traite Elementaire de Calcul Diifprentiel et de Calcnl In- 
tegaal, .by the sanie anitiior, coaikiias aa abridged a4:co«tit ^ 
them from the large work« 
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by subtracting from thenrst metiiber of this equation^ 
the second member of the equation (k)^vfe shall have 

d.Cdx.^x+dy.^v+dzM) 
li.(TdsJ=z of. • 

This last equation being integrated by relation to the 
characteristic d^ ivill give 

dx.^x+d^ \y+dz.^z 
tf./xwfc==const.--j- -^ . 

If we extend the integral to the entire curve described 
by the moving body, and if vfe suppose the extreme 
points of this curve to be invariable t, ve shall have 
i.fvdsi^di); that is to say, of all the curves along 
which a moving body, subjected to the forces P, Qf 
and J?, can pass from one given point to another given 
point, it will describe that in which the variation of 
the integral fvds is nothing, and in which, consequently 
this integral is a minimum. If the point moves along 
a curve surface without being acted upon by any force, 
its velocity is constant, and the integral /«(& becomes 



* If the point from which the body begins to moTe be 
fixed, the quantities ^Xy $j^, and ^z are . there respectiTely 
equal to nothing, therefore the constant quantity of the 
eqaation 

y^ j5=const. +^:^f±^^?:Mf^ 

•^ di 

IS equal to nothing, as its other terms yanish at .that point. 
If thp quantities $d?, 2>y, and ^z are also respectively equal to 
nothing at the end of the motion, from the point where it 

ends being fixed, we shall have — ^—^ — equal ta 

Bothing, therefore Ifvds is equal to nothing, that is^ the va*. 
nation of the quantity /v<^^ is a minimum. 
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9jds ; thus the curve described by the moving bodj is, 
in this case, the shortest which it is possible to trace 
upon the surface, from the point of departure to that of 
arrival ♦• 



* Maupertais, in two memoirs, one sent io the Academj 
of Sciences at Paris, iu the jear 1744, and the other to that 
of Berlin, in the year 1740^ asserted, that in all the changes 
ifhich take place in the situation of a body, the product off 
the mais pf the body by its velocity and the space which it 
has passed over is a minimum. This he called the principle 
of the least action, and it was applied by him to the diFcoverj 
of the laws of the refraction and the rf^flection of light, the 
laws of the collision of bodies, the laws of equilibrium, &c. 
Ealer afterwards shewed that in the trajectories of bodies 
acted npon by central forces, the integral of the velocity 
multiplied by the element of the curve is always a minimum, 
which is an excellent application of the principle of the least 
action to the motions of the planets. This general principle, 
which was assumed as a metaphysical truth, appears evidently 
to be derived from the laws of mechanics. 

The following will be sufficient to shew the reader the way 
in which the principle may be used to discover the laws of the 
refraction and of the reflection of light. 

Suppose a ray of light to pass from one point to another, 
if the points are in the same medium, the velocity of the ray 
is constant, the path is a straight Hue and the principle ob« 
vious; if they are in two ditferent mediums, let v represent 
the velocity of the ray, and s the space it passes through, in 
the first medium, and v' its velocity and / the space passed 
through by it in the second medium ; we shall then have the 
quantity vs-\-v*s' , which is a minimum for the value of fvds» 
The solution of this question is very easy and leads us to the 
following equation, v. sin. azz,v, sin. ^, in which a repre. 
Milts the angle of incidence and b the angle of refraction at 



9. Let It detefmiii« the ptessnn which a pi[>liit 
anovinj^ apon ft surflice ot«rts against it. Instead cif 
tattaetiag from the e^iialioii (f) of No« 7^ one of the 
variations $x, ^^, and ^z^ by means of the eqilaiton of 
the surface, we may by No. 3, add to this equation the 
differential equation of the sttrra<:e multiplied by aa in« 
determinate quantity — Xtft, and afterwards consider 
the three variations ^x^ ^i/y and 1% as independant quan- 
tities. Xt^i therefore «=0 ht the equation cif the sur- 
face; we shall add to the equation (f) the term 
^^'K.lu.dty and the pressure with which the j^iat act$ 
UgAJuast it will be, by No. 89 equal to 

Let tif now suppose that tfre point ift tiot sotictt^ b^ 
any force,Jts Velocity v will be cbilstartt ^ If ^^fk6hsetMb 
lastly ) that vdib::z:(fe, the element dt of the time bein^ 
Supposed constant, the element ds of the curve d^- 
tcribed will be so likewise,, and the equation (f) aug- 



» *' . ■■' '11 J ' - ' ■ I W i » » 



the surface of the second medium. The above equation 
shews that the ratio of the two sines depends upoq that of 
the velocities of the ray in passing through tie different 
Viediums. 

^ If the ray ID passing ffom one point to another is reflected 
9t the surface of the second medium, the velocity will be 
constant, and the path a minimum ; in which cane, it may 
^0 readily proved, that the angle pf incidence of the ray in 
passing from one point to the surface of the second medium, 
U e^uai tQ ttiie angle of reflection from it to the other poi|iit« 
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mented by the terra — X.Sw.cft, will give the three fol- 
lowing, 

is ^'^^ ■ n ^^^^ 

from which we may obtain 

^' \/(d*x)^+(d\y)^+(d^z)* , 

bat asi/^ is constant, the radius of canratureof the carye 
described by the moving body is equal to 

ds* 

V (d^x)'^(d^if)^^(d^z)* ' 

by naming this ndius r, we shall have 

^ V(S)-+(|) +(S)' 

that is io say, the pressure exercised by the point 
against the surface, is equal to the square of its velocity 
divided by the radius of curvature of the curve which 
it describes* 

If the point move upon a spherical surface, it will 
describe the circumference of a great circle of the sphere 
which passes by the primitive direction of its motion : 
for there is not any reason why it should move more to 
the right than to the left of the plane of this circle ; its 
pressure against the surface, or, what comes io the 
same, against the circumference which it describes, is 
therefore equal io the square of its velocity divided by 
the radius of this circumference. 

If we imagine the point to be attached io the end of • 
a thread supposed without thickness^ having the other 

• H 



r' 
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exlfremfty fastened* to the centre of ^he'stirfiic^ ;' it iji' 
evident that the pressure ex'Tcised by thii point against' 
the circiimference ifvillbe equal to the tenricwi ivhich 
the thread would expt^rience if the point were retained 
by it alone. The erfort which this point makes to 
stretch the thread, and to go farther from the centre of 
the ciT^cumference, is, what is called the centrifugal 
force; therefor^ the centrifugal force is eq,ual to the 
square of the velbciiy divided by the radium. 

In the motion of a- point upon any cur Ve whatever, 
the centrifugal force is equal to the square of the velo- 
city, divided by the radnus of curvature of the cUFvei 
because the indefirtttely sn^ll arc of this curve' i» coor* 
founded with fhe circumfert^nce of the circle of curva- 
ture ; we shall theTefore Bave the pressure which the 
point exerts against the curve that it describes, by 
adding to the square of the velocity divided by the ra- 
dius of curvatari&,.th^ prd^srfref'cftie^to t&e forces which 
solicit this poinf. Fn the ifnrotion of a point upon a 
sufrfkce, tHe pfeteure dod to fiife eedtfifngal force, its 
eqvrA! to^ f hfcf f^iiaf e of the telooi^^ divided by the ra- 
dhis of curvafiire of the cdrve dfescribed by this point, 
and multiplied by the sine of the inclination of the 
plane of the circle' of cdrvatoire to the tai^geittial plane 
of fbeirurfttce ♦ : by adding to tM$ pressure that which 



* Suppose tberndikis of curvature RP or r, (fig. 70, of 
the poiart P of the carve descrihed by the body upon the sur. 
face, to be produced to ^ ; let PA represent the centrifugal 

pa 

fdrce — of the Ifodt moving in the curve ; from Pdraw the 
r 

liiie PB perpeiidlCQifltr ta ^^ pl4de toit^etfit of Urn iurfece At 



ariics from the action of tbe forces that solicit the 
poiot, , we shall have the whole pressure which it exerts 
against the surface. 

We hare seen that if the point is not acted upon by 
anyforces, its pressure against the surface is equal to 
the>€quare of its velocity divided by the radius of cur« 



>f n ' > . w 



P ; draw AB perpendicular to PB. let t||e line DPC be tht 

section of the plane tangent caused by a plane passing through 

' the points ABP perpendicular tQ the plane tangent ; then 

<as ABf CPlii are reBpectiTely perpendicular to the line PBj 

^ thf^yare parallel to each other, therefore the. angle BAP. is 

.equal to the angle D PA, but this last angle is that which 

the. plane of the circle of curvature makes with the plane 

taggent, for as the intersection of the plane of the cnrre and 

of the plane tangent of the surface is the tangent to the curve 

at P,the llnePB is perpendicular to it ; likewise the radius of 

curvature of the curve is perpendicular to its taqgentat the 

' flame point, coosequentjj the plane passiog through the lines 

, BPy PR^ .and the line PD in it drawn from the ppint P, 

are, perpendicular to the tangent of the curve ; therefore the 

angle i)pR is'the angle which the plane tangent makes with 

the plane of the curve. By trigonometry in the right angled 

irtaogle'P^X/, we have 

jad. (\) : sine BAP ot DPR : : PA C—^ ;PB^ 

yx 
itherefereP Bdz — sine DPR, but PB representsithecen. 

r 

trifu gal force of the body moving: on the surface, consequently 

the centrifugal force of .a b/idy -moving upon. a surface,, is 

equal to the square of the velocity divided by the radius of 

curvature of the curve described by this point, and multiplied 

hy the sine of tl e inclination of th**' nUne of the circleof cur« 

vatof 6: 1^ tbet taagontial plana 4>f ^he sai/ace. 
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valure of the curve described, the plane of the circle 
of curvature, that is to say, the plane \¥hich passes 
by two consecutive sides of the curve described by the 
point, is, in this case, perpendicular to the surface. 
This curve relative to the surface of the earth, is called 
a perpendicular to the meridian, and \re have proved 
(No. 8^ that it is the shortest which it is possible to 
draw from one point to another upon the surface. 

10. Of all the forces which we observe upon the 
earth, the most remarkable is gravity; it penetrates 
into the most inward parts of bodies, and w ithout the 
resistance of tne air, would make them fall with an 
equal velocity. Gravity is very nearly the same at the 
greatest heights to which we are able to ascend, and at 
the lowest depths to which we are able tb descend ; 
its direction is perpendicular to the horizon ; but in 
the motions of projectiles, we may suppose, without 
sensible error, that it is constant, and that it acts along 
parallel lines ; on account of the small extent of the 
curves which they describe relative to the surface of 
the earth. These bodies moving in a resisting fluid, 
we shall call the resistance that they experlmce, it 
is directed along the side of the curve described by 
them, which side we will denote by &, we shall more- 
over call g the force of gravity. This agreed upon : 

het us resume the equation (f) of No. 7, and sup- 
pose the plane o(x and y horizontal, and the origin of 
sat the most elevated point; the force jS will produce 
in the directions of jr, 2/9 ^^^ ^y the three forces 

dx dy - dz «... > 

— 13. -7-. — ^.-r» and — /3.-j- ; we shall therefore have, 
ds ds ds ' 

by No. 7, 

v* ^ ^^ ^ ^ ^V r% ^ dz . 
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aod the equation (f) will become 

* t . dt ^ di ^ > 

If the body be entirely free, we shall have the three 
equations 

0=:d.^/-+fi .-J.dt—gdt. 
dt^ dt ^ 

The two first will give 

dt dt dt dt ' 

from which, by integration, we shall obtain dx:izzfdy ; 

y being a constant quantity. This is the equation to an 

horizontal right line ; therefore the body moves in a 

vertical plane. By takini;^ for this plane that of x and 

?^ we shall haveyzz=0 ; the two equations 

^ ^dx.^dx^ . ^ dz . ^ dz ^ 
0=:d. — + fi.—>dt; Ozzzrf.— + /3.— .*— g-(fty 
dt ^ ds dt * ds ° 

will give, by making dx constant, 

^ ds.d^t ^ d^z dz dH . „dz . . 

dt^ dt di^ ^ ds ^ 

from which we may obtain gdi*=:z(^z, and by differen- 
tiating 2gdt.d*lzi=:d^z ; by substituting for d*t its value 

.— ; — , and for dt* its value —"we shall have 
ds ' g 

/3 ds d^z 



g—%.(d^zy 
This equation gives the law of the resistance /S neces- 
sary to make a projectile describe a determinate curve. 
If the resistance be proportional to the square of the 

ydecity, ^ is equal to h,—,^ h being constant in the 

cf** 
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The differential equation d^zzzgdt* jf ill gWt di* — : 
— .c?i*, from which we liay oBtain iz=:x\/'^ J^f^ . 
If X, y, and t are suppoi^ed to Begin together, we shall 



finite foriDi the complete noTution of the problem ulrooldlie ' 

ohtf^|ed« In this case, the two first, bj the elimination of 

p, would give the trajectory o\ the ciirfe. This "probtem 

h&S'exerrisedlthe skill of many eminentmathemiltioiaos from. 

the'tinie o^- Newton to thatof Logemdre, biit aH their solu. . 

tipns ar(^;tery complicated » The trajijc'f^ryili.ay.lye: described 

from points bj means of the two first equations, and tables 

made for formii<g it at any iticlination.-W^idjr^e; memoir- 

ofvMoreai;^ in the ekventh cahier of the Journal de P Ecole 

Polytec^niqne. The d^ficendimfbraneh of f]^e Mcur?e has an . 

a^mtote, as appears from making j> indefinitely great, which 

dp dp • '" ' ■ ■ , 1 • 

gives dlrzzT-^: andd^g , , or.'by integration, arzzc' — t- 

1 "' ~ 

and tznd' + t log. />, c'and d' being constant quantities. 

h 

From these two equations it appears, that if p be indefi. 

nitely increased, the yaliieof z will become indefinitely great, 

af though Y8 dO^s not increase ao»fast as /i, and that of a; will ; 

aj^prblitaate to d as its Jimit. If, therefore, on the hori. . 

zoBtal axis of or, at a distance equal to c', from the origin of 

the co-ordinates, a pecpendici|lar be let fall, that line will be 

an asymtote to the descending branch of the curve. 

'•'^hW*^he angle of prbji^cfion of the body is very small ". 

with respect to the horizon, and the initial velocity not con. 

siBerable, that part of the curve above the horizontal line of ^ 

projeclion may be readily found by approximation^ and is 

applicable to th «ase of ricochet firing, yide a fiiemoir of 

Bordkaiiibogat those of the Academio desScience^, I76d.. ; 
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baVe e=dO and/'==0 ; consequently t=:x'\/ ?!!, and 
fHizzaa^-^bx^ which give ' 

These thr6e equations Contain the whole theory of 
projectiles in a vacuum ; it resuUs from the above, 
that the velocity is uniform in an horizontal direction, 
and in a vertical one, it is the same as that which would 
be acquired by the body falling down the vertical. 

If the body falls from a state of rest, b will vanish, 

and we shall have -r-=:gt ; 2=Jgi* / the velocity 

therefore increases as the time, and the space increases 
as the square of the time. 

It is easy, by mean3 of these formulae, to compare 
the centrifugal force to that of gravity. It has beea 
shewn by what precedes, that v being the velocity of a 
body moving in the circumference of a circle, whose 

radius is r, the centrifugal force is — . Lei h be the 

height from which it ought to fall to acquire the velo* 
city v; we shall have by what precedes, z^=.2gh ; 

from which we may obtain — =:g*. — • If A=z=|r, the 

centrifugal force becomes equal to the gravity g ; thus 
a heavy body attached to the extremity of a thread 
fastened by its other extremity to an horizontal plan'*, 
will stretch this thread with the same force as if it were 
suspended vertically, provided, that it moves upon this 
plane with the velocity which it would have acquired 
by falling from a height equal to half the length of the 
thready 



11. Iiet i|8 consider the motion of a I^eavy body on a 
spberipaY surface. 

By naming its radius r, and fixing the OFigin of ifro 
Go-ordinates.r,^, aivl ^ at its- eentre; we shall have 
f* — j^ — 2/* — x*=qft; tfcis equation compared with that 
of ic;;^), gi^e$ u::;=;^~:Jf^—i/*—z* : by adding there- 
fore, tatbo eq^uojUon, (f} of No. 7^ the function S« i^ul- 
tipJy^d by the iadeteicminate — xrf^, we shall have 

an eqiMitioa in wbjch^ we may eqn^l separately to no- 
thing, the co-efficients of each of the variations 9^, Sj(^ 
and* $2;, which will give the three following equations, 

dx '\ * 

at 1 

' \ 

(hnd.^+SXz.dt—gdt \ 

The indeterminate x makes known the pressure which 
tbpffiC^YUig body eMrtft ngwM^t the sarfece. Tbi& pres^- 

it is consequently equal to 2xr ; but by No. 8, we have 

c being: a^^ COBito^t i^oaotity; by addfing this eq«atioa 
to theeqjoationft (J) divided b|y eft, and multiplied re^ 
spectiv^ly by «, jty aod 2^ ;; mA obswviiig, lastly, that 
tb^ diffi^reirtial eqiUAtiom oSt^e smfiupe is Qz^xda-^y^ 
4^S(fe, wbich^ l^ diffeMDtittiion^ gives 

0==zxd!'x+j/d^j/'^zd!'x-^djc'+d^'^dz'' ; 



f 



we sball find 



T 



If ^e rnuttiply tlic first of ihe c^aations (A} bj — ^, 
and add it fo the second multiplied bjx^ we shall baTC 
from integrating their sum 

c' being a new cohstant qtitlfVftl/. 

The mdkiettk ofa pbint is tfaits fedilc«d idibttt diier- 
ratial equations of the first iStAet 

xdx-\'ydy±=z — tit : 

:tdi/^ydx±^igfdt ^ 



By ^{sin» i^aeb ilftefitMilr of Ibfe two fintt ^qw^iWHsttt 
«b« ^iutf-e, and IbM Adding IbetA lligdltery Ht sMll 
bttVe 

if we substitute id tbe filace ol JK^'^IV^ ^* tidme f'^^Ht'^ 
and in the plaee tflflt^it* ¥dnee^SSg^Bi-^ ^ we 

shall have, by supposing that tbe body defMurts from 
tbe vertical, 

The function under the root may be cbaaged to the 
fcdhmtng form, (it^:s).(z—b).(9g^'^fj; 9^ *jii^i 
f being determined by the equations 






*= <H^^ " 



sm. 

a—b' 
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it is possible thus to substitute ^pr the constant quan- 
tities c and d ihe new ones a and b ; the first of which 
is the greatest value of z^ and the second the least. Bj 
making afterwards 

^ a — b 
the preceding differential equation will become 

j^_^ rV^.( a+bj dQ 

y' being equal to—- — -^— . 

The angle gives the co-ordinate z by means of the 
equation 

2=:o.cos.*d-|-6.8in.*d, 
and the co-ordinate z divided by r, gives the co-sine 
of the angle, which the radius r makes with the vertical* 
Let zi be the angle which the vertical plane passing 
by the radius r, makes with the vertical plane passing 
by the axis of os ; we shall then have * 

xzz=^ 7^— ^^cos .TO ; yziz^i^ — s'.sin.zff ; 
which give xdy — ydx:=.(r^ — z^J.da; the equation 
spdy—yd:]0:s=jcfdi will also give 

ddt 

dW^^^^ o 2 9 



n I ' ' ■ ■■ ■ • " * ' A *■ •'■ -I T 



♦ For \/r* — t* is the projection of the line r upon the 

plane of ^^^ and if from the extremity of ^r^-^z* a perpen* 

dicular be drawn to the axis of x^ we shall have V^r^ — z* 

t X : I rad. (1) i cos. «r, therefore ocrV^r* — 2*.cos,w, 
Jn a similar manner we shall Juve yzz^^t^^j^ • sin. f7. 
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bj substitQting for ;s; and dt their preceding valaes in 9, 
yre sh^ll have the angle t? in a function of d; thus we 
may know at any time whalercr the two an<rles Baudtj; 
which is sufficient to determine the position of the moy- 
ing body. 

Naming the time which is employed in passing from 
the highest to the lowest value of z, the serai-oscillation 
of the body ; let ^Trepresent this time. To determine 
it, it is necessary to integrate the preceding yalue of dt 
from ft=5 to Ozrzf^r ; v being the serai-circumference 
of a circle whose radius is unitj : we shall thus find 



(^)v+G4:)>+«^»- i ■ 

Siipposing the point to be suspended from, the extremity 
of a thread without mass, which is fixed at its other ex- 
tremity, if the length of the thread isr the point will move 
exactly as in the interior of a spherical surface, and it will 
form with the thread a pendulum, the co-sine of whose 

greatestdistancefrom the vertical will be-. If we sup* 

pose that in this state, the velocity of the moving body 
is nothing, it will oscillate ^in a vertical plane^ and in 

this case we shall have £r=r, y=: . The fraction 

— — is the square of the sine of half the greatest angle. 

which the thread forms with the vertical ; the entire 
duration Tof the oscillation of the pendulum will there- 
fore be 
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If the oscillation is very small, — — is a very MUSUI 

fiactioD) which may be neglected^ and wc shall have 

the very small oscillations are therefore isochronous or 
nf the same duration, ivhafever may be their extent ; 
and we can easily, by means of this duration, and of 
llie corresponding leni^th of the pendnlam^ determine 
tbe variations of the intensity of gravity Ht different 
partft of the earth's surface. 

Let z be the height from which gravity makes ^ 
body fall during the time T, we shall have, by No. 10^ 
2fe=g'T*, and consequently zzzziis^.r ; we shall there- 
fore have with very great precision by means of the 
length of a pendulum that beats seconds, the space 
tbrough which gravity will cause bodies to fall during 
tbe first second of their descent. From experiments 
y€ij exactly made, Jt appears,^ that the length of a pen*> 
dttlum vibrating seconds is the same, whatever may be 
the substances which are made to oscillate t from 
which it results that gravity acts equally upon all 
bodies, and that it tends in tbe same phce, to impress 
vpon them the same velocity in the same time. 

i2» The isochronisraoftheosciHatioas of a pendulum 
being only an approximation, it is interesting to knoW 
iht curve upon which an heavy body ought t^ mot^^ 
to arrive at the scime tim^ apoa tbe point wbete its mo*' 
tion ceases, whatever may be the arc which it shall ds« 
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^s^VbA Uwi (he lowest point. But to ^re this prQblan 
in the most general manner, we will suppose, conform* 
ably to what has plac^ in nature, that the point moves 
in a resisting medium. Let s represent the arc dfs* 
scribed from the lowest point to the curve, z the verti- * 
cal abscissa reckoned from this point; (ft the element 
of the time, and g^ the gravity* The retarding fomot 
9hng ih^ arc of the curve will be^ first, the gravity ie* 

solved along the arc &, which becomes equal to g.— ; 

I 

)|ctcondlyi the resistsince of the medium, which wesbaU 
express by V't^.fi (rf/T'^®*°S ^^^ velocity of tfce 

moving body, ^nd ?•( 77 I being any function what- 
ever of this velocity. The differential of this velocity 
will be, by No. 7, equal to— g'.^—ip (dU ' ^** 

, therefore have by making dt constant 

, dz . /'ds\ 

I^t IIS wppose ^ J^— Jc== w.— + ».— , and 5=iK«0; 

if we d-enote by %J/(«0 the differential of 4. (s^) St^wbA 

by efe\ and by -^^ (s') that of %|/' (5') divided by ife*, wc 

«baU have 

ds ds' , 

JUid tbe equation (i) will become 
g.dx 



dt* 



M{V(OY' ^^-^ 
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fjgft 

vre shall cause the terra multiplied by -7-- to disappear 
by means of the equation 

this equation gives by integration 

A and q being constant quantities. If we make 5' to 

commence with 5, we shall have A5».=:l, and if, for 
greater simplicity, we make A=:l, we shall have 

5'=:c«« — 1 ; 
c beiag the number, the hyperbolical logarithm of 
which is unity : tiie differential equation (/) then be- 
comes 

dV^ dt ^ ^ ds' ^ ^ 



♦ The integral of 0=V(9')+n.lV(s^)Tv^^y he readily 

fotind, by substituting for 4^"(*')> and A^' (s') their values ; 

d* s d^s' 
the equation then becomes 0= "^ — > -f nd$j that bv in* 

ds d s' 

Am 

tegration gives h.Iog.Jf — h,log.£/*'+''*=^^j or h, log. — ^ 

rre — nsj from which we may obtain ds^zz — . </*, c being 
the number whose hyperbolical logarithm is unity; the inte. 
gral of this equation is ** +?= > which gives h, log.(fi. 

(-/+?))=«*— e, or h. log.{«.(*' +5) }"+-=:*,• if^h. 

n n 

h •^> 

log.—, then hyp. log. {»C*'+5-)" < ='• 



,* 



I: 
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By supposing s' very small, we raay develope the last 
term of this equation in an ascending series, Vfiih r<> 
tpect to the powers of 5', which will be of this form, 
fe'-f-fe'^-f-ifec, i being greater than unity ; the last 
equation then becomes 

This equation being multiplied by 

e~.{cos. 7^-|-V^ 1.8in,7^}i 

and afterwards integrated, supposing 7 equal to 



k !!!L, will be changed into 

4 



mi C ^^ 

CT^fcOS.y^-y^ l^siu^^f}. V JJ+ 

-5 '/•\/"irT )•*'£= — l.fs^'dt.cT' {cos. 7/*^ 

1/ — I .«in.7^}— &c. 

By comparing separately, the real and the imaginary 

parts, we shall have two ^quations^ by means of which 

— may be extracted ; but here it will be sufficient for 
uft to consider the following 

« • * J/*®*°* y^'T^ • •* • > ^•sin.7^— 7,C0S.7 ^ 

m It 

— Lfs'^di.cT.sm.yi — &c.; 

tfie integrals of the second member being supposed t# 
com'm^ce with i. Naming T the value of t at the 

«nd of the motion, when— is nothing; we shall have 
«t that instant 



mT 



•tn.7l~&c. 



In <he case of 5' beinsf indefinifely small, Hie second 
menibcr of the eqiialion will be retlnced (o nothing 
ivben compared with the fir^t, and we shall have 



0= -—.sin.y T— 7.cos.y T/ 

2 



frona which we may obtain 

° m 

and as the time 7*is, bj'^fhe supposifion, independent 
of the arc passed over, (his yalue of the (ang.yThat 
place for any arc whatever, which will give for aoj 
value of s' 

tbe integral being taken from /=:0,'' io tz=;T. 

By supposing s' very small, this equation will be r(9*» 

duced to its first term, and it can only be satisfied by 

fit t 
makitig L=lO ; for the factor cT~.«in. rt being alwaya 



piM^tive fttMn frrd^to <=T, tlie preceding integral in 
necessarily positive in this interrah It is'npt theie» 
fore possible to have tautoch^niftca but on the f^uppp^ 

ntlOB 9K 



1 Ca < ir~ * 



whicli gives for, the equation of .the tautocbr^iuyiii 
curve 

In a YacuufOi and whfta the resistance U |it^^[>orticml 
t9 the simple Velocity^ n is nothing, and this eqnatiom 



^ ^ 



becomes gclz=ksds ; wblch is the equation to the 
Cycloid ♦. , 

It is remarkable that (he co-efficient n of the part of 
the resislance proportional (o the square of the veiocit j, 
<loes not enter into the expression of the time T ; and 
& is evident by the preceding analysis, that this ex- 
pression will be the same, if we add to the preceding 
law of the resistance, the tcrnts 

If in general, R represents the retarding force along the 
cnrve^ we A^l have 

9 is a function of the time ^, and of the whole arcpas6e4 

:/.■■... "-;■;.■ 



itf m U 



■ ^ <!»» 



;■ I' 



* The cycloid i^ tine. on^ curv^ln a plan^diat is tAiltoch« 
ronou$ M a TStni^ii, hn^ tkisr pfo^rty bek>ii^ to aft indefi. 
nite nuipbe/ of curTes of doutil^ curTatur^, whick may b^ 
firmed by applying a cycloid to a vertical cylinder of any 
hiiey witfiolit:jeiiangkif the aldtuleft of the poiiitt of tb^ 
curTe aboTe the horizontal plane. This js evident front 
eMSM^rtil^ ih^ ^quatioti t'^=zc+^ of JSfo. 8,' which hf 

phijper substitution becomes —^i:zc^^%;gz And giwB dizs^j^ 




s^^f* ; tile upi^r sign 1)eing taken if t and t increase 

together, and the lower, if one increases whilst the o.ther 
decreases. From this last equation it appears,' that the 
value of t depends upon the initial velocity and the relation 
between the vertical ordinates and the arcs of the curve If 
therefore this velocity and this relation be the same, when 
thei curve is changed, the above equation will not be altered 
any more than the law of motion which it denotes. 



9^ X«API«ACB*8 MECRAirief. 

orer, ivbich is conseqnently a function of t and of ^« 
By differentiating this last Ainctioni vte shall bars ^■ 
differential equation of the form 

F being a function oft and s, which by the condition 
of the problem ought to be nothing, when t has a value 
which is indeterminate and independent of the are 
passed over. Suppose for example F=S, T, S beinjf 
a function of 5 alone^ and 7 a function of ^ alone ; w# 
shall hare 

buttheequation— =5 7\ gires #, and consequently 
•—-equal to a function of— -- ; which function we will 

Oft a,ut 

9 

denote by ^y^ ^i* ' ^("^57 3 ' ^^ ^^^^^ therefore hate 



d*$ ' ds* 
di* — "S 



Sr- \f.+<^)\=-''- 



Such is the expression of the resistance which answers' 

di *' 

to the differential equation —=STf and it is easy im ' 



d 

perceire that it comprises the case of the resistance 
proportional to the two first powers of the Telocity 
multiplied respectively by constant coefficients. 
Other differential equations would give diffisreut hpl 
•f resistance* 
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CHAP. Ill 



Of the equilibrium of a sj/niem ofbodSes, 

JS. X HE most simple case of the equilibrium of roanj 
bodies, is that of two material points which strike each 
other with equal and directly contrary velocities ; their 
mutual impenetrability evidently destroys their velo- 
cities, arid redaces them to a state of rest. Let ut 
now consider a number m of contiguous material points 
disposed in a right line, and actuated by the velocity 
IT, ill the direction of this line. Let us suppose, in like 
maquer, a nun|ber m' of contiguous points, disposed 
upop the same right line, and actuated by a velocity 
yf directly contrary to u^ so that the two systems shall 
strikeeach other* In order that they may be in equi* 
librio at the moment of the impact, there ought to be a 
relation between u and u' which it is necessary to de* 
termine. 

' For this purpose we shall observe that the system m^ 
actuated by the velocity fi, will reduce a single material 
point to a state of equilibrium, if it be actuated by a 
tf lo^it/ mai in a contrary direction ; for each point in 



•^ 
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orer, ivbich is conseqnently a function of t and of ^« 
By differentiating this last Ainctioni vre shall bars %■ 
differential equation of the form 

F being a function oft and s, which by the condition 
of the problem ought to be nothing, when t has a value 
which is indeterminate and independent of the are 
passed over. Suppose for example F=S, 7\ S beiDjf 
a function of s alone, and T a function of t alone ; w# 
shall have 

dt* — ds* df^ dt — Sd$ 
butthe equation — =5 7\ gires ty and conseqaeiitlj 

-p-equal to a function of— 7- ; which function we will 

Oft a,ut 

ds^ ^ d s \ ■ ■*T 

denote by -ur^' "^Vsdt J ' ^® ^^^^^ therefore hate 



ds^ ,r:dT 



dU 
di*' 



Sr- lg+<^)h-«- 



dt* 



»»■ 



Such is the expression of the resistance which answert 
to the differential equation —=:ST; and it is easy to * 



perceirei that it comprises the case of the resistance 
proportional to the two first powers of the Telocity 
multiplied respectively by constant coefficients. 
Other differential equations would give diffiBreu^ hpi 
ef resistance* ' . ^ 
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CHAP. III. 



Of the equilibrium of a sj/niem of bodies, 

JS. X HE most simple case of the equilibrium of roanj 
bodies, is that of two material points which strike each 
other with equal and directly contrary velocities ; their 
mutual impenetrability evidently destroys their velo- 
cities, aiid redaces them to a state of rest. Let. us 
now consider a number m of contiguous material points 
disposed in a right line, and actuated by the velocity 
IT, ill the direction of (his line. Let us suppose, in like 
maqner, a nun|ber m' of contiguous points, disposed 
upon the same right line, and actuated by a velocity 
yf directly contrary to u^ so that the two systems shall 
stril^each other. In order that they may be in equU 
librio at the moment of the impact, there ought to be a 
relation between u and u' which it is necessary to de* 
termine. 

' For this purpose we shall observe that the system m^ 
actuated by the velocity fi, will reduce a single material 
point to a state of equilibrium, if it be actuated by a 
tflo^ity mu in a contrary direction ; for each point in 



the system will destroy a velocity equal to u in this last 
point, and consequently its m points will destroy the 
entire velocity mu : wc may therefore substitute for 
this system a single point actuated by the velocity mu. 

We can, in like manner, substitute for the system m' 
a single point actuated by the velocity m*u^ ; but the 
two systems being supposed to cause equilibrium, the 
two points which take their {traces ought in like man- 
ner to do it, this requires that their velocities should be 
equal ; we have therefore for the condition of the equi- 
librium of the two systems mvzzzm'u'. 

The mass of a body is the number of its material 
points, And tlie prod act of the mass by its velocity is 
called its quantity of motion ; this is what is understood 
by the force of a body in. motion.. . .. ' 

For the equilibrium of two bodies or of two systems 
of points which strike eaeh olBer in contrary directions^ 
the quantities of motion, of the opposite forces, ouglit 
to be equal, and consequently the velocities should he 
inversely as the massejs. 

* xh^ density of bodies depends upon.tTie nuiiiber of 
material points which fire contained in a given voluitie. 
In order toliave their absolute density, it would be n6- 
dessary to compare their masses with that of a body 
without pores ; but as we know no bodies of that de- 
scription, we can ohiy speak pf the Relative densities of 
bodies; that is to say, the ratio of thefr density to thai 
of a given substance. It U evident that the mass is io 
the ratio oftlie magnitude and the density, by naming 
Jlf the mass of jlhe body, U it3 magnitude, an(^ D itt 
ilensity, we shall have generally -Afc=/) it/ ;. an equa- 
tion in which it should be obseired that (he quantities 
My t)p and tf express a certain relation io the UQiliet 
or i£ieir Species. 



Wbat we have said^ is on the syppp^itlpQ tbatbodiet 
are composed of similar material points, and that Ibejr 
differ only by the respective^ positions of these points, 
fiut as the nature of bodies is unknown, this hypot 
thesis is at least precarious ; and it 13 possibly that i^KK 
may be essential differences between their ultimate part 
tides. Happily the truth of this hypothesis is of no 
consequence to the science of mechanics^ and we may 
make use of it without fearing any error^ provided 
that by similar material points, we understand pointa 
which by striking each other with equal and opposite 
velocities, mutually produce equilibrium whatever may 
^e their nature. 

14. Two material points of which the masses are m 
.Und m'^ cannot act upon each other but alpng the lina 
that joins them. In fact, if the two points are coor 
nected by a thread which passes over a &xed pulley, 
their reciprocal action cannot bd directed along this line; 
But the fixed pulley may be considered as having at 
its centre a mass of infinite den&ity, which re-^cts upon 
the two bodies m and m', whose action upon each other 
may be considered as indirect. 

Let p denote the a.ction which m exercise^ upoQ m'j> 
by the means of a straight line inflexible wd without 
mass, which i$ supposed to unite the two points., Cc»i« 
ceive this line to be actuated by two equal and of^osito 
jR>re€s p and — p^ the force — p will destroy In the body 
m a force equal to py and the force p of the right tine 
will be communicated entirely to the body m'* This 
Ipss pf force in m^ occasioned by its action upon vi\ ii 
what is called the re-action of m' ; thus in tha ccmimu* 
n'icatioa of motions, the re-action is always ecfual and 
iWtrary to., the a^tiodu Frpn^ obsoivfttioa it a^^art* 



that this principle has place ia all the forces of na- 
ture. 

Let us suppose two heavy bodies m and m' attached 
to the extreniities of an horizontal right line inflexible 
and without mass, which can turn freely about one of 
its points. 

To conceive the action of the bodies upon each other 
when they produce the state of equilibrium, it is neces* 
lary to suppose an indefinitely small bend in the right 
line at its fixed point ; we shall then have two right 
lines making at this point an angle, which differs from 
two right aiigies by an indefinitely small quantity a;. Let 
^and f represent the distances m and m^ from this 
fixed point : by resolving the weight of m Into two 
forces, one acting upon the fixed point, and the other 
directed towards tn' : this last force will be represented 

hyU^^^, g being the force of gravity*. The 



* Let mCm* (Jig. Sy) represent the lever, which is sup* 
posed to be bent from the horizontal right line mCn at C, so 
that the angle m'Cnznv^ then mCzzf^m'Cziify the line m'n 
perpendicular to the line mC continued zizuj' nearly, and 
the line mm! joining the bodies m and m! zzf-i-f* oeariy. 
Complete the rectangular parallelogram mnm'oy and suppostf 
410 or its^qual nm' to represent the weight of my this forc# 
may be resolved into two others, represented in quantity 
and direction by the lines mm' and m'oy we shall then hav« 
mozznm* (vf) tomm'(f+J')^ as tng fthe weight of m> 

is to ^^lillj^J^ %r the force with' which m acts upon the 

body tnf. The force with which nt acts upon m may If» 
found in a similar manner. 



*rr 
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action of m' upon m will in like manner be -: / . 

bjr eqnnlliiii^ fliese (wo forces, in consequence of their 
equilibrium, we shall have w/mT?'/'; this gives the 
known law of the equilibrium of the lever, and at the 
same time enables us to conceive the reciprocal action 
of parallel forces. 

Let us now consider the equilibrium ofasystemof 
points m^ m', tw", &c. solicited by any forces whatever, 
and rc-actinir upon each other. Let /be the distance 
of m from m'; f the distance of wi from »j^; andf" 
the distance of m' from m''', &c. ; again, let p be the 
fecrprocal action of m upon m' ; p' that of m upon m'^ ; 
p^'that of m' uponm'' &c., lastly, let mS^m!S\'m!'S"^Scc. 
be the forces which solicit m^ tw', m'', &c. ; and 5, 5', 
s"^ &c. the right lines drawn from their origins unto the 
botiies w, m', m"^ &c. 

This being agreed upon, the point m may be con- 
sidered as perfectly free and in equilibrio, in conse- 
quence of the force mS, anJ the forces which the bodies 
mym'^m"y &c. communicate to it : but if it were sub- 
jected to move upon a surface or a curve, it would be 
necessary to add the re-action of the surface or of the 
curve to these forces. Let Is be the variation of 5, and 
let J// denote the variation of/ taken by regarding m' as 
fixed. Denoting in like manner, by ^, /*^, the variation 
of/. , taken by regarding m" as fixed, &c. Let H and 
R' represent the re-nctions of two surfaces, which 
form by their intersection the curve upon which the 
point m is forced to move, and Sr, Ir' the variations of 
the directions of these last forces. The equation fd[^ 
of No. 3, will give 
Q=zOT.S.55+p.^/+;3'.J,/'^-f &c R.^r^R'.lr'. '' 
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In like manner, m' may be considered as a point 
T?bich is perfectlj' free and in equilibrio, in consequence 
of the force wi'S', of the actions of the bodies m, m% 
Scc.y and of the re-actions of the surfaces upon nvhich 
it is obliged to moVe ; \vhich re-actions we shall denote 
by iZ'' and 72"'. Let h^ be therefore the variation of 
5'; Syy/the variation of!/^, taken by regarding was 
fixed ; ^,f^^ the variation of/'^ taken by regarding m' 
as fi^ed, &c. Moreover let M apd h"' be the varia* 
tioijis of the directions of R" apd R"^ ; the equilibrium 
of m' will give 
Qi==:w'S/.a5'+p.5,;/+p''.5///-f &c. . +72^ V+iZ^V* 

If ij^e form similar equations relative to the equilib-* 
lium of ;7z'^9 m"\&Q. ; by adding them together aiid 
objserving that * 



\ 



^ The ninth diagram will serve to render this more evi. 
dent. Siippt>se that the line joioing the bodies m and m' is 
represented by f; that the point m' being immoveable, the 
point m passes over the iDdefinitely small space mn* Join 
nm' ; from the point n let fall the perpendicular na upon the 
line mm' , then ma will represent the projection of the line 
mn upon the line mm\ see notes No. 2, and we shall havQ 

maz:zmm!(f) — am\ but am!^:zini'n^ — wa*, and as wa* is an 
indefinitely small quantity of the second order, it may be 
neglected, therefore am'zunm' nearly, consequently mazz 
mm' (f) — nm^ii^J, Again, Jet ni be supposed io pass 
over the indefinitely short space m^n\ whilst m remains im. 
moy^a^le, Join imf ^ then miw'-p ini»'=:^„/. If »* and m' hie 



JjAttkCt^^ MECHAAlCS. 7£. 
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y»^fS *c- l^eitig the whole variations of/,/', &;c. 
We shaH have 

an equation in which the varrhions of the co-ordinatei 
5f the difTereht brnlies of the sjstenB tre entirely arbi- 
trary. It should here be observed that instead of 
fh.S.is^ it is possible in consequence of the equation 
(a) of No. 2, to substitute the sum of the products of 
ftll the partial forces by which m is actuated, multiplied 
by the variations of their respective directions. It is 
the same with the products m'S'.^s\ m^S".J.f'', Sec. 

If the bodies w, m', w^, &c. are invariably connected 
Ivith each other, the distances/,/', f , &c. will becon- 
i|!lnf, and weshall hn(ve for the condition of the connec- 
lion of the parts of the.sys<em,5/=0,5/'£:^0,5/*'=iO,&6. 
The variations of the co-ordinates in thfe equation (k) 
being arbitrary, "^e mny subject them td satisfy these 
Idst equations, and tb'^h the forces p, p', p", &c. Tfrhich 
depfend upon the reciprocal aictioh of the bbdres cf thfe 
l^ystem, will disappear from this equation : \Ve can also 
cknsb the termi 72. Jr, /2'.Jr', &c. to disappear, by stib- 
jectiilg the variations of the co-ordinated to satisfy the 
equations of the surfaces tipon which the bodies htc 
fbrcM to moVe, the equation (kj thus becc/meU 

0=:2.rh,S.^s; (I) 
ftofti \^h!ch H follows, that in the tase of eqmlibfiuiW, 
ibe sQiii of the variations of the products of the forces 



HtppbUd to ikif af tU imb thlie, st^V! moV^ respectively to 
a kitd fif, M h stid ^ be joined^ thih we shalf h^ve mm'-^ 
*«'=ry=itJ/+J„/, b> negipctrrig iuchfiaiuly MAlfqfaaiitfti^s 
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by the elcraenfs of their directions is rwthing, in what- 
ever manner we make <he position of the sjsfera to 
vary, provided that the conditions of the connection of 
its parts be observed* 

This theorem which we have obtained on the parti- 
cular supposition of a system of bodies invariably con- 
nected toa^ether, is general, whatever may be the con- 
ditions of the connection of the parts of the system. To 
demonstrate this, it is sufficient to shew, that by sub- 
jecting the variations of the co-ordinates to these con* 
ditions, we shall have in the equation (k) 

Q=2.p.S/4-2.K.Sr/ 
but it is evident that ^r, $r', &c. are nothing, in con- 
jsequcnce of these conditions ; . it is therefore only re- 
quired to prove that we have 0=:2,p.y^, by subjecting 
the variations of the co-ordinates to the same conditions. 

Itti us imagine the system to be acted upon by the sole 
forces p, p', p'', &c. and let us suppose that the bodies 
are obliged io move upon the curves which they would 
describe in consequence of the same conditions. Then 
these forces may be resolved into others, one part y, 
f', q'^^ &c. directed along the lines fyf'jf't &c. which 
would mutually destroy each other, without prodScing 
any action upon the curves described ; another part T, 
y, T'\ &c. perpendiculars to the curves described, 
lastly, the remaining part tangents to these curves, in 
consequence of which the system will be moved*. But 



* Id {fig». 10^ where only two bodies m and m! are con. 
sidered, mm! is the line joiaing the bodies, AmB the curve 
upon whieh m is forced to remain, mp the force p that acti 
upon mivL the direction of the line mnJ or/, rp or ^ that 
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i( is easy to pereeivre that these last forces ought to be 
nothing ; for the system being supposed to obey them 
freely, ihvy are not able to produce either pressure 
upon the curres described, or re-acfion of the bodies 
upon each other; they cannot therefore raake equilib- 
rium to the forces — p, — p'j — p'\ &c. q^ 9', q'^, &c. 
T", T'y y, &c. ; it is consequently necf ssary that 
they should be nothing, and that the system should be 
in equilibrio by means of the sole forces — p, — p', 
— p% &C. qjq'.q", &C. TyT',T"y&C. Let h\ 5i', &c. 
represent the variations of the directions of the forcei 
T, T\ &c. ; we shall then have i^ consequence of th# 
equation (k) 

0=2.(q —p).^f+2.T.^i ; 
but the system being supposed to be in equilibrio by 
means of the sole forces q^ q\ &c. without any action 
resulting upon the curves described ; the equation (k) 
again gives Oz=2*.q>\f^ which reduces the above to the 
following 

0=2.p.J/— S.T.J/. 
If we subject the variations of the co-ordinates to an<» 
8wer to the equations of the described curves, we shall 
hav? Wz=:0, li'z=z.O^ &c. and the above equation bc-^ 
comes 

0=2.p.J/; 
as the curves described are themselves arbitrary, ami 



part of it which is destroyed by the mutual action of the 
the bodies without producing auy effect upon the curv« 
uimBj mr the remaining force of p, which is resolred lot* 
the force mT^ or 1 that acts perpendicularly to the curve, 
and Tr which acts in the directien of a tangent to it. 



7S jj*ftkt^'u Me^itA^ti^g. 

6n\y. subjected ib the cbnAiiiorii bf the cbtinectlori of 
the Jterts of the ^y^ferti ; the ptecipdirig equation haS 
p\^te^ prdtided thAt these conditions be fulfilled, and 
thefa the ttjiidtteh (k) Will be chaniyed Info the equa- 
tion (I). Tbife Equation istlie atialytiital traduction of 
the fotlbwing principle, kndwn under the name of the 
|)Hrtcip1e of virtual velocities. 

<* If wfe ifaake an indefinit^lv irtiall vs(H<tHbh in ihi 
jjbsition of a ij'stem of bridl(»^, ^fihich dre ^Hbjetted Id 
the conditions that il btight to fulfil : the suui of the 
forces which solifcit it^ c*dch rnaltiplifed by the sprifce 
that the body to l^hich it is ajiplled motes alotfg its di- 
rection, should be equal to nothing in the casb df tb^ 
equilibrium of the systerii." * 



* The following are proofs dt the truth of the principle of 
vit'tu^l ^elocitiies in th^ crises of the l^ver, the inclined 
jplfltne, and the wedge. 

i^im, With rMpeCt tb the Ibter; let fhCihf (Jig. U.) re- 
present a straight lever in equilibrio upon the fulcrum C, by 
means of the forces S and S' sLtting in the respective direc. 
ttons of the lines mSzzSj and m'S'zus' ^ if ihis lever be sup* 
posed to be disturbed in an indefinitely small degree, so that 
HI and m' describe the arcs mn and m'n' respectively, and 
perpendicnlars na and n! b be drawn from n and n'j npou 
the directions of the forces S and S'^ we shall have mazrz 
— J#, and m'b:iz^s'. Let the perpendiculars Cc and Cd be 
dra^h to th^ directions df the forc^b i and Sf frott) the fhl. 
Inrtiiil C?, th^h kh the itldefltlit^ly sttfall arcs fnn and fH^flf may 
hh skppdfred r^ttllinear, and the angles Cmn and CWh* tight 
M^li^, ^e shkll have fthg. itm^=aiig. mCc, and a^g r/tW 
zzang. /i'M'0, Add CdiistB^ticidtfy the Jtectatoguiitt t^r&iiift^s 
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This equation has not only place in the pase of eqi|i^ 
librium, hut it assures its existence* Suppose that ihM 



amn, mCc^ and dCm! , n' m'b respectively similar^ therefore 
hj proportipa 

ma : mn : : Cc : Cm^ 
also 

m'b : m'n' : : Cd : Cmlf. 

til ti In n 

which give w^zz-t-.Cc, and «'^zz7r--7-.C(i^ coosequeiMU 

Lftn ^ G i» 

,-. tn n ^ ,*/ nifi ,■■.'« 

\j 3s :=: — — — .Ccj Sindd &' zn-jr-i'Cd, Let these va- 
^ Cm ^ Cm! 

l^es of ^s and h' be substituted ia the iiquatipn pf virtual 
velocities 

S.h+S'.h'—O^ 

pbserviiig that -rr-tr. 7; — r, afld lye shall find that S.Cqzz 

^ Cm C m' -^ . -^ 

S'.Cd; which is a well-known property of the lever. 

In the case of the inclined plane, let the twelfth diagram 
be si^)posed to represent a section formed by a plane passiog 
through the centres of gravity tn and m', of two weights in 
equilibrio upon two inclined planes AB and BC^ whicl) 
have the common altitude BD^ the weights being connected 
by a string passing over the pulley P. Let the position of 
the weights be changed so that their centres of gravity m an4 
m' may pass through the indefinitely small spaces mn an4 
m' n' respectively ; from nt and m' let the Hues ptSzizf, an4 
m'H'zz*' be drawn in the direction of gravity, and suppps^l 
the weight of the body resting upon AB to be represented 
by S and that of the body re&ting upon BC by S' : frow 9fi 
aind »' draw the perpendiculars na and n'd T^$pecih,^]y tq 
the lines mS and m'S* , or their continuations. TheM as (bf^ 
lines forming the triangle nma^re respectively parallel to tl^<| 
liaaaforming the tuangle ABD,y the trii,ngle9 are $i(pi(|Vff ; 
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eqaation (I) having place, the points m, m' &c. take 
the velocities r, t?% &c. in consequence of the forces 



for a like reason <he triangles m' n' b and BCD are similar : 
We have therefore 

AB : BD : : mn : ma^ 

BC : BD : : m' nf- : m' by 

J^D , , BD , . 

•onseqnently manz-Tj-ymn sLud m' bzzyr-,m' n!\ If in the 

yilS JJC 

equation of virtual Telocities 

as Isz^ma and Is'zn — m' b. their respecti?e values--—, mn 

AB 

and — -=r-.w'»' are substituted, we shall, as mnizim' n\ 
Be ' ' ^ 

easily obtain the following equation S,BCzzS' ,AB^ which 
shews that the weights have the same ratio to each other as 
th«t lengths of the planes upon which they rest have ; this is 
well known from other principles. 

Lastly, in the case of the wedge, \ei ABC (Jig, 13^, re- 
present the section of a wedge, and the plane MN upon 
whtch it rests in equilibrio, from the perpendicular pressures 
of the forces 5 and S' upon its sides ^/^ and AC^ in the di. 
rections mSzzis and m! S'zzzi' respectively. Suppose that in 
consequence of an indefinitely small variation in the situation 
of the wedge, it takes the position abc^ its sides meeting the 
directions of the forces or their continuations in n and n', it 
is evident that the small right lines mn and m' n' will be the 
spaces passed over by the powers iS'and iS'jVin their respec- 
tive directions. Join Aa, and let CA and ba be prolonged 
until they meet at F, and from the points A and a let the 
perpendiculars ^H and Ag be drawn to the prolongations^ 
A«ii we shall evidently have m'n'zuG&y and mnzizAM-^ 



fnSy m'S'j &c^ i¥hich are applied to them. The sys- 
tem will be in equilibrio by means of these forces, and 
the forces — mv, — m'l?', &c. denoting by ^Vy St/, &c. 
the variations of the directions of the new forces, we 
shall have from the principle of virtual velocities 

but we have by the supposition (h=S,»mS.^s / we shall 
therefore have 0=S,.m.v^v. The variations S«, W^ 
&c. ought to be subjected to the conditions of the sys* 
tem, they may therefore be supposed equal to vdi, 'o'dty 
&c. and we shall haveOzruS.mt)*, which equation givefi[ 
t5!=0, -z/zzzO, &c. ; therefore the system is in equilibrio 
in consequence of the sole forces mS, m'S' Sec. 



* As the lines aF and a A are respectively parallel to the lines 
AB and BC, the triangles ABC and Fa A are similar, con. 
sequeotly 

AB : AC z : Fa : FA; 

we have likewise, as the right angled triangles FaG and 
FAHf by having a common angle at F, are similar, 

aG : AH : z Fa : FA^ 

therefore 

AB : AC : : aG : AH. 

This last equation, as AHznmnzz — Is and Gemini n'-irSfy 

A C 
, gives Is n: -r^. — Is' : If this value of Is be substituted in 

the equation of virtual velocities 

) 'wejfaall obtain the following, S.AC:z:S* .AB^ which shews 
that when the wedge is in equilibrio, the powers actinj^ upon 

M 
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The conditions of the connection of the parts of the 
system, 'may at all times be reduced to certain equa- 
tions between the co-ordinates of its different bodies. 
Let uzhlOj u^=Dy w'^=0, &c. bo these different equa- 
tions, we shall be enabled by No. 3, to add to the 
equation (I) the function X.5?^4'^'*^"'"l"^'^»^"'^~h&c., 
or S.X.^i/; X, X\ \"j Sec. beinj^ indeterminate functions 
of the co-ordinates of the bodies ; the equation will 
then become 

in this case the variations of all the co-ordinates are 
arbitrary, and we may equal their co-efficients to no- 
thing ; which will give so many equations, by means 
of which we can determine the functions X, X' &c. If 
we lastly compare this equation with the equation (kj 
we shall have 

from which it will be easy to find the reciprocal actions 
of the bodies m^ m'^ 8fc. and the pressures — R^ — R^ 
SfC. that they exercise against the surfaces on which 
they are forced to remain *. 



it are to each other as the sides of the wedge to which they 
are applied, which is a well known property of it. 

The principle of virtual velocities may readily be proved 
in the cases of the wheel and axle, the pulley, the screw, &c. 
and holds good in every case of machinery in equilibrio. 

* The following examples, extracted from the Mechanique 
Analytique of Lagrange, will serve to shew the facility with 
which the principle of virtual velocities may be applied to 
the solution of various problems; 
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15. Jf all the bodies of a system are firmly attached 
together, its position may be determined by those of 



It may here be premised^ that the. forces which act tipoii 
any point or body wiH be supposed to be reduced to three, 
Py Qj and 11, acting respectively in the directions of th« 
co-ordinates Xy y^ and z^ and. tending to diminish them. 
The quantities belonging to the dilferent bodies will be dis- 
tinguished by one, two, three i&c. marks according to the 
order in which they are considered. . . Thus the sum of the 
moments of the forces which act upon the bodies will be 

P,Jjc+Q.S^j^+K.5-s+F .Ix' +(3' .y +R' .^z' + P'.'^jd'+Sic. 
To this must be added, the differentials of the equations of 
condition, each multiplied by an indeterminate quantity. 

Let us first consider the problem of three bodies firmly at. 
tached to an inextensible thread. In this case, the condi. 
tions of the problem are, that the distances between the first 
and second, and between the second and third bodies, will 
be invariable ; these distances being the lengths of the por. 
tions of the thread intercepted between them. Let /be the 
first of these distances, and g* the second, we shdll then have 
^fizzOy and ^jr=0, for the eq^uations of condition, therefore 
}i<zi:<^and ^z^zz^g', and the general equation of equilibrium 
will become 

■ 

P.^x+Q.y+R.^z+PM+(f .jy+A'^*' 4-F'.5 «"+Q". 
The ?alues of/ and g are 

therefore 
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The conditions of the connection of the part^of the 
system, 'may at all times be reduced to certain equa- 
tions between the co-ordinates of its different bodies. 
Let u=.0, u^zziOj u^^={)^ &c. bo these different equa- 
tions, we shall be enabled by No. 3, to add to the 
equation (I) the function X.5?^-j"^/.^w'-[-x'''.dw'^-|-&c., 
or S.X.^u; >., X', >/, &c. beinj^: indeterminate functions 
of the co-ordinates of the bodies ; the equation will 
then become 

Q=2.7W.S.5s-j-2.X.5w ; 

in this case the variations of all the co-ordinates are 
arbitrary, and we may equal their co-efficients to no- 
thing ; which will give so many equations, by means 
of which we can determine the functions X, X' &c. If 
we lastly compare this equation with the equation (kj 
we shall have 

from which it will be easy to find the reciprocal actions 
of the bodies m^ m\ S^c. and the pressures — B.^ — R'^ 
^c. that they exercise against the surfaces on which 
they are forced to remain *. 



it are io each other as the sides of the wedge to which they 
are applied, which is a well known property of it. 

The principle of virtual velocities may readily be proved 
in the cases of the wheel and axle, the pulley, the screw, &c. 
and holds good in eyery case of machinery in equilibrio. 

* The following examples, extracted from the Mechanique 
Analytique of Lagrange, will serve io shew the facility with 
which the principle of virtual velocities may be applied to 
the solution of various problems •* 
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15. Jf all the bodies of a system are firmly attached 
together, its position may be determined by those of 



It may here be premised ^ th^t the. forces which act tipoii 
any point or body will be supposed to be reduced to three, 
P, Q, and ii, acting respectively in the directions of th« 
co-ordinates x, 3^, apd Zy and. tending: to diminish them. 
The quantities belonging to the dilferent bodies will be dis. . 
tinguished by one, two, three &c, marks according to the 
order in which they are considered. . . Thus the sum of the 
moments of the forces which act upon the bodies will be 

P.^x+Q.^j/+R.^z+F .W +Q' .^y +R' .^z' + F'.'^jd'+Scc. 
To this must be added, the differentials of the equations of 
condition, each multiplied by an indeterminate quantity. 

Let us first consider the problem of three bodies firmly at- 
tached to an inextensible thread. In this case, the condi. 
tions of the problem are, that the distances between the first 
and second, and between the second and third bodies, will 
be invariable ; these distances being the lengths of the por. 
tions of the thread intercepted between them. Let /be the 
first of these distances, and g- the second, we sh^ll then have 
y=zO, and ^^iziO, for the eq^uations of condition, therefore 
}t<=:^and ^ulzz^g^ and the general equation of equilibrium 
will become 

» 

c 

^'+R".iz" + x.Sm + x'.W=.0. 
The valaes of/and g are 

therefore 

if ^?'-r€)a^;rrS^)-Hry-.y)(¥-Sy)-Ka'-»)(S»'-fei 



84' IiApiiAce's lAtCKAnics: 



I , 



thriee of its points which are not in the same right Hn6' i " 
the position of each of its points depends- apoB-thred:^^ 



, (a/'-y)(Sa/'-^x')+(y'-y)(?y^?y) +( :^'-8')(^ ^'->»8' ) 
^8=^— J 

these values being substituted will giy^ the nine foU owing : 
eq^uations for the conditions of the equilibrium of the thready; : ^ 

^ af — X ^ 

u ' 

u ' * 

H-^x. =0. 

P'^fA. V. 7— =0 

It Aoirii^iilfiliDliIittE^^^ thid^twib lndeMf|a9f4$te jiaty^ < 
ties h and V from these equations^ which may be done vari. 



co-ordinateS) this produces mine' indetemrinatequaK^iv 
titles; but' the mutuai distances of ihree^poinli^lDeiiig:/ 



ons ways, each of which will give equations, either different^ 
or presented differently^ for the^ equtUbriaobiof the three 
bodies. 

It is evident that if we add the three first equations to the 
three next, and to the three last, we shall obtain the- three 
following equations delivered from the unknown quantities 
X and x' • 

P+F+P"=0, 

which shew, that the sum of all the forces parallel to each of '^ 
the three axes of x^ j^, And s, should be nothing.., 

There now remains four more equations which it is ne. 
cessary to discoyer ; for this purpose^ if the three middle , 
equations are respectively added to the three last,, the three 
foU\owing will be obtained, which donotvcoataiu ^' » 

by the extraction of x, the two following will Be^obtained. 
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giwn and invariable, vre are enabled by their means 
to reduce these indeterminates to six others, Tvfaich 



z 



p 

Lastly, considering the three final equations, by extracting 
^' from them, we shall have the two following, . 

x" — 0? ' 

ft// ft' ** 

These seven equations contain the conditions necessary for 
the equilibrium of three bodies, and wh«n joined to the given 
equations of condition u and u' , will be sufficient for deter, 
mining the position of each of them in space. 

If an inextensible thread be charged with four bodies, 
acted upon respectively by the forces P, Q, H ; P* , Q\ R'» 
P" , Q" , R"j &c. in the directions of the three axes of x^i/^ 
and 2; ; we shall find by similar proceedings, the nine follow, 
ing equations for the equilibrium of these four bodies, 

P+P'+P"+P'"=Q, 
Q+Q! + Q"+&"=:0, 
R+R'+R"+R'"z=iO, 
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substituted in the equation (l)^ will introduce six ar- 
bitrary variations ; by equalling their co-efl5cients to 



^ ^ '-^1 I -nu I -nin 



X — X 

e"+(2"'_ ^!^(P"+F";=o, 
(VII y y Tnii — n 



a"'-V4j..p"'=o. 

X — x' 

It 'would be easy to extend this solution to any number 
of bodies, or to the case of the funicular or catenarian 
curve. 

The solution would have been in some respects simplified, 
if the invariability of the distances f g^ &c. had been direct, 
ly introduced into the calculation. 

Thus, confining ourselves to the case of three bodies, and 

^ denoting by \|/ and ^' the angles which the lines/ and g 

make with the plane of x and 1/ ; and by f> and p' the angles 

which the projections of the same lines upon the same plane 

make with the axis of or, we shall have 

af — aj^z/.cos.p.cos.-vj/; y — ^:=:f,sin,p,co8,'^: z' — zzzf, sin,-^; 

«" — a?'zrg*.cos.9'.cos.>}/'; y — ^' zzg. sin. p'. cos. -i^'; s" — z'zzzg. 
8in.4''. 

Substituting the values of a/, y, «', *", y, and «" obtained 
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nothing, we shall have six o^ua^ions that ml\ contain 
all the conditions of the equtUbnoni of the system ; let 
us proceed <o develope these equations. 



from these equations, ih the general formula of the equilib- 
rium of three bodies 

and simply causing the quantities Xyy^z^qt^ ^'j/J^j 4^'? whose 
yariations will remain innelerminate, to vary, 'dnd equalling 
separately io nothing the quantities n^ltiplied by each of 
these variations, we shall have the seven equations 

P+P' + F— 0, 

i 'rP'4-^''>in.(p--Ce'rf-Q^'i)cos.?^=:0, 
' P"sin.(^'^Q"cos.(p'zzO, 

.R''j)cos,>]/=zO, 
P"cos.(p'-sin.>}.' + Q''sin.(p'sin.>}.'— ll''cos.4'=0, 

«* of which the five first coincide with those found before M^ 

" the question of three bodies connected by an inextensible 

'thread, by the elimination of the indeterminate quantities x 

and y! ; and the two last are readily reduced by eliminating 

s Q'and Q"^ by means of the fourth and fifth equations. 

- But if by thii^ means -we have niFO re readily obtainedthe 

final equations, it is because we have employed a prelimiiiary 

tranfofmation of the variables which contains the equations 
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For this j[3urpose, if .r, y,2 be the co-ordinates oim; 
^'yy'i 2' those of w«'; x^^^ y, s'' those ofm", &c, we 
shall have 



ofcoDdition, instead of immediately employing the equations 
with iiideterminafe co^efficients as before, so that the equa- 
tion is reduced to a pure mechanism of calculation. More, 
over^ we ba^e by these co-efficients the yalue of the forces 
which the rods/ and g ought to sustain from their rebibtance 
to extension, as will be shewn hereafter. 

If the first body is supposed to be fixed, the differentials 
Ix^ ^^9 And ^z vanish, and the terms aiTecled by these differ, 
entials, will disappear of themselves from the general equa. 
tioQ of equilibrium. In this case, the three Urst equations 

p_-X.— =^=0, Q— x.^-II^=0, and JJ— A.iZl5=z:0, will 

ilot have place, therefore the equations, P-\'P-\-F"'\'kc. 
=0, Q+e'+e''+&c.=zO, /?+H'+R"+&c.=zO, will not 
have place, but all the others will remain the same. In this 
case, the thread is supposed to be fixed at one of its ex- 
tremities. 

If the iwb ends of the thread be fixed, we shall have not 
only ^oTzzO, ^ifz=:0, J^zzO, but also ^x'"^^'Z=.0^ ^ij"'^^'=.0^ 
$2;///&c.;3:0 ; and the terms affected by these six diflerentials, 
in the geiler&l equation of equilibrium, will consequently 
disappear,- as well as the six particular equations which de- 
pend upon them. 

In general, if the two extremities of a thread are not en- 
tirely free, but attached to points which move after a given 
law; this law expressed analytically, will give one or more 
equations between the differentials Ix^ ^j/, and Iz^ which re. 
late to the first body, and the diiTerentials ^x'"^c.^ y&c.^ 
^///&c.^ which relate to the last ; and it will be necessary to 
a(U|)ies&e%uatioBS^ each multiplied by a new indetermiuatt; 

N 
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&c. 



co.efficient, to the general equation of equilibrium found 
above ; or to substitute in the general equation, the value 
of one or more of these differentials obtained from the above 
equations, and lastly to equal to nothing, the co-efficient of 
each that remains. As this is not attended with any diffi. 
culty, we shall omit it. 

In order to discover the 'forces which arise from the re- 
action of the thread upon the different bodies, we will, in 
the present case, consider the equations 

^u=y^= J 

hi=sg=- ■ -^ • • 

&c. 

With respect to the first body whose co-ordinates are Xy y^ 

^u a/ — X ^u y — y ^u «' — z 

we shall therefore have 

/ia"+c-:)'+(^)"}= 

7 ' =='• 

Therefore the first body will be acted lipon by the other 
bodies with a force X, the direction of which is perpendi. 
cular to the surface represented by the equation owzr^zizO, 
supposing the quantities a?, y^ and z to vary ; but it is evi. 
dent that this surface is that of a sphere, having / fpr 
its radius, and sf^^/y and s/ for the co-ordiDates of its centre, 



liAPLACE^S MECIIAXICS. 5)1 



If wc suppose 



consequently the force x will be directed along this same 
radius, that is, along the thread which joins the first and 
second bodies. 

With respect to the second body whose co-ordinates are 
y, y, s', we have 

I u y — X I u y — y I u z' — z 

^■^"IT' ^~"7^' ^'"-"7"* 

therefore 

J ■ ' 

from which it follows, that the second body will also receive 
a force x directed perpendicular to the surface whose equa. 
tion is 5Mzzy=0, supposing a?', y, and z' alone to vary. 
This surface is that of a sphere, having/ for its radius, the 
co-ordinates Xj ^, and z of the first body corresponding to 
its centre ; consequently the force that acts upon the second 
body, will be also directed along the thread /, which joins 
this body to the first. 
'With respect to the second body, we also have 

iberefpre 

The second body will therefore be acted upon by a forrt 
•qufd to V^ the direction of which will be perpendicaiar to 
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we shall have Sf:=0, 2^/'=:0, ^/''z=0 &c. ; (he neces- 
sary conditions will therefore be fulfilled, and in con« 



the surface represented hy the equation Jw'ziiO, by making 
a?', y, and z' to vary. This surface is spherical, having g 
for its radius ; therefore the direction of the force x' will be 
along this radius, that is, along the line which joins the se- 
cond and third bodies. 

Similar conclusions may be drawn with respect to the other 
bodies. 

It is evident that the force \ which acts upon the first 
body, along the direction of the thread which joins it to the 
Dext, and the equal but directly contrary force X, which acts 
upon the second body along the direction of the same 
thread, are merely the forces resulting from the re.action of 
this thread upon the two bodies, that is, from th^ tension of 
that portion of the thread which is included between the 
first and second bodies ; therefore the co.eilicieut X will ex. 
press the force of this tension. In like manner, the qo.effi. 
cient >^' will express the tension of that part of the thread 
which is intercepted between the second and third bodfes^ 
and SQ on with the rest. 

It has been supposed in the solution of tliis problem, that 
each portion of the thread was not only inextcnsible, but. 
likewise incompressible, so that }t always preserved the same 
length, consequently the forces X, ^\&c, only express tb« 
tensions when they are positive, and their actions incliqe 
the bodies towards each other ; but if they are negative, and 
tend to make them separate to a greater distance from each 
other, they rather express the resistances which the thread 
opposes to the bodies by means of it9 stififness or incom. 
pressibility. 

To confirm what has been demonstrated, and at the same 
time to give a new. applicatton ofthese methods^ we yAW Biigfn 
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sequence of the equation (I) the £blIowin|^ may be 
obtained 



pose that the thread to which the bodies are attached is elastic, 
and susceptible of extension and contraction, and that F^ Gy 
&c. are the forces of contraction of the portions/, g^ &c, of 
the thread intercepted between the first and the second bodies, 
and between the second and the third &c. 

It is evident from what has preceded, that the forces F^Gy 
&c. will give the moments JF'.S/+6r.5*4.&c. or K^u+\' .^u' 

+ &C. 

It is therefore necessary to add these moments to those 
which arise from the action of the forces which are repre. 
sented by the formn\aP.U-\-Q.^i/-\-R.h+P .^x^+Q'.di;'+ 
R'.'Sz'+P".^x"+&c.; and as there are no other particular 
conditions to fulfil relative to the situation of the bodies, 
the general equation of equilibrium will be as follows P,^x 

>M-fV.W+&c.zzO, 

By substituting the values of 5/, J^, &c, found above, and 
ecpsilling.to nothiag^the sum of tfcie terms afiected by eaich o|' 
the^difierentials 9x^^^,&c, we shall have the following eqjiia^ 
tionsfor the equilibrium of the thread in the present case,» 

/ * 

P+ —J, -0, 

^ ^ ., , <i, I , . .. MPS — ' ' '.ZZXAm 

f S 
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g 



Q>+ ^(^'-^^ =o, 



g 



These eqaations are analogous to those of the case in whidl 
the thread is inextensible, and give by comparison m=:JP| 
\^=G, &c. 

It therefore appears that the quantities F^ Gy &c. which 
here express the forces of threads supposed elastic, are tlie 
same as those which have been found before to express the 
forces of the same threads^ on the supposition that they were 
inextensible. 

Let us resume the case of ail inextensible thread charged 
with three bodies, supposing at the same time that the second 
body is moveable along the thread ; iu this case the condi- 
tion of the problem will be, that the sum of the distances be. 
tween the first and second bodies, and between the second and 
third is constant : denoting -as before, hy f and g^ these 



I 
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which are three of the six equations that contain th'e 
conditions of the equilibrium of the system. The se- 



distances, we shall haTe/+^ equal to a constant quantity , 
and consequently y+^gzrO. 

In this case J/+5g"z=5M, and consequently \(y^+^g) or 
X^2# must be added to the general equation of equilibrium| 
which will become 

It the values of ^/ and ^g are substituted, and the sum of the 
terms which are multiplied by the differentials ^Xy ^^, See, 
equalled to nothing, the following equations, which are suf. 
ficient for the equilibrium of the thread, will be obtained, 



^ x' — X ^ 

R—x. — r^=:0, 
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coQd xnembers of these equations are the suras of the 
.lorccsof thevsjrstem rvsolved pvallel to the: three axqs 



g 

S 

It is only ifecesss&ry to extract the indeterminatcf quantity X 
from these equations. 

From thefabo?e examples it is oasy to perceive how y^ :\ f^ 
extend the question, to a. greater number of bodies, of whjich 
.the end ones may besupposed fixed, and the others moveable 
along thethceacl. 

Let us now suppose that the three bodies are united by in. 
flexible rods, and obliged always to remain at the same dis- 
tance from each other ; in ibis case, if h be supposed to 
denote the distance between the first and third bodies, we 
shall have ^/zzO, ^^zzO, and IhzzlQ ; consequently by haying 
three indeterminate co-eflicients. the general equation of 
equilibrium will become ^ 

The values of ^9. and ^gy or lu and ^u! have been given bei. 
fore ; that of $A, as 

will be 

^hzz ^- — — ' * ' ^ 

By making these substitutions,, and equalling to nothing the 
sum of the terms afiected by each of the difi«rentials ^Xy ^j(, 
&c. we shall obtain the nine following particular equations 
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X, y^ and % : each of "which sums should be equal to 
nothing in the case of equilibrium. 



P-A. 



a?' — X „ a?" — X 



-"•—=^0, 



Q_^,^_X..^^O, 



s'— z -" 



J A ' 

'+^. — , V =0, 

/ g 

/ g 

/ g- 

g* A 

It will be necessary to extract from them tbe three unknown 
indeterminate quantities x, x' , and >!'^ by which means six 
equations will be obtained to determine the conditions of 
•qoilibrium. 

It is evident from the form of these equations^ that by add. 
ing respectively the three first to the three next, and after, 
wards to the three last, the three following equations will be 
•btained, which are free from the quantities x, x', andX", 

P+P +F'zzO, 
Is would be ^erj easy to find three other equations by the 
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Jw being any varial ion whatever. By substituting 
these values in the equation fO, yre shall have 

o=z..s.\,.(lQ-..(i:)l. 



If w6 add the three first of these equations to the three last, 
the three following will be obtained, ^ 

p (z'—z)'-R'(x'—x)+F"(z"—z)—R"(x"^x)=Oy'. 

These will always have place, whatever may be the state of 
the first body, as they are independent of the equations rela. 
tive to it. These equations contain the principle of mo. 
m^nts, with respect to the axes passing through the first 
body. 

Let us suppose a fourth body attached to the same in. 
flexible rod, having a/", y, and s'" for its three rectangular 
co-ordinates, and P^", Q" , and R"' for the three forces pa- 
rallel to these co-ordinates. 

It will in this case, be necessary to add the quantity 
P" .Ix'" +Q" .Itf"' +R!'\^J'' to the sum of the moments of 
the forces. As the distances between all the bodies ought 
to remain constant, we shall have by the conditions of th« 
L.- problem, not only ^=0, ^gz=0^ ^A=0, as in theprecedti|g; 
case, but also llzzOy S»izrO, and JwzzO ; naming the dis. 
tances of the fourth body from the three others i, ti^.^and^^ 
The general equation of equilibrium will in this case be. 
coiiie • _ ; ''v '^ ' '1 

+x".JM''+J^".8a*'.4-'^".W+>.Sa'=0. ' ' 
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It is evident that nve may in this equation change either 
the co-ordinates or, afy a?y &c. ot j/^y'^y"^ &c. into 



The values of 9/, Ig^ and SA, are the same as before, and 
those of J/, ^m^ and In^ or '^u"'^ ^ii^\ and Ji**, .as _ 

are 

By mailing these substitutions, and equallihg to nothing the 
' sum of the term^ of each of the differentials ^J7, 2ty, &c., we 
shall find twelve particular equations ; (lie nine first of which 
which will be \\iG same as those in the case of three bodies, 
if the following quantities were respectively added to their 
first meiDbers. 

^yJU I t jj^ ^ £ yjtl 1 Z ^ 

xfl'^x" y'^f—yfl zl"-^s!* .- 

and the three last will be 

/ m n 

I . W, ft 



«,"«'; F/at. «1?Md1i%Hl giye'two other equations that 
^Ve^uniHed to- tihe preceding, ^iU form the fbltowiiig 
system 

<^-«- i*--G-:) -<,i) I 



■ a ■■it ^ — ^ 



■^jft^H-^^'* V, ' 4-^'^> — --+^^.' 2=0. 

/ m n 

^As Hk^re^ in'.e tw^ten^atioas in^^all^i&Bd six lAdeter* 

minate quantities x, x'y x", x''^', x*^, x"", to eliminate, Ihcr^ 

^frill'^ dtily: remain "«x final equations for. the. cooditionsiof 

■>#quiKI»rittin, as in the cas^ of three bodies ; 'and we^shali^fiad 

«ll>jfi a method «iniilap to one given before, these s^ix i^quati^i 

saftldiagoatrlto Idiose found in that case, 

Ptf—Qx'\-'py—Q'x'+py—Q''x^+P"y!—Q'"x»' 

=0, 

Pz—Rx+Pz'—Rx''{-P"zf^—Rf'j:"+P"'z'"—R"x'' 

=0, 

Qg— Ry Jp p/g'—jB/^/^ Q^/2//_/jy-|- QHfi'—R»yif 

=0. 

Instead of the three last, the three foUovving equations 
may^be's'UhStttu tfed, -^whfch can be found Ijy- a method given 
before. As ^^y are independent of the equations relative 
to^the-fi^st bo^, they possess the advjintlige of aUvayft^having 
place, vrhiMeYer may be tihe state of thl» body* 



tft^ftnictioa i.tnS.i/. C r-\]iB by No. 3; ibesaniof 
ttfe momenite of all the forces paiallel to the axte of 'x, 



P«'(yl"—tf)—Q'"(X«'—S)=.0, 

pi(z'—%)—R'(af—T)-\-P<'(z<'—z)—R>(3*—x)-^ 
P«'(z"'—%)—R'"(x»'—x)=0, 

Q«'(z'"—z)—R'"(v'"—y)=i). ' 

Let as now consider the case of three bpdies, joiue4. l^f % 
rod which is elastic at the point where the second, body is 
situated, the distances between it and the othjBr bodies beip^ 
constant, but the angles which the lines form variable. Let 
ns suppose that the force of elasticity, which tends, to augment 
the angle formed by the lines which join the second body tf^ 
the two others, i» repreipented by JS^ ajid the ejitexior ^nglo^ 
fgormed by one of thes9 sides and the proJpngatix>n of tbe^ 
db«r, by e ; ihen the moment of the force £ ongbi to be ta^^, 
pitesented by JS.Se, or Us equal x".W ; therefore ^ a«m o{ 
te moments of all.the Corc^ of tli^ sysjtew, ab yz^Q^ ^jfSsQ^ 
wBlbe 



It is now only required ta substitute the yalues of 9,h, '^j^ 
and ^u" : those of ^u and ^m' are thQ saipe as in the first 
question, but wUh respect tp tb^t of ^u" or S^, it maqr ]^ 
observed, that in the triangle, of which the three sides are 
/, gy and A, or the distance of the fi^st body frbm ib? i^^ 
ISO— e is the angle opposite to the side h ; therefore by 
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which would cause the sysipm to revolve ab^ni the axu 
•f X. In like manner, the function S.mS. ^* ( r^ ) if 



trigonometry— COS, ezr ^-r ; which bj differentia-* 

?/^ 

tion gives the value of ^eor ^u^^ : as by the conditions of the 

problem ^=0, ^g=zOy it ^ill be sufficient to make e and h 

vary, we shall therefore have ^ezr^w'^zz : — . Thii- 

fgsm.e 

value being substituted in the preceding equation, it will 
evidently become of the same form as the general equation 

of equilibrium given in the case of three bodies joined to- 
gether by an inflexible rod ; by supposing in it. that ^"zi: — 

Eh 

' — : ; the particular equations will necessarily be the 

jg sin«6 

same in the two cases, with this sole difference ^ that in the 
case above mentioned, the quantity ^" is indeterminate, and 
consequently ought to be eliminated ; but in the presewt 
case it is known^ and there are only two quantities x and x' 
t<y eliminate, consequently there will be seven final equations 
instead of six. But whether the quantity X" is known or 
not, it may be eliminated along with the two others, /• and 
^' ; we shall therefore have, in the present case, the same 
equations as were found in the case of three bodies at- 
tached tp each other by an inflexible rod : to find the 
Seventh' equation it will only be necessary to eliminate ^ 
from the three 'first, or /»' from the three last of the nine par- 
ticular equations of the above case, and to substitute for 

Eh 

X» it value — :; — ; • 

Jg sm. e 

If Jfand og had not been supposed to vanish in the value 
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the ««m of Ike moments of all the forces parallel to the 
axis o(.p^ which would cause the system io turn about 
the axis of r, but in a difTereut direction io the first 
forces; the first of the equations (n) consequently in- 
dicates, that the sum of the moments of the forces is 



**iiii ■ I I iiaa 



•f le^ it woald ha?e been of this form J^ n: — ^ j: — z -f- 

A.^f+B.^gj A and I? being fanctions of/, gy hy add sin, e ; 
in this case, the Ihriee terms a.8m+x' .iu'-i-K^M^ of the ge- 
neral eqiiatton, wouia bedttmft (BA+x).fu+ (JBlBj^'k') 

^^^ j^ -^-V^— .»A ; but A kttd V beitig Of 6 Ihm^Mlhk^ 

Si »*»• * . 

q«an6ti«M, it iB ^Tideat that ^--^A vljAx'^EB msj b# 
Mib^lltiited M tiv^A, hf ^^'>^^ tmwki^ i\m q«a^tit]^ tirMtrd 

M 
upon wttl bgcoBie x.^g + x'J^u' -^ ,. ' ' ■ J ^ h^ the same as 

fg Sltt.8 • 

when / and ^ did not yar^ in the expression oO«. 

If manj bodies be supposed to be joined together by elastis 
rods, we shall find, in the same manner,, the proper eqaa. 
tions for the equilibrium of these bodies. The above me. 
thods will always give with the same facility ,^ the edndilions 
of the equilibrium of a system of bodies connected together in 
may manner, and acted upon by any exterior forces whatever. 
The proceedings are always similar, which ought to be re. 
fssdedasoae of the pcincipal advantages of this method* 

The following question, and several others, are likewise 
solved in the Mechanique Analytique of Lagrange. To 
find the equilibrium of a thready all the points of which 
are acted upon by any forces whatever, and which is sup- 
posed perfectly flexible or inflexible, extensible or inexten- 
sible, elastic or inelastic. .^ 

P 



lob ' 
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nothing with respect to the axis of z*. The second and 
the third of these equations indicate in a similar man- 



* If the system he at liberty to tarn in any direction about 
a point taken for the origin of the co-ordinates, the instan. 
taneoas rotations about the three axes, may be considered 
in the following manner ; which will giTe three equations of 
rotation with respect to these axes, similar to those of 
Laplace. 

Letp represent the projection of a line drawn from th« 
origia of the co-ordinates to the body m, p' that drawn with 
respect to the body m', &c., also ^ the angle which the 
line, f makes with the axis of a?, ^ that which p' makes with 
the same axis, &c. we shall have the following equations 
«rrf, coy,9, ^irp. sin. 9, V^rp'.cos. f', yzrp'. sin. 9', &c. 
which by differentiation and substitution^ if p, p', p" Sec, h% 
supposed constant, will give 

W9 $^'^, &p. being each of them supposed equal to ^9, as the 
bodies m, m', m^, &c« are imagined to be invariably con- 
nected* 

These variations of Xj y^ x\ y, &c. are owing to the ele. 
mentary rotation ^9 about the axis oiz. 

In a similar manner, if 4/, >}/' , >]/'', &c. represent the an. 
gles which the projections upon the plane yz of lines drawn 
from the centre of the co-ordinates to the bodies m, m', m^', 
^c. respectively make with the axis^, the variations of^, sr, 
y , s', &c. arising from the elementary rotation ^4/ about the 
axis of X may be obtained, which will give the following 
equations, 

lyzn — z.l-^^y >rz=^.54', V= "^ 2'.^>^j lJz=y'.l^^^ &c. 

Likewise if ^, u'y J\ &c. represent the angles which the 
projections upon the plane xz of lines drawn from the centre 
•f the ea-ordinates to the bodies m, m'. m", &c. make 
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ner, that the sum of the moments of the forces is no- 
thing, either ivith respect to the axisef y, or to the axis 



with the* axis Zj the variations of Xj z^ x'y 2', &c«, arising 
from the elementary rotation l<a about the axis of y^ will 
give 

If the three rotations take place at the same time, the whole 
rariations of the co-ordinates Xj y^ z^ ^, y\ z'^ he. will be 
eqoal to the sums of the partial yariatipns belonging to each 
of these rotations, consequently we shall have the following 
equations, 

If these values be substituted in the general formula of equi. 
librlum S.jS'.^^zzO, we shall obtain the terms belonging to 
the rotations S^, lu^ and $%)/ about the the three axes of sr, 
y^ and x ; which ought to be separately equal, to nothing, 
when the system has liberty to turn in aiiy durectiipn about a 
point placed at the origin of the co-ordinates* The equation 
Z.S.iszzOif by Sttbstitittion, gives the following 

in which 

The co-efficients of the instantaneous rotations ^>}/, ^a^, md 
}(p, are the moments* relative to the axes of these rotations, 
and are respectively equal to nothing in the case of equilib. 
rium, when the system has liberty to tarn about the origia 
of the co-ordinates* 
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ofr. By unit-ing these three conditions to ttiose ii 



Jf at any point of the system the co-ordinates jt^ ^, and z 
^.Q respectively proportional to ^4^, ^o;, and i(p^y we shall 
have there 

apd consjBquently JxzzO, ^^inOj ancl JszzO, 
This poini; aqd all others which have the same property, will 
qoaseq^u'e'ntly }^e hniqov.eable during ^he instan^^ tha^ the 
system ^escribes t)i^Al\Tee angjles 54^, Jw^ and ^(^^ by turpipff 
i&t the saine time about the three axes of x^ ^ aqj a^. l€ 
may bj^ easij^f proved that all the pgin tji which have this 
prp^riy a^» |n a rijjfht Ijl^e passing tVQugh the origin oi t)i* 
cp-Qr4jjna,tes. The co.sin^s of, the angles X,^ ^^ a^d t i^ii^ 
H i^^i^s with the fixes, of j?^ v aujd 2, are 



-=»-■■ ' *- ' 



and- 



tbat bjr snbfiitHatiQii will vespeolively become 

This right Ihif {s. ^l^ inst^Q^aii^oiis slxis of the composedi 
rotation. 

If we supp<^ft5fl:5p}/f5%l/*+S«*4-^(p*) weshaHliaTe 
^•^:zzl9»cp^;\ ^coz=:^Qxo%^,iAf J^zrM.cos.y, 
which, by sub^tutio^. |p thf general ^zpressi^ms-of Sj?^ Sjy, 
and $2r, will give 

Sj?==(«.co».^— y.cos.OS^j 
5^=z(a?,qps.y— af.cos,A)5d, 

These Talaes being substituted in the expression ^x^ +}}/*+ 
h^y which is the square of the indefinitely short space passed 
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whjcfa the 9i!ifa et (be foFc«»>pttralt0l:to4lUM^aiifiiai(ft 



* - - - 

over by any point >fhateTer, !t will be changed^ into tft« 
following * 

{(2C0S.^— ^COg.y)*-f-(jrCOS.» — SC0S.X)*+(5rC0».X — iWIOS.pt)*)^ 

.50*zr{jc*+^*"+2^ — C^cos.x-|i-^osift+a€os.rJ*}2ll« 
as-co^.*^+cos>/A-f cos.Szrl. •♦ 

itmtty'rwiWj'be proved Ihat «>co«.A-<f'^co»./t*^i-«co$*fZi:0, is^ 
tiie equation to* a plane passsing tbrouf^tile ort^ltti ot tkm 
cb-ordinater^'hi a direction perpendiiMilar io^ the rIgM ljbe» 
-which makes the angles Xj /a, and y, with tlw^ dsiefr of 'a?) ^^ 
and Zj consequently tfae> short space described by^ any point 
of this plane will be ^^^+J*-j^ As "tlie-axtS of rota- 
tion is pierpendiciilar to this plane, ^9 wilt represent the an. 
fie of r^fttioti aibout it composed of^fbe three partial y^o^ 
•Ities ^i'y^ijjWi^^pj about the three a^e9 ol^the€o.AvdinateB« 
H therefore fbliows, that any i^stai^taneoaa rotations ^^ 
ttf, and ^^ about three axes which cut each other at right 
angles at the same point, ma^ be composed into owe ^fe^ 

y^J>}.*-^5y»-jryJ»^ abQnt an axis passings throvgb the same 
pointy qf intersedfioQ^^ and makitig with them the angles k-^ 
(*, and ». so that . ' . 

COSiXSj^QOSi/A^^ CO^t»— ^. 

Inversely, any' rotation ^ about a given axis may be resolved 
into thr,^e partial eolations^ denoted* by cos.x.^d^ cos.f(.^d, 
and coa.vMy about, three apices, which cut each other per. 
pendicujjirly in a point of the giv.en axis, and make with it 
tl^ apgles A, /A, and ? . The above enable us in a very easy 
ni^qner to compose and to resolve the itistantaneous move., 
in^qt^ or yelpqities of rotation. 

Let three other rectangular axes be taken which »ak» wilk 
the axis of rotation ^4> the angles V,A^. md' A^, Wftthvtlie axis 
of rotation }i# the angles f^S^^^'"* MdLwItb tWavs •fTote^i 
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nothing wUk retpect to each of them ; we shall have 



tion if the augles /, k*', and •'"; the rotation ^^ may be 
resolved into three rotations cos.x'.^4^, cos.x".^>}/« and cos. 
Xf" ,1^ about these new ases, the rotation ^u may likewise 
be resoWed into three rotations cos.fx'.^A;, cos.f^'^^*'^ And 
coB.fjJ^ .^u^ and the rotation ^9 into three rotations, cos V.S^i 
cos.t'LJ^, and COS. v'^'.S^ about the same axes* By adding 
together the rotations about the same axis, if we name ^ff ^ 
Wj and W/ the complete rotations about the three new 
axes we shall haye 

Sd'=rcos.x'.J4/4.cos./x .J<i;+cos,/.J^, 

Jfi"' =ICOS,A". J>}/ -f COS*^''.Sft; + cos.»^^ Jf , 

W mcos.x''^ J4/-|-cos.ft'''. J« + COS./" .l<p. 

The rotations ^>I^, ^^^^ and Ify are by this ^leans reduced t# 
three rotations l&^ W^ and l^'" about three other jrectan. 
gular axes, which should consequently give the, same rota- 
tion ^d that results from the rotations l^^ ^uy and ^^^ we 
shall therefore have « 

as this equation is identic, by substituting for^^', W*j 
iff"* their values given above, the following conditional 
equations w ill be obtained^ 

cos.*x'+cos.*x"+ cos.»x'/'=r 1, 

COS.*^'4-COS.V'+C08.V''=^ 

cos.V+cos.VZ+cos.M'r^i ; 
cos.x'.cos.^' 4-cos.x"cos.pt''+cos.x"\cos.^'^zrO, 
cos.x'.cos.y'+cos.x'^cos./'+cos x'".cos./'''±iO, 
cos./a' .cos./+cos.^''.cos*/+cos.ft'''' ,cos.» "zzO. 

The three first are the respective co.e£&cients of i^y ^, 
and ^Pj which must each of them be equal to unity, and the 
three last the respective co.efficients of 2^d'.$4^, ^^O'^.^fy 
and ^W^*^pj and consequently should each of them vanish 
tkat the equation may be identic. 
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the six conditions of the equilibrittm of a sjrstem of 
bodies invariably connected together. 



By means of these relations^ the valaes of $4/, du^ and Sf 
may be obtained, in terms of Wy Wy and l^\ by adding 
together the Talues oiW ^ W^ and W\ multiplied succes. 
itTely by cos.x', cos.X^^ cos.x'% cos.^', cos.^", &c.| which 

will give 

J^^=:cos.A^J^'+cos.xW+cos.x'W^ 

l<a=cos,iJM +cos.^''.5d"+cos./'.2td'^, 

J^z=cos./.5d'+cos./^^d''+cos./'^5d*'. 
If the angles which the composed rotation ^d makes with the 
axes of the three partial rotations Iff^ W\ and Iff" are de« 
noted by w, w', and m^'^ we shall have 

5d'=i:cos.7r'.M, W:=icos.nr",lB^ and Jd'^'zzcos.Tr" .M, 
and if in the before given values of W^ W^ and W^^ there 
are substituted for ^>{/, ^u^ and $^, their values cos.x Sd, 
cos.fi.^d, and cos.y.^d ; the comparison of these different ex. 
pressions of W^ W ^ and l¥' will give, when divided by ^9, 
the following new conditional equations, which may be geo« 
metrically dem^enstrated. Vide No. 29 Notes. 

cos.-?r'z=cos.x.cos.x'4-cos.^.cos.^'4-cos.y.cos./, 
cos.fl/'zrcos.X,cos.X"+cos./x.cos.^''+cos.».cos.f''', 

COS.7r'"=COS.>'.COS.X'^'+COS./x.COS./M.'"+C08.l',COS./^. 

The above proof shews that the compositions and the resolu. 
tions of the movements of rotation are analogous to those of 
rectilinear motions. For, if upon the three axes of the ro. 
tations of ^4^9 ^uy and ^^, from their point of intersection, 
three lines be taken respectively proportional to l^^ ^u^ 
and Ipy and a rectangular parallelepiped be constructed 
upon them, it is evident that the diagonal of this paralleled 
piped will be the axis of the composed rotation ^9, and will 
be at the same time proportional to this rotation. 

From this, and from the consideration that the rotations 
about the same axis may be added to or subtracted from estch 
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l£4b% origin of ibe co-ordinates is fixed and attached 



other, according as tbey are made in the same or lo oppo- 
site directions, it may bo concluded in general, that the 

. composition and the resolution of jthe movements of rotation 
follow similar laws to those of the composition and the reso- 
lution of rectilinear motioirs, by substituting for the d^otc. 
laents of rotation, rectilinear motions along the directions of 
the axes of rotation. Vide the Mechanique Analytique of 
Lagrange, from which the greater part of the above has tieen 
extracted* 

Let W,9i"^o6/"^ &c^ represent «Dy indefinite number of 
rotations about their respective axes, these may be Com. 
posed into one $d^ about an instantaneous axis of rotation ; 
for if from the point where all the axes cUt each other, three 
rectangular axes be taken, each of the rotations may be 
resolved into three about these axes, and by adding or sub. 
tracting, as the rotations are in the same or in contrary 
directions, there will be three resulting rotations vihich 

;iBay be composed into one about an instantaneous axis of 
rotation. Thus lif ^4'',J<y', aud ^^' represent the three partial 
* rotations about three rectangular co-ordinates, into which 
the rotation W has been resolved, ?^^^^ ^«'', and ^?^, those 
about the same axis into which the rotation ^6^ has been re. 
solved, &c. the following equation may be obtained, 

If iu the formula L.l^+M,^u+N*^^ which contains the 

terms due to the rotations $>]/, ^a',^and ^^ in the general for. 

mu\9LS.h-iS'.h'+S^.h'f+^C'9 the values of ^4^,50;, and 

'^p found above be substituted, it will be changed into the 

following^ 

.r\ (L.COS.V + MCOS pt' + ^.COS.yO^d' 

-f(L.cos.A"+M.cos.pt''4.i\^.cos.v'O^0^' 
^.. +(i,cos.V"+M.cos.pt'/'+A\cos.v'";sd". 

^j^he co-efficients of the elementary angles 16' ^ i9j and W" 
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invariably to the system, it will destroy the forces pa- 



express tlie sums of the moments relatire to the axes of the 
rotations ^9', S9", and W. Fr«m the above it appears that 
moments equal to L^ M, and N^ relative to three rectau* 
galar axes will give the moments 

Ij.C0ti.\"*-\'M4C0S.fx,'"'\-N.C0S.y^'^, 
relative to three other rectangular axes, which respectively 
make with fliese the angles V, fjy J ; x"j t,!\ •'' ; x"', fj"^ *"'. 

A geometrical demonstration^ of this theorem is given by 
Euler in the seventh yoU of the Nova acta of the Academy 
of Petersburg^ 

If the rotations ^4", lu^ and 9^ are supposed to be pro* 
portional to i, M^ and N^ and we make 

the following equations will have place 

irr^.cos.x, M=z//.cos./x, A'zrH'.cos.v, 
and the three moments will be reduced to this simple form 

jy.C0S.9jr', H.COS.w^, //.COS. -?/''• 

Bat •?/, ^^^9 and nr"^ are the angles which the axes of the ro. 
tations59', W^ and W^ form with the axis of the composed 
rotation 59, if ther4ftre we make the axis of rotation 19' 
coincide with the axis of rotation 55, then ni/zrOy and w'' and 
7r"' are each equal to a right angle, consequently the moment 
about this axis will be /f, and those about the two other 
axes perpendicular to it will be nothing. We iiniay there- 
fore conclude that moments respectively" equal' to £, M 
and Ny and relative to three rectangular axes a?, ^, and z 

may be composed into one, //, equal to V^(L*4"-^* + iV*) 
relative to an axis which makes with them the angles X, ^,.' 
and y, so that 

L M • N 

COS.AZZ^, cos. ^ZZ-Tjj COS. > ZT -77. 

U si Jti 

The sam of the moments relative.to this axis is a pazimam • 
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tAhl to (he three aies ; and tb*f tdMitioM bttti^ e^iii^ 



the tangent of the angle that it makes with the planer if it 

N 
^7===:, and the tangent of the angle which the proiec. 

tion of the axis upon that pUne makes with th^azis of »^ H 
equal to -y-, 

jLj 

It is evident from the abdre that Ih^ cotapositlon of mo. 
minU follows the same laws as that of rettilioear Inotidiis; 
It may be iinmediately dedbced from the eompositioii of fss 
sta&taneou^ rotatidns, by substituting the niomeDts for the 
rotations which thej produce^ in th^ samb mann«i^ as fortei 
can be substituted for right lined motions. Vide the Me. 
chanique Analytique of Lagrange. 

Those who are desirous of further inforMatibn respecting 
the composition and the resolution Of moments, may consult 
the writings of Euler, Prony, Poisson, &e, also a memoir 
by Poinsot, in the 13th Cahier of the Journal de I'Ecole 
Polytechnique. 

if the moments of the forces which act upon a system be 
taken directly with respect to a point at the origin of the 
co-ordinates, (hey will follow the same laws with respect to 
different plane?, as the projections of areas upon them, thus 

for idstaiice, 5^. I r— l-^5jr.l r— I may No. 3 be iioitt- 

posed into a single moment with respect to the origin of the 
co-ordinates. This moment will evidently be the product 
of the projection of the force jS* upon that plane multiplied 
by the perpendicular drawn from the origia of the co.ordi. 
nates to its direction^ and may therefore be represented by 
an area equal to twice the ^rea of ia triangle, having the pf o. 
j^ction of a line r-epresenting in quantity and direction the 
force S for its base, and the origin of the co-ordinates for 
its summit. 

It therefore follows, that the properties of Moments with 

felip^ct io a fixed point are simiiu ^o thos'^ 6? ptan^ kAk^. 



librMim .of a system aboat this origin, will be reduced 



I shall mention a few circumstances concerning tfiem, re« 
ferring the reader to No. 21 , and the notes accompanying 
it, which may be read independent of the other parts of the 
work, from which the following properties may be deduced. 
Suppose a number of areas represented by A^ A\ A\ &c. 
are in a plane passing through the origin of the co-ordinates, 
let d, h\ b'^y &c. represent these areas projected upon three 
rectangular planes passing through the origin of the co-or^ 
dinates, and c, t\ and d^ represent the projections of the 
areas upon three other rectangular planes passing through 
the same point, then by No. 21 

bz 4- J/* + ^"^zrc* + c'* + d'*y 

consequently 

6=r/(c» +cf i+c^'*— d'a--6"^J. 
When h* and b" vanish, the value of b is evidently a maxi. 
mum, and the line which is perpendicular to it at the origin 
of the co-ordinates may be found from the following eqna. 
itions, in which a, 0, and y represent the respective angles 
that it makes with the rectangular co-ordinates x, ^, and 
m of the planes containing the areas c, d^ and d'. 

'''''•*^ ^{c-+d^+d'^y 

di 

'^^'•^•= ^Td^+d^y 

fThe absolute position of the pUne of the greatest sum of tlif 
•firojections of tbe areas is indeterminate in space, as thu 
projections are. the same upon all the planestfaat are parallel 
to each other. 

The sum of the projections of the areas are the same for 
^rery j^ne which is equally inclined to that of the greatest 
prqjectioo, lor if i denote the angle which any plane having 
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folhe following, that the sura of the moments of the 



the sum of the projections upon it represented by ft makes 
Vfith that of the greatest projection, we shall have 

«zz:'/(c*+c'» + c"^).cos./, 
therefore if/ be invariable a is also. 

If D represent the sum of the areas upon any plane, s^ «', 
and c^ the angles which a perpendicular to it at the origin of 
the co-ordinates makes with the aises z^ y^ and x respectively, 
and A^ B, and C the sums of the projections of the areas 
upon the three planes xi/j xzy and i/z of the co-ordinates^ 
then the following equation may be easily demonstrated. 

.Dz=zA.coSnS'\-B.cos.s^-\-C.cos,£^f. 
If the areas A^ A\ A^'^ &c. are supposed to be respectively 
double the triangles which have lines representing in direc. 
tion and magnitude, the forces 5, 5', S", &c. for their bases, 
and the origin of the co-ordinates of their points of appli. 
cation for their common vertex, then if N denote the mo- 
ments of the forces projected upon the plane xy^ it will re- 
present also the sum of the projections of the areas A^ A!^ 
A"^ &c. upon the same plane. \u like manner, if ilf andX 
represent the moments of the forces projected upon the 
planes xz and^s, they will also represent the projections of 
the areas A^ A' ^ A^^y &c, upon these planes. It is therefore 
evident that the three quantities^, ilf, and iV, and analogous 
quantities relative to the same system of forces, and to other 
planes, will have the same properties as the sums of the pro- 
jections upon those planes. 

In the above the origin of the co-ordinates, or the centre 
of moments, is supposed to be invariable, and the forces 5, 
S'y S^'y &c. to be resolved in directions parallel to the re- 
spective planes, and to be moved parallel to themselves to 
these planes, and to act along them. 

It therefore follows, that if the sums of the moments of 
the forces Sy S', S'^y &c. resolved along the three planes of 
the co-ordinates be known, the sum of the moments of the 
same forces resolved along any other plane passing through 
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forces which would make it tarn about the three axes, 
be nothing relative to each of them ^. 



the centre of moments will be known from the following 
equation 

D:zzN, cos, s + M,cos,s' + L, cos," J 
in which D represents the sum sought, and e, b', and s^^ the 
angles which a perpendicular to any plane from the centre of 
the co-ordinates respectively makes with the axes of the co- 
ordinates z, y^ and X, 

The sum of the moments with respect to the plane of the 

greatest sum of the moments is represented hy\/L^^J\2^ -f N^ 
and that of any plane making the ange I with it is equal to 
V^L»-fM* + iSr^cos./, if the angle I be a right angle then 
cos./z=0, and the sum of the moments relative to this plane 
Tanishes* 

If a, g, and y represent the angles which the perpendicular 
to the plane of the greatest sum of the moments makes with 
the axes of the co-ordinates a?, ^, and 2?, its position will be 
4«termincd hy the following equations 

L^ 

M 

cos.^zr 



N 

COS.yZZ y- =:. 



If lines be taken upon the perpendiculars to each plane 
from the centre of moments proportional to the sums of the 
noments upon these planes, the line representing the great- 
est fium will be the diagonal of a parallelepiped constructed 
upon the lines representing the the three sums Z/, M and N. 

The composition of moments, therefore follows the same 
laws as that of forces, the greatest sum and the perpendi- 
cular to its plane having place instead of the resultant and 
jits direction. 

* If the forces are all supposed parallel to each other and 
Hheir directions to jnake the angles #t, j8, and y with the 
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X«et U be supposed tbajt the ^dies -m^ m\ wP^ &;c^ are 
onl J acted upon bjr Ihe force of gravji^^ e $ts its action 






iCe^ordinates x^ y and j^ jespectivelj; the eqaatio^s (n) may 
lie changed into the following 

OzzJcos.»..Y.^mSy — cos, ^.z.mSxf 
Ozzcos, a, Z.mSz — C08,y,Z,mSx^ 
Xfccos. y.^.wiiSj^ — cos,^.X»mSzj 
#1^ 4hird of which is a consequence of the two first ; but as 
*by trigonometry cos,*a+cos.*/3 + cos,*y:;zl, we.ma^ deter, 
mine from these equations the angles a^ /3y And. y< . 3j supi 
posiing^ for abridgment, 

:^.mSxz=:mSx+m'S'af +«i'^5^V + &c.rri, 
-L.mSy—mSy+m'Sy +m"S"y' +kc.=M^ 
^.mSz=mSz:\-m'S:s! +m'fS"z^+&^.=N^ 
the following equations will readily be found, 

COS.yZZ- 



The position of the bodies beii^ given with respect to 
the three axes, it is necessary in order that all motion of 
rotation may be destroyed, that the system should be 
placed relative to the direction of the forces, in such a 
position as to cause the direction to make with 4lie three 
axes the angles determined above. 

If the quantities %i^ ilf, andW vanish, theangles a, ]S, and 
^ will remain indeterminate, and the system will be in 
^ailibrio in jatM^ position. Therefore, if the sum of the 
|irodilcts of parallel forces by their distances from three planes 
perpendicular io ^ch other be nothing with respect to each 
of these planes, the effect of the forces to turn the i)ody 
.About the. commoii point of intersection of these planes wHI 
iie M>tUE)g. 
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is the same upon all the bodies, and as (be directions of 
^vify may be conceived to be the same in all the ex* 
ieni of the system, we shall bav6 

S=S'=S''=&c. ; 

G^)=(lp)=(::^)=*«- ■■ 

(5i)=(|?)=(s?)=*'=- ' 

the three equations (n) will be satisfied, whatever may 
be the direction of Sy or of gravity, by means of the 
three following 

The origin of the co-ordinates being supposed fixed, 
it will destroy parallel to the three axes, the forces 

S.(i^').2.«j S.(*^).2..i, at.dS.(^^;).2. 

ipectively; by composing these three forces, we shall 
have a resultant equal to S»2.ni / that isi equal to the 
weight of the system. 

This origin of the co-ordinates, about which we here 
suppose the system to be in equilibrio, is a very re- 
markable point in it, on this account, that being sus- 
tained, if the system is supposed to be only acted upon 
by the force of gravity, it will remain in equilibrio, 
whatever situation we may give it about this point i, 
which is called the centre of gravity of the system* Itv 
position is determined bytheoonditioR, that if we make 
any plane whatever pass by this point, the fium of the 
products of each body by its distance from the pkite is 
nothing; for the distance is ^HdeaY ftt&<Hioii of the c^ 



m re- 
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ordinates x^ y and s of the body* ; if it be therefore 
multiplied by the mass of the body, the sum of these 
products will be nothing in consequence of the equa* 
tions (o). 

In order to fix the position of the centre of gravity^ 
let Jf, F, and Z be its three co-ordinates relative to a 
given point ; let x^ y and z be the co-ordinates of m 
relative to the same point, x^ y'^ and z' those of m'y and 
so on ; the equations (o) will then give 

0=^.m.(x—X) ; 

* 

but we have 2.mX=X.2.w2, 2.w being the entire 
ihass of the system ; we shall have therefore 

^.mx 



Xz 



2.972 



We shall have in like manner 

^_^.my 2.7WSJ 

but as the co-ordinates X, Y, arid ^determine only one 
point, it is evident that the centre of gravity of a body 
is only one point. 

The three preceeding equations give 



jc«4-p+z^ 



(^.mx)^'\-('L.my)^'\-('L.mzy 



* Let Aaf + J?y + Cy =0 be the equation to a plane pass- 
ing through the centre of gravity, which is supposed to be 
the origin of the co-ordinates ; then if x, i/^ and z are the 
co-ordinates of the body, its distance from that plane will 

Ax+B^^Cz ,.,.,. ^ . , ^ 

De /rJiijitic ^^ which IS a linear function of the co- 
ordinates 07, y and z of the body. 



'^. 
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which equation may b« altered to this form* 

thf» finite integral 2. mm'.{ f x'—jr^-j-f^^'—^f ;•+(«'— 
sj'} expresses the sum of all the products, similar to 
that which is contained under the characteristic 2> 



* In order to render this evident it will be safficient to 
ji^ve an example^ in which only three bodies m,m',and m'^^are 
considered with respect to the co-ordinates of x» In this cas* 

^ is equal to ; — ,-r— 3 and 

■ « , if both the numerator and 

denominator of (he first qaantltj are multiplied by S.m M 
ifi+W+m^', it ^ ill become 

which, by subtracting the last quantity, giyes 
3W*«*+^«» W+m'»a?'*+«»'«»^^ afl + aimn" ^jr^'-f »•<'*«"« 

" I . 1 ■■ 11 I I ■ I ■ I I III I >ii w<— M— M— i4MP 
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which we are able to form, from considrrinaf by two 
and two all the bodies of the system. We shall thus 
haye the distance of the centre of gravity friom any fixed 
point whatever, by means of the distances of the bodies 
of the system frdm the same fixed point, and their rou« 
tual distances. By determining in this manner, the 
distance^ of the centre of ofravity from any three fixed 
points whatever, we shall have its position in space, 
which is a new method of determinin£f it*. 

We have extended the denomination of centre of 
gravity to a point of any system whatever of bodies, 
either having or not having weight, determined by the 
three co-ordinates, X, F, and Zf. 



* As 'the last term of the second member of the equation 
is independent of the ghten point, if the values of the first 
term be determined with respect tQ three given points not 
in the s^me straight Une taken either within or without the 
system, we shall have the distances of its centre of gravity 
from these points, and consequei[itly its pos^ion with re^ 
^ct to'theni. ' If the bodies were in the same plane two 
j^omts ^oulfl hay^ l^een sufficient, and if in the , same line, 
one. Tf tlie giveit points be tak^n in the bodies of the sys.^ 
t^m, the j^o^itionpfjts centre , of gravity >vill be given solely 
by fKf> tna/polB' ani! fheit xiespecilve distances. Tiiis la^hod 
of finding the centre of gravity is independent of the coqsi. 
deration of three planes* 

+ It is evident from the principle of virtual velocities, 
that the centre W' gravity Hf a'^ystem of bodies connected 
togethffi^ in a"^^ maniiet, is g'l^er^ly thd highest or th^low. 
esfpos'sibTe when the system J<^ iji fquilibrio. 

Let m. m', m'^^ &c. be the centres of gravity of a ntmibier. 
of bodies connected together, n hose weights are d^iic(tft^jr 
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t6. It is easy to apply the ptcceding 'results i6 the 



thepdw^er's 5, 5', S", Sec. acting respectively upon these ceiii- 
tres, and let *, #', s^'^&c. represent lines respectively dirai^il' 
from them to any horizontal plane* If the position of the 
system be disturbed in an indefinitely sjiall degree, we shaU 
have, in the case of equilibrium, the equation of virtual 
velocities ^.5f + 5^V +S."h"+Scc.=0 ; 

the quantity Ss-{-S's'-{-S^^s"'\'&c, is therefore eithera max- 
imum or a minimum. If the sum of the weights S, S' , S"^ 
&(?. be represented by 6r, and the^ distance of the ceritirfe of* 
gravity* of the system from the horizontal plane by g^- "WiBi 
shall have the following equation 

As the first member of this equation is either a maximum or 
a minimum, the second is also, consequently the distance 
of the centre of gravity from the horizontal plane is either a 
maximum or a minimum when the system is in a state of 
equiHt)Tiunr. 

When the distance of the centre of gravity from an hori. 
zontal plane is a maximum, the equilibrium of the system of 
heavy bodies is unstable, and if moved in an indefinitely 
smalt d;egTee w^uid not return to its former state; on the 
contrary, when the distance of the centre of gravity is a 
miniontni the system if moved from the state of equilibrium, 
vr6uld, after osttillatii^g^ome time, r^tariftoit. 

'This may be exemplified in the case of a cylinder with an 
elliptical base, which, when placed upon an horizontal plane 
Whfrth^^ed^'of cb'rt tact in the line pas^ing^^a^ong^in extre. 
mity of the major axis, will have the distance of its centre 
of gr&vk^ from^ Che^ plane a maximum and its posiition uasta. 
ble, and the contrary when placed with the edge of contact' 
in a line passing through an extremity of the minor axis; 
The above are the only positions in which there can be an » 
equilibrium. 'f. 
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equilibrium of a solid body having any figure ^Lat- 
ever, by supposing it formed of an indefinite number of 
points invariably connected with each other. Let dm 
represent one of these points, or an indefinitely small 
molecule of the body, and let .r,^, and z be the rectan* 
gular co-ordinates of this molecule ; again, let P, Q^ 
and li be the forces by which it is actuated parallel to 
the axes of a:, y^ and z ; the equations (m) and (n) of 
the preceding No. will be changed into the following; 
0==fP.dm ; (h=zfQ.dm ; Oz=fR.dm ; 
Oz=JiPy—Qx)dmi 0=zf(Pz—Itx)dm ; 
0=f(Rt/—Qz)dm ; 
the integral sign/ is relative to the molecule dfnt, and 
ought to be extended to the whole mass of the solid*. 
^ If the body could only turn about the origin of the 
co-ordinates, the three last equations would be suffici- 
ent for its equilibrium. 



* It is easy to perceive that in the case of a solid bod j^ 
which may be supposed to be composed of an indefinitely 
great number of points invariably connected together, 

the quantity 2.i»Sr~j becomes fP.dm; for 5^^1-1 is 

equivalent to P, and / dm to S.m ; in like manner S.mS 

|y Y|l)-.jc.(^^^ i becomes S(Psf^Qx)dm, fox^.S 

1 5r r^ m is equivalent tofP^.dm, and £,5l r- J.« w to 
JQx.dm. 
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CHAP. IT, 



Of the equilibrium of Jluid$^ 

17* Jl o haye the laws of the eqnilibriam and of the 
motion of each of the fluid molecules, it is necessary to 
know their figure, which is impossible ; but we have 
no occasion to determine these laws except for the fluids 
considered in a mass, and then the knowledge of the 
forms of their molecules becomes useless. Whatever 
may be these figures and the dispositions which result 
in the integral molecules ; all the fluids taken in the 
mass ought to ofier the same phenomena in their equi- 
librium, and in their motions, so that the observation of 
these phenomena does not enable us to learn any thing 
respecting the configuration of the fluid molecules. 
These general phenomena are founded upon the per- 
fect mobility of the molecules, which are thus able to 
give way to the slightest efibrt. This mobility is tlie 
characteristic property of fluids : it distinguishes them 
from solid bodies, and serves to define them. From 
hence it results, that for the equilibrium of a fluid 
mass^ each molecule ought to be in equilibrio^ in obflK 






iS9 LAPIiA€fi*S MSCUAXIC9V 

sequence of the forces which solicit it, and the pressure 

>i'hich it susfaiiis from the surrounding molecules. Let 

us develope the equations which result from this pro* 
perfy. 

In order to accomplish it, we will consider a system 
of fluid molecules formincf an indefinitely small.rectan- 
gu'ar parallelepiped. Let a:, t/y and z be the three 
rectanglar co-ordinates of the an^le of this paralleled 
piped the nearest to the origin of the co-ordinates. Let 
dxy dy^ and d% be the three dimensions of this parallel- 
epiped ; let/7 represent the mean of all the pressures 
which the different points of the side dy^ d% of the par- 
allelepiped that is nearest the origin of the co-ordinates 
experiences, and p' the same quantity relative to the 
opposite side. The parallelepiped, in consequence of 
the pressure which act&upon it, will be solicited parallelr 
to tbeazis of j: by a force equal to (p — p').dj/.dz; p' — p 
is the diff(!rential of p taken by making or alone to vary; 
fqr although the prejssure of p' acts in a different direc- 
tion to that of py nevertheless the pressure which a point 
qf the fluid experiences being the same in all directions;. 
pf — p n«ay, be considered as the difference of two forces 
ifulefioitely' near and acting in the same direction ; we 

shall therefore have p' — pzzzf-^j.dx; and (p—p^) 



dy. dz:ss. — ( ;^ ydx.dy.dz*. 



* In (^S- 14) let JX^ AY, and AZ represent th« 
axes of 07, ^, and 2 respectively, and aha, molecule of the- 
fll||d^i|l the fiHrm of a octangular parallelepiped j^ whose fa- 



Let P, Q, and R be IliTee accelerating forces whicb 
also act upon the fluid molecule^ parallel to the n^pec- 
tive axc§ jof jCy y^ and z : if the density of the parallel- 
epiped is named p^ its mass wiH be p.dx.dy.dz^ and tbe 
product of ihe force P by tlris ma9s, y/i\l be the en- 
tire reaultlng Ibrce which moves it ; this mass ^wiN con- 
sequently be solicited parallel to the ^xis of ^, by the 

force ? pP — I -~ J ^.dx.dj/^dz. It will in like man- 
ner be«olicited parallel to the axes of j^ and z^ hy the 
forces <^Q — ( ;f / C 'dx.dy.dz^^md \ pR — ( — I 

.dx.dy.dzi we shall therefore ha ve^ in consequence 
of the equation (b) of No. 3, 

''=^''-cl)^'-+^«-(l)^>^ 



ces bh^ ag^ and ad are respectively parallel to the planes 
YAX^ ZAXy and Vj£%. Suppose that the ^co-ordinq^es of 
the angular point b of the molecule are Sy ^, and isy anS 
that bgzzzdx^ bd:z:dy^ and bamdz ; also, let mo jreCpresen^ 
the quantity and direction of the mean of all the forces actik 
ing upon the face d^, dz of the parallelogram, or the foroi 
p, and nq the mean of all the fctrces acting/'ifpoa the oppo^ 
site face /g- of the molecule, or Ithe 'force y, . / 

In ftiis case p is supposed to be a function^of the'^ocuordi, 
nates a?, ^, and z, consequently for the opposite side 'Q/ the 
parallelepiped to that formed by d^ and <i/^, as ^ becomef 

»+dxy the pressure p is changed into/p*][-| --r-g^ifo whic^ 
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The second member of this equation ought to be aa 
exact variation like the first; which gives the following 
equations of partial differentials, 

{d.pP\_fd.pQ\^ fd.pP\ /d.pR\ : 
\ dj/ J \ dx J' \ dz J—\dx )' 
fd.pQ\(d.pR\; 
V dz J~\ dy ) 
from which we may obtain 



0=P 



■m-<^x^^-^T> 



for that side must necessarily act in an opposite direction im 

p» It therefore follows that I -^ Jdxj the difference of 

the two pressures, when multiplied by di/ and dz^ gives the 

whole force arising from pressure that acts upon the paral. 

lelepiped in the direction of the co-ordinates, which should 

be taken negatively, as it tends to diminish them, and, im 

the case of equilibrium, must be equal to the moving force 

fP,dx,di/,dz,th^t acts in an opposite direction. 
* The equation 

«=^'■-(l)^"■^^'«-(l)^"+K 

by transposition, becomes 

(!)"+ (!)"+ {1)"='^ P*=+C.>jr+K.>.), 

^"*"(^V'^"'"(^)^* ^^ ^^^ page 45, therefore ip=f 
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«(S)-«-(*)^- 



+ The proof that if p[P>lx+Q,'^^'\'R.^z} is an exact, 
differentia), the equations 

\ dy J—y dx r \ dz J-^y dx ) 

( d.fQ \__r d.pR \ 
dz j—y dy r 

have place, may be given as follows, Snppose uzz:f(x^y)^ 
then du-zzpdx'\-qdy is an exact differential, ifp=il — I 

and 9=rl ;7~ I ; hy differentiating y alone in the first, and 
X alone in the second of the two last equations, we shall have 

(±\-(±^\ and f^ Vf— Y 

\djiJ~\dxdyJ \tlx J~\dydx J^ 

In like manner, if U'zz.f(x^y^z)^ by differentiation dazri 
jpiir+gc(y+^^^j in which equation jp=J — - V qz=i(-^\ 

and rzzA -t'\\ let 2 be supposed constant, then duzzipdx 

+5rrfj/, which gives! — 1=1 ;7" 1 ^ also If y and x are sup. 



posed alternately constant, the resultiog equations will re. 

spectiv^ly give (|)=(^)a°d(g)=(|). I" th, 
above pP may be substituted for/?, pQ for (7, and pR for r. 

By differentiating the equations T^^'jrrr^flfi^.^ 

(¥)-(^). (^)=(#).-~ 

multiplying the first by il, the second by — Q, and the third • 
by P; they will give by adding together, as^ disappears^ thf 
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This equation expresses the relation Tirhich should 
exist amongst the forces P, Q and R^ that the equili- 
brium may be possible*. 



'""•>'"« •'"•'»" «=p(f )-«(f )+''(f ) 

-'•(f)+«(S)-«(f)- 

* Suppose an iacompressible fluid not acted upon by the 
force of gravity to be contained in a vessel that has a number 
of cylinders attached to the sides of it^ to v^hiph a number of 
moveable pistons are adapted. Let the areas or bases of 
the cylinders or pistons be represented by A^ -4', '-4'', &c. 
also suppose S, 5', S'^^ &c« to denote the powers api^ied 
to the pistons having the bases Ay A'^ A^^ &c. respectively, 
and that these powers, vrhich act upon each other by the 
intervention of the fluid, are in equilibrio. Let p repre- 
sent, in this case, the pressure upon the area denoted by 
unity of the surface of the vessel or the base of the pistons, 
theupA^pA'^ pA'^y &c. vrill denote the respective pressures 
of the fluid upon the bases of the pistons, but these pressures 
are equal to the forces which act upon the pistons, therefore 
SzrpAy SzzpA'y SzrpA^j &c. Let a part of the pistons 
be pushed downwards, then it is evident that the other part 
of Uie pistons must be elevated by an equal quantity of water 
to that depressed, so that if hy h'^ W\ &c. represent the 
depressions or the elevations of the respective pistons whose 
bases are A^ A', A^y &c. we shall have the equation 

-ti.^* + ^'•^Z + -t<^.V'+ &c,=0, 
regarding the spaces through which the pistons were depressed 
as positive, and the spaces through which they were elevated 
as negative. Let this equation be multiplied by |), then 

cur by substitution 

S.^5+S".J^+S^-55^+&c.=0| 
which h fhe equation of virtual velocities. 
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If the fliiid be free at its burface, or in certain parts 



» '■■ > 



Suppose that T, T', 7^', &c. represent the different pow- 
ers which act upon a molecule whose co-ordinates are x^ y^ 
and z ; these powers being directed to certain fixed centres, 
the distance of which from the molecule solicited are re. 
spectively t^ t'^ t"^ &c. 

Let the co-ordinates of these fixed centres referred to the 
origin of the co-ordinates a?, y^ and 2, and respectively 
parallel to them be «, 6, c; a', b\ c\ &c. we shall then have 

rp fp rpi 

r TV TV/ 

&c. &c. 

As the equilibrium is possible, when the fluid molecules are 
solicited by forces directed towards fixed centres, which are 
functions of the distances of the points of application from 
tliese centres ; we may substitute the above values of P, Q, 
and wR, in the equation 

^=:(P,JaJ+e.3fy+JR.538j, 

f 
which then becomes 

•^=ry{f^-rf)5a74-(^^— 5;5y-K^«— c)52} 
+ yC (^-aO^^+Q/-b')^+(z-^)iz} 

+&C. 

aad is equivalent to 
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of its surface, the value of p will be nothing in those 
parts ; we shall therefore have S^=0*, provided that 
we subject the variations ^x, It/y and^ ^z to appertain 



The sum S (^p) taken throughoat the whole extent of aaj 
indefinitely narrow canal, which either re-enters into 
Itself, or is terminated at two points of the exterior surface 
of the fluid mass, is always nothing ; on the supposition that 
the resistance of the sides, if the fluid he contained in a vessel 
is regarded, and that the canal is imagined in this case to 
have one of its extremities terminated at a point of its side. 
It may therefore be concluded, that for all the cases of the 
equilibrium of a fluid, the following equation has place 
throughout the whole extent of the mass, 

^{f(TM-{' T .li+T" M'+kc,)}z=o. 

In this equation the products of ^T, fT\ &;c. are propor. 
tional to the moving forces with which each power acts upon 
the molecule. Let 5, S' • S% &c. represent the moving 
forces which are the resultants of the powers which re. 
spectively act upon each fluid molecule, and «, «', s^'^k&c. 
the lines drawn respectively in the directions of the forces 
Sy S'y 5'^, &c. from each fluid molecule; then the above 
equation is equivalent to the following 

This equation is similar to those deduced from the principal 
of virtual velocities for the equilibrium of a point or a 
system. 

♦ This will be the case not only when /?zzO, but likewise 
when p is a constant quantity, which also gives ^p=:0« For 
instance when the atmosphere presses equally upon the snr. 
face of the fluid. 
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to this surface : by fulfilling these conditions we shall 
consequently have 



* Suppose for example, a fluid mass to be acted upon by 
a force S tending to the centre of the co-ordinates, and let 
one of its molecules be placed at the distance r from that 
centre, haying or, ^, and z, for its rectangular co-ordinates, 
then r=:y/^rijl^a^2a : the force S resolved parallel to these 

co-ordinates gives — »-^'and — for the forces in their* re- 
® r r r 

spective directions. These forces, taken negatively as they 

tend to diminish the co-ordinates, should be substituted for 

their respective values P, Q, and J{, in the preceding 

equations. . When they are substituted in the equation 0:= 

P.^x^Q.^y+R.lz they vill give, by the suppression of the 

iS 
common factor , 

which is an exact differential, therefore the equilibrium Is 
possible. This equation when integrated becomes «*4;y^ + 
sr^rzc*, which is the equation to a sphere, consequently, the 
fluid will assume a spherical form. If r is very great the 
surface of the fluid may be regarded as a plane, as is the 
case with the surface of a fluid in equilibria in a vessel when 
only acted upon by the force of gravity. 

Let the force S be supposed to vary as the nth power of 
its distance from the centre of the c<).ordinates, and to be 
represented by Ar^^ also, let p represent the pressure upon 
an area of the surface denoted by unity, then the equation 
jr=z^{P.lX'^Q,^if-\-R,lz}vr\\\^ by a proper substitution, 
be changed into the following 

but xlx+j/^i/ + zlzzzr^ry therefore 



If Sf/=0 be the difierentiai eqiiation of the snrface, we 
«hall have P.^X'\'Q.^j/-\-RM=^.^Vf h being a hinc- 
tion ofxy^y and t; fr<to wbich it foUmrs, by No. 3, that 



tmmmmmm^mmmf^^''''^^^' m tmm m j — — i— — »— *— >*<—w— — — wi 



^ ^'' n+1 ^ ^'S^ ^ ^ »-f. const. 

Tbis is the ralne of the pressure referred to adky of the Mr. 

lko6 ithich acts upon the molecule that has x^ y^ and « fer Hs 

€o*ordinate9. 

The equation of equilibrium may be used to find the form 

i^hich a fluid retains when it has an uniform rotatory motloa 
round a fixed axis, by adding the centrifugal^force ta tke 
ipven accelerating forces which act upon the molecules. 
Let the axis of z be that of rotation, n the angular velocity 

common to all the points of the fluid mass, and m|/«*+^ 
tJbe distance of any point of it from the axis of rotatibn ; 
-then, as the centrifugal force of the poitit is equal to the 
square of its velocity divided by its distance from the axis of 
2, it will be represented by n*r, whieh when multiplied by 
the variation of its direction gives ftV)r=m^x^d?-f-»^f^* 
If thi& value be added to the formula P.lx'\-Q.ly'{-R:lz^ it 
will not prevent it frcmi being an exact difierentiid, for the 
centrifugal force of a point may be considered as a force of 
repulsion ,^ the intensity of which is a function of the distance 
of the point from the axis of rotation : we shall therefart 
have the equation 

for the difierentiai equation of the surface of the laminas and 
■o( the free surface of the fluid* That the velocity n may 
ibe uniform it is requisite that the forces P, Q, and A should 
arise from the mutual attraction of the molecules, or from 
attractions in the directions of Hoes joining the molecules 
and the axis of rotation, or from forces acting towards 
points which have the same motion as the fluid mass. 
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the resfrltant of the forces P, Q, and jS, ought to bi 
perpendicttlar to those pi^ts of the sar&ce ivh^re iMe 
fluid is free. 

Let us suppose that the variation P.Jjr-f-^.Jy-^-iZ.^i 
is exact; which circumstance has place bjr No. S, 'when 
the forces P, Q, and /2 are the results of attractive 
forces. 

Naming this variation ^f , we shall have ^p=/).^(p ; 
p therefore should be a function of p and of 9, and as 
by integrating this difierential equation, we have <p a 
function of p; we shall have p a function of ^. The 



By way of example, let us find the form of the surface of 
a quantity of water contained in a cylindrical vessel opeu at 
the top, having a rotatory motion round its axis which is 
vertical. As water is an incompressible and homogeneous 
floid, the above equation will be sufficient, let therefore the 
origin of the co-ordinates be at the centre of the base of the 
vessel haying z for the vertical axis of rotation, and let g" 
represent the force of gravity, then we shall have JPrrO. 
QzsO and Rzn-^^ consequently the equation of thesurfaci^ 
of the fluid becomes by substitution 

which by integration gives 



fi* 



^(a?»+^»)— ^rzconst. 

In this case it is evident from the equation that the upper 
part of the fluid will form the surface of a paraboloid q( 
which the solid content is given, as it will be equal to one 
half that of the water contained in the vessel. The equation 

qf the generating parabola is j/^:=:-^*a as appears from 
making x to vanish. 
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pressure p is therefore the same for all the molecules of 
which 4be density is the same ; therefore ^p is nothing 
relative to the surfaces of the laminae of the fluid mass 
in which the density is constant ; and we shall have by 
relation to these surfaces 

It therefore follows, that the resultant of the forces 
which act upon each fluid molecule, is in the state of 
equilibrium perpendicular io the surfaces of these 
laminae ; which have been named on that account 
(couches de niveau^ laminae of level. This condition 
is always fulfilled if the fluid is homogeneous and in* 
compressible ; because in this case the laminae to which 
this resultant is perpendicular are all of the samt 
density*. 



* In the case of the equilibrium of an elastic fluid, the 
pressure is found by experiment to vary as the density^ 
consequently p may be supposed equal to a^. Jf pziza^ then 

p 
fzr-, let this value of ^ be substituted in the equation dp^iz 

1 

fd^ and it will give adpzrpd^^ consequently cf.log.jpn-.cf^. 

If the fluid be homogeneal and of the same temperature, a 
is constant and the equation possible. By integration we 

•hall have log.jpr=-+lpg.c,orpz=c.6'' , c being a constant 

quantity, and e the base of the system of logarithms which 

has unity for its modulus. As this value of p and conse- 

p 
j|uently that of f^r- are functions of the sole variable f , thu 



f'dr (Kc equilibrium* of ah Ubniogeneoiis fluid*raass, 
the exterior surface of whicb is free, and covers a solid 
mass fixed and of any figure wKatever; it is therefore 



pressure and the density will be the same for all the extent 
oreach^Iamina of letelas in the case of h^t^rog^neal tfuidfs; 
tlie densiiies of the differeoft lamiilas arb' detertnicTedbj the 
eqaation 

If in an homogeneal fluid the temperature be ncft^e same 
throughout the mass, the quaiitity a' will mKt be corf- 
sttot ^: let^ denote the temperature, then a will be a ftti:ifettoa 
o£^^ bot'aj ifTariablei, must be a ftmtitlon ol 9^ conse^ 
qntently ^^nstbe a function of 9 ; it is tfeerefojre necessary 
iA'^ecase^ of equilibrium that the tempetatiire be aniforlli 
thffbugboat ea^h lanina of level, as^ well as the pressttreand 
the^ddnsity^ vHiieh are • likewise fiinctions of ^' The temr^ 
peratmefinoy' vary accorditig. t€^-afty< lawr iiSi^passing^froca om 
laiiiliiai)to;airartherj buttMs'latr! bfeing giveathelaws of the 
pressure and the. den^y will be d^tej^ntBtedby the following 
equatiectaj 

pz:zc»e , * a ' 

» being a constant quantity. 

In the case of the equilibrium of the atmospheric air, let 
it be supposed that a small vertical cylindrical column of it 
is continued from the surface of the earth to an indefinite 
height, which must be supposed in equilibrio independent 
of the surrounding air that may be conceived to become im- 
moveable. The force of gravity can without sensible error ^ 
be supposed to act in the direction of the cylinder along iti 
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necessary and it is sufficient, first, that the differential 
P,iX'^Q,^j/'{'R,lz be exact; secondly, that the re- 
sultant of the forces at the exterior surface be directed 
perpendicularly io this surface. 



whole extent, and in the case of equilibriam, the density, 
the pressure, and the temperature may be considered as in. 
Tariable throughout the whole mass of an indefinitely thin 
horizontal lamina. Let z represent the distance of any 
lamina whaterer from the surface of the earth, ^ its density, 
r the radius of the earth, g the force of gravity at its surface, 

^n: ^ the force of gravity at that altitude, andp its 

elastic force^ f , ^ and p being functions of sr, dz the breadth 
of the lamina and a the area of its base. Then if p be the 
pressure upon a portion of the surface represented by unity, 
that upon the higher part of the lamina will be Jlp and that 
upon the lower ^(p+dp)^ but the excess Adp of the first 
pressure abore the second is equal to the weight of the lamina 
or A^gdz^ therefore lp^i'^^g!^z. This equation may b* 
obtained by proper substitution from the general equation 

in which P and Q will vanish and jR be equal to '^g'iz. 
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CHAP. V. 



■^4> 



Gtneral principles of motion of a system ofbodien. 

18. TT E have in No. 7 reduced the laws of the motion 
of a point to those of its equilibrium, by resolving the 
instantaneous motion into two others, of which one 
remains, and the other is destroyed by the forces which 
solicit the point : the equilibrium between these forces 
and the motion lost by the body, has given us the dif- 
ferential equations of its motion. We now proceed to 
make use of the same method to determine the motion 
of a system of bodies m, m', m"y &c. Let therefore 
ntJP, mQ^ and mR^ be the forces which solicit m paral- 
lel to the axes of its respective rectangular co-ordinates 
*, ^, and z; let wi'P', m'Qy and m'R be the forces 
which solicit m' parallel to the same axes, and in a 
similar manner with the rest ; and let the time be repre- 
sented by t. The partial forces ^•-j^ ^'T^' *^°^ 

dz 
m.-^oi the body m at any instant whatever will become 
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in the foHowing 

€U€ I , uX f cue I w^ ~ 

dt * dt dt^ 

m.-^-A-m^d.^ — m.d.-^-^-mQ.di ; 

dt dt dt 

dz , jdz jdz . •, - 

dt * dt dt * ' 

and as the sole forces 

dx , jdx dy , .dy dz , ,dt 

flfif^ (/^ rf^ * dt' dt^ dt* 

remain ; the forces 

— m.d.- — ymP.dt; — m.d.-^-X-mQ.d^ ; 

dt dt 



dx 



are destroyed*. 



^ The forces which are destfpyed during the motion ol;tiia 

syste^i ^'t any jjQstaa,t) will evidently form an e.quation of 

eauilibrium for it at that instant. If in this equation of 

equilibrium the bodies undergo an indefinitely small change 

in their position, the moments of the forces according to the 

principle of yirtual velocities wilt be eqnal to n^ithing ; the 

the forces idestrofed are mP, mQ^ mRy m'P^ kc» —mm 

d*^ d^y fi^z , d'-jc/ . , 

i— , — m.—r-* — w,^, — fw'.-r — • &c. whose moments 

df^^ dt^^ flt"-^ dt^^ 

d^x d^v 

are «iP;^, ^nQ.^i/j mR.h^ &c. — «.— .Ja?, — ^•'l£'^Sf9 

dH 

r-m.-r^z. &c. the general formula of equilibrium is there. 
eft* 

fore, when multiplied by — 1, as follows 
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By distinguishing in these two expressionif, the let- 
ters m, X, y, 2, P, Q, and iJ successively by one, two, 
&c. marks, we shall have the forces destroyed in the 
bodies m', m", &c. This being premised ; if we mul- 
tiply these forces respectively by the variations Jjr, ly^ 
)2, lx\ &c. of their directions; the principle of virtual 
velocities explained in No. 14, will giye, by supposing 
ift €OQitant, the following equation ; 






i&Ol». 




CP> 



tt^ I I ^^tXiWI— 



••'(^-P').>'+&c.=:0. 

la the equation of eqpHJibrkioi of the ^ces destroyed, in 
order that they may be ^ual ito netiuog, either the forees 

1^.— , *«*;j^> &c, or the forces mP^ mQ, &c. mustJba 

taken aegatiYely, altiu»ugh in ihe motion of the system they 
may tend to increase the ca-ordiaates. 

* The •expression d*«.Jji?+^'^%+«^2f.32 is independent 
of the position of the axes of the co-ordinates a?, ^, and z ; 
M «My he proved in the following manner. 

Let &e rectangular co-ordinates x^^ y^^ and z^ be sjubsti. 
tuted for those above mentioned, having the same origin 
hat referred to other axes ; then it may easily be demoa- 
itrat^dibat 

xz=ax,+eyj+yZf 
,]l'=:afx,+0y^+^z^ 



149 LAPLACB'8 MECHANICS. 

Wc can extract from this equation by means of the 
particular conditions of the system , as many of the 



the co-efficients a^ 9j 7, «', &c. being constant quantities) 
and only dependent upon the respective positions of the two 
systems of co-ordinates. The co-ordinates x^ y^ and z are 
relative to the same points as the co-ordinates x^^ y,y and z^y 
consequently ^*+^ *+«*-=-»/* +^/*+2J/* ; this expression 
gives the six following conditional equations, 

M&+a!^' + «'//3"=:0, «y +«V + a'V"=:0,^y+i3 V+e V=0, 
from which 4t appears, that three of the nine co.efficients 
are indeterminate quantities. 

If the expressions oixj y^ and z are ti¥ice differentiated, 
they will become 

d^xz^ad^x^ + ^d^y^ + ydH,^ 

d^y=a!d^x, -f 0d^y, -f ^'rf**,, 

d^z=»"dy^ + e"d^y^ + y'^rf*s„ 
the following variations may likewise be obtained 

§a;z=am-iS^^/ + y^ J 

^zz:z»ff^x,+e"^y^ -f /^. 
By substituting these values and regarding the equations of 
condidon between «, /3, y, «', &c. we shall find that 
d^jL^x+d^y^y + d^z^z=d%Uf -f d^y^^, + d^Zj^z, , 
If the same substitutions are made in the expressions for the 
right lined distances between the different bodies of the 
system represented by/, /, //, &c. the quantities «, e, y, 
«', &c. will equally disappear, and the transformed ex- 
pressions will retain the same form. Thus a?,^, and z being 
the co-ordinates of the body m, and ac', y, and *' those of 
the body m', their distance/ will be equal to-//-^/ ^ja^ 

(V—^v)* +('«'—«>)*• K the axes are changed, the first co- 
ordinates will become x^ y^ and «^, and the second «/, ^/, 
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variations as we bave conditions ; by afterwards equal- 
ling separately to nothing the remaining co-efficients of 



and «/, also 

By substitution and hariug regard to the before mentioned 
equations of condition , we shall have fzz^rx ' x )*+ 

(yl — ■^/>)*+(V^^/>^* 5 * similar pro»f may be given for the 
quantities/', /", &c. 

It follows from the above, that if the system is only acted 
by forces which are proportional to some functions of the 
distances/, /% /'', &c, between the bodies; and the equa. 
tions of condition of the system solely depend upon the 
mutual situation of the bodies or the lines/, /', /'', &c. 
the general formula of dynamic will be the same for the 
transformed co-ordinates ^^, y^^ and s,, as for the original 
ones 07, y, and 2. If, therefore, the different values of a?, 
^, and z for each body are found with respect to the time 
by integration of the different equations [deduced from this 
formula, and those values are taken x^^ y^^ and z^^ we shall 
have these more general values for jt, y^ and «. 

z=mffx,+e%+y%, 
in which the nine co.efficients «, /3. y, «', &c. contain three 
indeterminate quantities, as there are only six conditional 
equations amongst them. 

If the values of x^^ y^^ and z^ contain all the constant quan. 
titles necessary to complete the different integrals ; the three 
indeterminate quantities will be mixed with some of the 
other six constant quantities, they will also make up those that 
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ihcvarfatidrtfs; we ^ball haver all' the necessary equatidng 
for dfeterminittg the motions' of tliie dlflferfeiif bddies of 
the system*. 

19. The equation (P) contains many general prin- 
ciples of motion, which we shall proceed to develope. 
The variations Sx, ^y, 5s, Jo;', &c. will be evidently 



* * ' ii 1 tifi'r^ - •-■-■*- 



il«' wanting, wftbdut which the soliition wdtfld bie' ibeotti 
plete. Thus by meati^ of these three new constant qtfttntiikll 
-which may be introduced after the calculation, It will be pbd«. 
sible to suppose the same number of the other constaat 
quantities equal to nothing, or to some determinate qiian. 
titles;. which wiH often much facilitate and simplify thecalca« 
lation. Vide the Mechanique Analjtique of Lagrange. 

* Although the effects of the forces of impulsion or percusw 
sion may be calculated in the same manner as those of 
accelerating forces, yet when the whole impressed velocit)^ 
only is required, its successive increments can be neglected^ 
and.the forces of impulsion considered in what follows aft 
equivalent to the impressed motions. 

Let therefore' iS, <$', S"y\ &c. represent the forces of lm.a 
golsion applied to any body m of the system m the directions 
of the lines s^ s'y s^^^.Scc; and suppose that the .velocity giyea 

to this body may be resolved inter three velocities, represented 

• • • 

by 07, 3/, and z in- the directum of the co-ordinates x, ^, 
and 2, we shall have by cIuitgingMhe accelerating forcer 

•tttj -TTi and -— int6 fhe velocities x. ^, and' «, tKe' 
Of* at* dri 

general equation 

TSis eq'u'ation wil! giw as Bftfatiy particular ones j as* We shell 
MilVe independent' variations-, after they btfve beie« redtroM* 
tb* the smallest number possible by mieaas of thl? conditiowa^ 
equations belonging to the.system. 



•vlDJected to all the conditions of the connection of th^ 
parts of the system, if they are supposed equal to tbe 
differentials dXy dt/^ dz^ dafy &c*. This supposition is 



» 



If tbe system is continuond and of an' inTartable figi^re 
as a- solid body, or variable as flexible bodies and fluids ; bjr 
di&notiDg its whole mass by m and auy one of its molecules 
hj dm J it may be considered as an assemblage or system of 
an indefinitely great number of molecules ; each represented 
by dm and acted upon by the accelerating forces 5, 5', S^\ 
ice, ; and it will be sufficient in the general equation to sub. 
stitute dm for m, and for the sign 2, S or tbe sign of inte. 
gfation relative to tbe whole extent of tbe'body, that is, to 
the instantaneous position of all its molecules, but indepen. 
dent of 4Ib''Subces8ile^ portions of each molecnlek For a=^ 
fuller detail respecting solid bodies, I refer the reader t6 
the seventh chapter^ of this work; 

* It is n'ebessary in this case that the equations of condi. 
' tion should not cbntain the time /, which sometimes happens^ 
as for instance, if one of the bodies be forced to move upon 
a surface which is itself movingaccording to some given law, 
there will then be' an equation of condition of the co» 
ordinates and the time /, for the equation of the surface at 
any inltftBtr, > which may be represented' as follows, 

In the equation of equilibrium of a system formed hy those 
forces which are supposed equal to nothing when it is in 
motion, it is necessary, in order that the indefinitely small . 
change in its position according to the principle of virtual 
velocities may be proper, that the co-ordinates of the bodies 
in the new position of the system when substituted should 
satisfy that equation. These co-ordinates are x-i-ix^ ^+^J^f 
and sf+Ja for the body i», oZ+Ja/', y+Jy, and s/+iz! for 
the body i7t', &c. which should satisfy the above conditional 



14(5 Laplace's mechanics. 

therefore permitted, consequently the equation (P) ' 
will give by integration 

2.m. — i^- =zc+2.2.fm CP.dx+Q.dj/+R. 

dz)i (Q) 

c being a constant quantity introduced by the integra* 

tion. 

If the forces P, (?, and R are the results of attracting 
forces directed towards fixed points, and of attracting 



cqaation when respectively substituted for a?, y^ a;, a/, y, dj 
Sec. ; the differential of the function F, 

will then be equal to nothing, t being regarded as constant 
and the variations of the co-ordinates a?, ^, «y x'^ y, a'; &c. 
denoted by the characteristic I. But as the co-ordinates of 
the bodies are functions of the time, the complete differentia, 
tion of F with respect to ^, a?, ^, 2, x\ &c. being regarded 
as functions of t^ will be equal to nothing. We shall there* 
fore have the following equation, 

^ , rdF\ rdF\ rdF\ , rdF\ 

dx'+&c.=:0. 
T.dt being the differential of F taken with respect to the 
time which is contained explicitly in this function. If T.dt 
be equal to nothing it is evident that the former equation 
will coincide with this, by taking Ixzzidx^ Syzzdfy, &c. 

From the above it appears, that when the time is not ex. 
plicitly contained in any of the equations of condition, 
the virtual velocities of the moving bodies along the axes of 
their co-ordinates may be supposed equal to the differentials 
of these co-ordinates, or the spaces passed over by their 
projections upon these axes during the time dt. 



» 
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forces of the bodies one towards another, the function 
l,.fm.(P.dJC'\'Q.dj/-\'R.dz) is an exact integral. In 
fact, the parts of this function relative to attracting 
forces directed towards fixed points, arc by No. 8, 
exact integrals. This is equallj true with respect to 
the parts which depend upon the mutual attractions of 
the bodies of the system ; for if the distance between 
m and m' is called /, and the attraction of m' for m^ 
m'Fj the part of »i.fP.dr-|-0.rfj^+/?.rfs^ relative to 
the attraction of m' for m, will be, by the above cited 
No. equal to — mm'.Fdf^ the differential df being taken 
by only making the co-ordinates Xy y^ and z to vary*. 



* A% m'F 18 the aecelerating force of m arising from the 
attraction of m' which acts along the line /, its components 



a?— a? 



in the directions of the axes of a?, y^ and z are mlF. , 

m! F.^—j^y and m'F.——y we shall therefore have the 

following equation with respect to this force alone 

P.dx+Q.dy+R.dz^z: —{(a/'-'X)dx+(y''—y)dy+ 

(«'— 2;)(f2}. 
In a similar manner, P', Q', and R' denote the components 
of the accelerating forces which act upon m' parallel to the 
same axes, we shall have relative to the force mF the 
equation 

P'da/+Q!dy'+R'dJ=~.{ Cx-^a/)dx+(y^s/) 

If, after having maltiplied the first of these equations by m 
and the second by m^, we add them together, they will in. 
troduce into the expression 2m(Pdx+Qdy+Rdz) the term 



Bolt tke reaction bcuig equal and conlfarjr to tte 
acticMQ, tfie part of fnf.(PJdaf'J^Q^.J^'^M'.4si^} ?clft* 
live to the attraction of m torn', is eqfial4o-rmm\#i^^ 
jf the coordinates a/, ^^, and a' alone vary i« f ; 4he 
part of &e faaction ^.m(P4lX'^Qdh/-\'Md%) relativo4a 
ttie leciproeal attraction of m and of m', is tberefiiw 
..-fiff^.JPdf/ the whole being supposed to rarj in/. 9hie 
goantitjr is an exact differential when / Is ft function of 
Fj or when the t^ttrMctioii varies as a fanetion of the 
distance, which we shall always suppose ; the fitnetioB 
l^.m.(l^d36-\^Q4ff^Rdz) is therefore an exact diffinr* 
ential, whenever the forces whiefa act mpon the bodies 
of the system, are the result of their mutual attraction 
or of attracting forces directed towards certain fixed ^ 
points* Let d^ represent this differential and n) the 
velocity of m, x/ that of m'^ Sec. ; we shall then have 

TJ^^is ^w^(M^, i^ anaV?g4^9&. t^tli^ «qq»Uiaa (g> q£ Ni^% 
it is (h^ analytical traducti|on of th^ principle of ^he 
prei|ervation of the living forces* The product of the 
iBSi^s 9f a ^^^j"^ \h^ sqijprc gf it| ^e^pgitj^, i&ci 






+if2'— aJC<fe'— «fc^}. 
If the equation f^=z(*^^)*+(i/-'i/)*+(Z'-if)* h» 
compli^t^ly dif^tentiated it wi^^ ^-m. 

the pwse4ing t^jB» by wI??*»/'**»<»R ti^i^^iv^ ^fc^m 



iUJi ving fooce. The pnuciple vpon trhjch we axe ireafe 
ing consists in this^ that the snm of the Ihring forces^ 
or the whole living force of the system ia constant, if 
the Bjratiwo be aot iDUcitad by any ibrces; and if the 
bodies be solicited by any forces whatever, the snm of 
tbe unrneouinls of the whole liviog force is the «aiii€^ 
whltteyer mny be the curves described by each of the 
bodies, provided, that their points of departure and 
arrival are the same. 

This principle has place only in the cases in which 
the motions of the bodies change by insensible grada« 
tipns. If these motions experience sudden changes, the 
living force is diminished by a quantity which we shall 
^ determina in the following manner* The analysis 
which has conduated us to the equation (P) of the 
preceding number, gives in this case instead of that 
oquatiopi tbefbUowing^ 

• Tfct ^uaaoQ 2.m. ^ (^ -P).J*+(^-e)->jr 
+ ( ^, — il j.>« > of No. 19 is equiyalent to ZmX rrj. 

dx dti ^9f 

which equation If the differences A.:^'* A.~^, aad^.--* «» 

at ' at dt 

. substituted for the difierentiaU dS^, d.%. and d.—, » 

dV dr dt^ 

changed into the following, 

-, ^ /'J* dx ,^u dv J« dz\ 
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A.—, A.-^, and A.J being the differentials of^, ^ 

and ^ from one instant to another ; \?hich differen. 

tials become finite when the motions of the bodiei 
receive finite alterations in an instant. We may sup. 
pose in this equation 

ij:=dx-\-A.dx ; ^j^=:dj/'{'A.dy ; ^zzrzzdz-^-A.dz ; 
because the values of £fr, dj/^^nddz are changed in the 
following instant into dx-^A.dXy dy-^l^.dy^ and dz-^ 
A.dz^ these values of dxy dy^ and dz satisfy the 
conditions of the connection of the parts of the system ; 
we shall therefore have 

«=^'»- \ (S+^Vt)-^v7+(I+^I) •'^- 1 

fcfy+A.rfy;+/f.(rf2;+A.rfz)}. 
This equation should be integrated as an equation of 
finite differences relative io the time f, of which the 
variations are indefinitely small, as well as tfie varia. 
tions of j:, y, s, x^^ &c. Let us denote by 2, the finite 
integrals resulting from this integration, to distinguish 
them from the preceding finite integrals, relative to all 
the bodies of the system. The integral of mP.(dX'\- 
t^.dx)^ is evidently the same as JmP.dx\ we shall 
therefore have* 



* The integral of mV.idx^i^M) is fm.PAx^ for £fo?+ 
A,cte=:J*,'but/w.P.^« is equivalent ioJtn.P.dx^ therefor* 
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constant =:2.iw. ~ |-2,.S.»i. J I A.— 1«4- 

jR.dz) ; 

if ??9 1?'; r^9 &;c. denote the velocities of m, in% m''f &c. 

"vre shall have 

2.»itJ»===const.— 2,.S.m. $ r A.^)*+rA.^y 

The quant itj^ contained under the'tign 2, being neces. 
sarily positive, T?e may perceive that the living force 
of the system is diminished by the mutual action of the 
bodies, T^henever during the motion some of the varia. 

dx dti 

tions A.—, A.-^, &c. are finite. The preceding 

equation moreover offers a simple means for determining 
this diminution. 

At each sudden variation in the motion of the system, 
it is possible to suppose the velocity of m resolved into 



^/mP,(dx+Adx) is equivalent to fmP.dx. Id this eqaation 

dx dx 1 dx* 

the integral of t7«A .^ is supposed to be 5.^ . 

Those who wish to obtain information respecting finitt 
differences and their integrals, may find it in the two works 
ofS. F. Lacroix, upon the Calcul Differentiel and Calcul 
Integral, in the Traite De Calcul Differentiel et Calcul 
Integral, par J. A. J. Cousin, and in the 19lh Legon of 
the Lemons snr Le Calcul Des Fonctions, par J. L. 
Lagrange, &c. &c. 



two others, -one of -which t^ Kmainsdcuring the following 
instmtsL. tHe otBer of wfiich F it desfroyetf bjr the'stcfitfir 
of the other bodies ; but the velocity of nr being 

— ' -^ before this resolution, and changing; 

Bfferwardi into •f Cd^+^'d^)^+fi^+^.ds^)'+(*^ 

dt 

—- » ii^iseasgrtopfeiiceiv^that^wcrfiiiV^ 

tibr preoodiflg eqiitticw oHgUt^ttterefbn^ to^bcf'^'itife^ 
tbis<ftiw« 



* 13i8ieqiiatioB2iffn)^==20+4P).wiit»'diftdr^ 
f^sptct to f^ becomes r.mv.^zr^, ^'^''^•57+*'"* •57' 

+mD«^.-^+&c.=S'.^ + 'S'.^ + S". — +&C. which equa- 
tion has place for a system of bodies connected with each 
other in any manner whatever, which reciprocally attract or 
ntpiBleach> other, ov«re attractedi totwanb oi^^ repelled ftroHr 
fixed centres by.any forces S, 5', 5^, &c. ; naming the mu- 
tual distances of the bodies which attract or r«pel each other j 
00 ih»ir 4i6taaces fromfixed.centres of attraction or repulsion 
9^JyS^y &C.I taking the quantities <S, S', iS", &^-^hiok 
xeprescntrthe forces,- positively or negatively,, according; at 
theae forces are repuliive* or 'attractive;, as the first tend to« 
increaie and; the seeond io decrease the distances #, s\ ^, . 
fto. Thia.prlnoiple also has^ place in the movement of in- 
elastic fluids so long as they form a continuous massi andf 
there is no impact amongst their molecules. 
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20. If in the equatien (P) of No. 18, ive suppose 



If the forces S^ 5', S"y &c. are respectively functions of 

the distances Sy «', s^^y &c. along which they act, which may 

always be supposed when these forces are independent of 

each other ; or in general if the quantities Sy S'^ S^'^ &c. 

ds 
are such functions of Sy s*^ ^'^ &c. that the quantity S.-tt-^- 

ds' ds'^ 

S'.-r + S^.-rr +&c. is the differentia of a function of #. 
ai at 

y, s"j &c. which can be denoted by F(Sy f', a", &c.J, the 

integral of the above equation will be 

«ii7»+OTV*+mM*+&c.=c+2Ff #, *', s", &c. J, 

c being a constant quantity. In this case the forces Sy S'^ 

S^, &c. which act along the lines s, #', s^^ &c. will be re* 

presented by ^^j"^ , dP ^'^''• 

respectively. 

Let 0, afy o^, &c. be the respective values of s^ «', i'', 8cc. 
aud r, F*, ^'^ &c. the respective velocities of m, m', m^^j 
Zee. at a given instant; the preceding equation referred to 
this same instant will give 

mF^+mfr^+mffF"^+&c.=c+^F(ay Jy o^, &cj; 
consequently c=.mV'"{'m!V*+m"V»^+kc^^F(a, afy d\ 
&c.)y therefore, by substitution, we have the following 
general equation, 

3F(iy 9\ ff^ &c.;— 2FCa, i/, a»y &c.;. 

This is the general equation of the preservation of the 
living forces, from which it is evident, that the whole living 
force of the system depends upon the active forces, such as 
the forces of attraction or repulsion, or springs, &c. ; and 
upon the position of the bodies relative to# the centre of 
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&c. 



these forces ; therefore if at two instants the bodies are at 
the same distances from these centres, the sum of their 
Hying forces will be the same* 

If the bodies should strike each other, or meet with ob» 
stacles which cause a sudden alteration in their motions, the 
above formula may be applied to the bodies during these 
alterations, however short they may be ; thus denoting by 
F, F', F^, Sec, their velocities at the commencement of the 
sudden change, and by Vy v\ v''^ &c. their velocities at its 
termination, also by a, a', (/', &e» the values of the distances 
Sy s'y «^, &c. at the beginning, and by A^ A\ A\ &c. their 
values at the end of the same action, the following equation 
will have place, 

mV*+mf F^+m'-^P'^+fcc— mr* — mV* — mV* — &c. =2 
^F(ay aly a"y &cO — 2Ffu4, A\ A", &c J. Which shews 
that the difference of the living forces at the commencement, 
and at the end of the action will be 2Ff a, a', a'^, kc) — 
^F(Aj A J A"y &.C,). This expression may have any finite 
value whatever, however small the difference between the 
respective quantities a, a/j a^^ &c. and Ay A'^ A"j &c. 

When perfectly elastic bodies strike each other, either 
directly or by the intervention ef levers or any machines 
whatever, the ci^mpression and the restitution of the shapes 
of the bodies follow the same law, and the action is supposed 
to continue until the bodies are restored unto the same re* 
spective positions in which they were when the compression 
commenced* In this case we shall have azziAy d-zzjS^ 
aP=zA"y &c* and consequently F*Cct, a', a"^ &c»)zzF.(A^ 
Ay A"i kc) ; therefore the living force will be the same 
after as before the shock. 

The following proof in the case of two elastic bodies im* 
pinging upon each other, is derived from the laws . of the 
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by substituting these variations in the expressions of 
the variations J/, If^ J/', &c. of the mutual distances 



motion of elastic bodies. Let Fand V be the Telocities of 
two elastic bodies m and m' before the shock, v and d' theic 
velocities after, also let u represent their common velocity^ at 
the time of contact; then as may be seen in the elementary 
treatises upon Mechanics 

.r , T^ mV+m'V 
vziAu — r, v'zufiu — F', ttzr - . , y and the quantity 

fnv*+m'v'* by substitution becomes tn(2u — F)^ + fn^(^u 

F*+m'F'K 

In the shock of in.elastic bodies^ the action is only sup. 
posed to contiuue, until the bodies have acquired the 
>Velocities which hinder their acting upon each other any 
longer. As therefore the effect of these velocities upon the 
mutual action of the bodies is nothing, if we had impressed 
these same velocities before the action it would have been 
the same, in consequence of the velocities composed of these, 
.and of the velocities properly belonging to the bodies. 

Again therefore, it would be the same if the velocities 
impressed were equal and directly contrary to those above 
mentioned ; for the action will not be varied by supposing 
that these impressed velocities were destroyed by the opposite 
velocities. It consequently follows, that in the shock of 
hard bodies the velocities v^ o', i>^, &c. after the shock, 
ought to be such, that if we give these same velocities 
to the bodies m, m', 971''', &c. in a contrary direction, 
the equation mF*-f wiT'*+ &c.— wo*— mV*— iwV*'— &c. 
=2F(a, a',a^ &c.) — 2F(^, ^', A", &c.) given above 
will equally have place. But the terms which compose 
the second member, as they depend upon the mutual 
action of the bodies, will necessarily remain the same; 
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of the bodies of the system, of nrhich we have giTd^ 
the values in No. 15 ; we shall find that the vairiatioiw 



therefore the value of iwr*+OT'F'* + m*F^»4-&c. — »i©» — 
jw'o'* — m^h^^^ — &c. will not be changed by composing the 
velocities F, F', F^, &c, and the yelocities o, v\ x/\ Ac* 
with the velocities — Vy — o', — v"^ — &c. respectively. K 
therefore the velocity composed of V and — v is represented 
by M, the velocity composed of F' and — v' by itf ', &c. the 
following equation will have place, 
,wF«+m'F'»+m''F"*4-&c.— »io»— mV»— m'''©'^^*— &c.=«t 

ii the velocities v — Vy z/ — ©', v'' — ©'', &c, vanish. 

Because F, V y V"^ &c. are the velocities before the 
shock, and v^ v\ v^^y &c. the velocities after the same, it is 
evident that My M'y M"y &c, will be the velocities lost hj 
the shock ; therefore wt Jf* + m!M^+m"M"^+kc. will' be^ 
the living force which results from these velocities, conse- 
quently this conclusion may be obtained. That in the shock 
of hard bodies, there is a loss of living forces equal to the 
living force which the same bodies would have had, if each 
of them should have been actuated by the velocity which it; 
lost by the shock. Vide the Principes Fondamentaux de. 
L'Equilibre et du Movement, par L. M. N. Carnot; and 
the Theorie des Fonctions Analytiques, par J. L. Lagrange 

It is evident from what has been said, that when the bodies 
of a system move in a resisting medium, or are subjected to. 
friction from fixed obstacles, the living forces are constantly 
diminished and would at length entirely cease if the bodies 
should iiotbe kept in motion by other forces. The formula 
^.fm{F,dX'\-Q,di^'\'R.dz) in these cases would not be an 
exact integral. 

In the equation given in the notes at page 144, we may 
suppose that the variations ^o:, ty^ aud $2 are proportional* 






iXj ij/f ^nd ix will disappear f4rom these exprettkim.^ 
if the system be free, that is if it have no one ci ift 
parts connected with foreign l>odies ;• the conditions 
relative to the mutual connectiob of the bodies depend* 
ing only upon their mutual distances, the variations 
iXy ^y, and ^z will be independent of these conditions ; 
from which it follows, that by substitutiog Amt I^, ly^ 
to', ^^9 &c. their preceding values in the WfsmiSkfltf 
(P)y we ought io equal separately to D(oti|ui]g tttei^ii^ 



• • 



to the velocities a?, ^, and z which the bodies Have received 
by impulsion. We shaH then have ^e equation 

2-{»i(i«+j/*+;^)— (Pic'+ Qy^ Rz) }=0, 

ini whic^ Xm(«^4-iy^+^') represents the whole living fbfCA^' 
§$i ibe system. 

^ At No. 15, f=^{(x'^x)^+(t/^2f)^+{^^ty^}. 

&c. &c. 

consequently by differentiation 

&c. &c. 

If >«+^' be substituted for ^x', ly+^yj forS^y, and Iz+lz/ 
for }?, in the preceding value of ^, it will become 

^(J^i^^}l^g=^ , ,wch *,« not 

eontain either Ix^ ^i/y or ^s. In like manner by making the 
proper substitutions, the same quantities wiU disappear fi^oBi^ 
the values of y, ^^ &c. 
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HfhenUbe tjstem is not solicited by forces unconnected 
with it. In this case i¥e have 



^= dT* ' " — dt* ' " — dt^ * 
iuid by int^ating 

X^a+bt; Y=a'+Vt; S=a'^+Mt; 
a^ by a'y Vy a'^y V'^ being constant quantities* By ex- 
tracting the time f, we shall have an equation of thj9 
first order either between X and Yy or between X and 
^ ; from which it follows, that the motion of tjie centre 
of gravity is rectilinear. Moreover as its velocity is 

•«'»' •» i/(¥)-+(f )■+(§)•> " ^ *'f ^+ 

l^^\4i^)j it is constant, and the motion is uniform. 

It is evident from the preceding analysis^ that this 
inalterability of the motion of the centre of gravity of a 
sy^temof bodies, whatever may be their mutual actions, 
subsists also in the case in which some of the bodies 
lose during an instant by this action, a finite quantity 
of motion*. 



-»Ifth^€qtta*ios^if=?:2f,r=?^^ and ^=*f2 

flf 9 ^iflr<[^r»qiiflited with respect to the lime they Wiirglve ther 
following 

#; dX - dx : d¥ dy dZ ^ rfr 

dt dt dt dt di dt 

As the simultaoeoud Impact of a part of the bodies will 
change io general the velocities of all the bodies on accoant 
of their maiaal connection, let a, ^, and c represent the 
velocities of the body m in the respectlTe directions of tbs 

dx dy dz 

co-ordinates, or the values of — s ^) ^"^^ immediately 



91. If we make 

*j'=— ^ — l^'' ¥=-• ^ — l-*y/i * 

the TBriation ix will again disappear fiotn thl^ e!tpnes'- 



.j"-' •' 



•ii «'«.> .-•■ 



hetore the impact a', 6', and </ those of m'^ ice, and Jtj B^ 
and tthe values of these velocities immediately af^ter foir the 
body m^ A^ B\ and O the values for the body ntl^ &'c. in 
this case before the impact we shall have 

and after 

2m.— rr-^Sw-^, 2m. — --zz2mJB, 2m.— 7r=2«iC* 

The quantities of motion tost by all the tibdies at the in. 
stant of impact sho\ild be such as would cause an eqiiillbriuni 
in the system ; these forces in the respective directions of the 
co-ordinates a?. y» and z are mo^—m:^, mb — mB, and nic-^ 
ipj7, which for all the ppints of the system are z,.ma-^^,mJ[^ 

z^mb^-^^kmB^ Sec. These quantities^ as the s^sjbm' is not 

V* - • - 7^*' • ■ . • ■ A" !'• .V '• • rtfl^J'^'yi ■>- ' 'J 

sapposed to contain ^ny fixed pomt.^ are reipecuvely equal 

to nopmg, consequently z.mazz^^^fnA^ 2/«m6=:z2?.mB^ 

■••'' dJtdV ■ ^^■■. :■'--■ w 

&c^ tberefoi^e the valttes of --77! -^« £(C. are the.sao^e after 

at at' 

as before the impact^ and tKe velbcit}^ of th^ centr^ df ^r&^tj^ 

of the systefirrs thi sarfS tn 9[mSlfry knd (llV^ctfbW;^ 

Ihlefdtrowipgls'a prqo^oh^s't^^tfth iW ttfi* shfl/)t^ cSs4-'c» 

tii^ inpitet bf CW^ nbW'.eMHc^bdiHsB i^talii^dtt^^i^^ tkr^ 

diffiBrent manner. v/. ^ ., ^ /. V\x ..,'» 



X 
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sions J/, >/, If^ Sec. ; by supposing therefore the 
system free, as the conditions relative to the connection 



Take apon the right line which the bodies describe any 
point whatever for the origin of the spaces described, let a? and 
a/ represent thc^ distances of two aon.elastic bodies m and m' 
respectively from that point at the end of the time ty and JTthat 
of their centre of gravity, then by the known laws of the 
motion ^ non.elastic bodies given in elementary treatises 

upon Mechanics JTiz: ; — r- ; if «> and t/ be the respective 

velocities of the bodies m aodm' before, and F their common 
vdocity or the velocity of their centre of gravity after the 

shock then f^-r-^--- — p-, as is well known ; but the velo. 
city of their centre of gravity before the shock is -^ zzi 

*dt'^ * ctt , therefore as r-- = t?, and --- zzv'n the ve- 
1 , ■ at at ^ 

m-^m -- 

locity of their centre of gravity is the same before as after 
the shock. 

Let the bodies which compose a free system be supposed 
to be acted upon only by impulses, and in the equation given 
in the notes page 144, let Jjp+^jp/, >y+^^/> &c» be substituted 
for ^o/, )j/', &c* and the forces S^ S* , S'^, &c. be reduced 
to the rectangular forces P, Qj Ry Py &c. then the follow- 
ing equations may easily be proved from what hafi preceded, 

» 0=2.(mjr— P), 0=2.(iiijJ— Q), OzzS.Cw/— B). 
If the co.orditial^ «, ^, and 2 are referred to the centre of 
gravity of the system we sha)l have 

XS*mrs2.mj7, Y^.fnz:iS,.myj Z^mzzS^mZj 
which being difl^rentiated relative to f, by making dX:zz 

Xdiy dYz=:Y4ty dZ=Zdt; dxz=!tdiy d^gdi^ dz:=:idiy 
dJzr^dij &c. we shall have 
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of the parts of the system^ only influence the Tariations 
Sf^ ^f% Sec. the variation ^x is independent and arbi- 
trary ; therefore if ive substitute in the equation YP^ 
of No. 18, in the places of ^j:', ^j?''^, &c. ; Jy, ^y'^ 2^^^, 
&c. their preceding values ; ive ought to equal sepflM^ 
rately to nothing the co-efficient of 'x, "which gives 

from ivhich we shall obtain by integrating with respect 
to the time f , 

c==2>.m.--~f—+2.f.m.(Py—QxJ.dt; 

€ being a constant quantity. 

We may in this integral change the coordinates y^ ^^ 

&c. int» %y %^y &c. provided that we substitute instead 

of the forces Q, Q'^ &c. parallel io the axb of ^, the 

forces iZ, R\ &c« parallel to the axis of z ; which gives 

xdz'^zdx 
dz=Si.m. — -T^ — -|-S./.»i.f P« — Rx).dt ; 

d being a new constant quantity. We shall have in 
like manner 

vdz'^zdv 

e^ being a third constant quantity. 



«. 



• * * • • • • 

X^mzizSiXm^ Y^mzzS^ym^ ZSm:=z2«i9i, 
and consequently 

ir2m-.2P=0, JhSm— SG=0, 22jfi— 211=0. 
These equotiotts shew that the- yelocities -given to the centre 
of gravity are the same as would be given if all the bodies 
of the system were united at it and received |it the same time 
the impulses 2P, 2(2, and 2/1. 
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het us suppose that tb^ bo4ief( of the system are m\y 
ciubmitted to their mutual action, and to a force di- 
rected towards the origin of the co-ordinates. If we 
i^amc, a$ above, p the reciprocal action of m and Qfmff 
|tare shall have ia consequence of this sole action 

thus the mutual actions of the bodies viiW disappear 
from the finite integral 2.m(Py — Qx). Let S be the 
force nrhich attracts m towards the origin of the co- 
ordinates ; we shall have in consequence of this sole 
force, 

the force S will therefore disappear from the expression 
Py — Q^f consequently in the case in which the 






*' The notes given to the preceding number, render it 
unnecessary to say any thing respecting the equations given 
in the firs^ part of this, a^ t|^ey may be proTed in a similar 
manner. The equations X.m(Pi/ — (2a7j=0, &c. are evi. 
dently true, as S.fliPz^Q, S.tn(2=Q9 aad X.9iJB=0^ S^ 
the last number. 

i If a radius vector is drawn from the body m to the 
origin of the co-ordinates, it will be equal to ^(x*+Sf^+ 
z*) ; by drawing a perpendicular from m to the axis of x 
we shall have from . resolving the force S^ whicfi must be 
taken negatively as it tends to diminish the co-ordinates, 
into two others one acting in the direction of the axis and 
the o(ker,pp.rpendic«l^r to tt>: tlie fb^o^ug RR)p.o]rti9n, 

'/r"**+Ji'+«*J :« :: -r-.S : P, tfcerefp{r« 
P= 






yc*»+^»4^4»;* 






4ifff pent l^odies of the system are oaly solicitfd by tlifsir 
aqtiQii, and their i^ataal ^ttraption, and t^y ^qss 
4iTected towards the mg\n of the corqi^iini^ ^H 
fhall have 



crz^zLmtn* — ,. • • • f iZTJ • 

V W? P^PJ®<5t *l*® l!^y ^ iipp^ ^^^ plane of X a^^ j(f 

tiie differential — ^ will Jbe the area, which the 

fadius vector drawn from the ori^p office corordinates 
pf t|ie projection of m tr^cesi duriQf the t|i^f; cft*y 



* Suppose that ^ (^^. 15,^ represents tb« origin of th€ 
co-ordinates x andj^ which are measured along the rectan* 
gular lines AX ^ncl AV^ ai^d Jf the pl^ce of a bod; of its 
proiect|pn, which is supposed to move aloo^ the puryte 
^CNf haying APzzy and PNzzAXzzzxfor its co-ordinate^ ; 
^ejk the i|r^a ACN described by the radius Tector ^^j' dr^wn 
ftQjfo. thft Cf^ntr^ ^ to the point N^ is equal to the area ^(7 
jyp mimis the a^ea ANP^ but the area ACNPz=if3fdjf^c^ 

and the area ANPzz-^^ theijefore the area ACNzzfxd^c 
^— -^ and consequently its differential = xdg'rr4*'-^zsx4g 

If ^c=:|.cos.v and ^=Zf .^in.^, see page 21 ; by iHibftita^tiop 
^nd neglecting inde^pitely ^mall quantities of thf» ^efsqp^ 

xdy^^ydx f^dzj ^, 
order, -r-^ ~"T~'' ^^'^ ^^ *^^ *'^^ ?' *? 'f?^®' 

#^prit»«d hy 4)U^ 4vi:iPg th« tiipe A. 
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the sum of these areas multiplied respectively bjr the 
masses .of the bodies, is therefore proportional to the 
element of the time; from which it follows, that in a 
finite time it is proportional to the time. It is this 
which.cbnstitutes the principle of the preservation of 
areas*. 

The fixed plane of x and y being arbitrary, this 
principle has place for any plane whatever ; and if the 
force S is nothing, that is to say, if the bodies are only 
^subjected to their action and mutual attraction^ .the 
origin of the co-ordinates is arbitrary, and we are able 
io place that fixed point at will. Lastly, it is easy to 
perceive by what precedes, that this principle ' holds 
good in the case in which by the mutual action of the 
bodies of the system, sudden changes take place in 
their motionst. 



* The product of the mass of abodj by the area described 
bj the projection of its radius vector during an interval of 
time denoted bj unity, is equal to the projection of the 
entire force of this body multiplied by the perpendicular let 
fall from the fixed point upon the direction of the force thqs 
projected. This last product is the moment of the force 
which would make the system turn about an axb pasiing 
through the fixed point in a perpendicular direction to the 
plane of projection. The principle of the preservation of 
areas may therefore be reduced to this ; the sum of the mo- 
ments of the finite forces that would make the system turn 
about any axis whatever, which is nothing in the case of 
equilibrium, is constant in that of motion. In this point of 
view the principle answers to all the possible laws between 
the force and the velocity. 

It appears from what has been said, that the law of the 
motion of the centre of gravity and that of the areas described 



Tbere.is aplane with respect to Vfhi^h c' and c^ are 
nothing which, for this reason, it is interesting to 
know ; for it is evident that the equality of d and c* 
to nothing, ought to introduce .the greatest simplicity 
into the research of the motion of a system of bodies. 
In order to determine thi9 plane, it is necessary to refer 
the co-ordinates ^,y, and z to three other axes, having 
the same origin as the preceding. Let therefore d re* 
preseiit the inclination of the plane sought that is formed 
by two of these new axes, to the plane of x and y; and 
4^ the angle which the axis of x forms with the intersec* 

tion of these two planes; so that ~ — d may be the in* 
delation of the third new axis io the plane of j; and^^ 

and ^ — \'^ may be the angle which its projection upqn. 

the same plane makes with tlie axis of a:, v being the 
semi-circumference*. 



,« 



being proportional to the times, (which last will' Again her 
noticed in this namber) are independent of the mutual action 
of the bodies of the system ; these two laws have therefore 
a mure universal application than the law of the preservation 
of living; forces, which is only independent of thos^ passive 
resisting forces such as the pressures of the bodies, the ten. 
sions of the threads or rods connecting them, &c. which 
hinder the conditions of the system from being disturbed, or 
in general all those forces which can be exp^ressed.by e.qoai* 
tions between the different co-ordinates of a body, which 
are Independent of the time. 

* In (Jig. 16, J let the lines Ax^ Ay^ and Az represent 
the axes of the three rectangular co-ordinates x^ ^, and a, 



In biSk^ to fit bur ideBiis, id i^ stlt^t^oief <hat ihp 
<}Hgin df tbe jso-^rdmaten isi at tlie t^hire df the earth ; 
timt tfie phhe of t B,nd yiiihit 6{ the ecliptic, atid' 
that thedxis of is is a line drawn froin the centrlsl of the 
eattii to tine ndtth pole of the elliptic ; M iis{ al^ sq^ 
fioie tllkl the plane sought is that of the eqaat^r, aofif* 
that the thitd hew dxis is that of the rotation of tk^ 
^arttt directed to w^rdr the north pble; d irill theii bl^^ 
theobliqnify of the ecliptic, and 4/ the longitMe of 
th^ fijted AXIS otx relative to the moyeable eqoiao& of 
spritfg. The two first new axes will be in the plane of 
the equator ; and by naming (f the angular distance of 
the first of these axes from this equinox, ^ will repre* 
se'titfhe rotation of the earth reckoned from the sataib 

(f^iiiiiditi aiid | -f (p ttill be (he atigiibr distance of iW- 



the line Ae the common section of the planes x y and sf y, 
and let another plane be supposed to pass through the point 
^perpendicular to Ae the common intersection of the planes^ 
cutting the plane a?' %f in the line ^c? and the plane xy in the 
line a4^\ then as every line drawn from the point A per. 
]^ndicular to the common section Ae must be in the perpen* 
dioular plane, the axes Az and A^ of the ordinates z and i 
are iq.it, consequently as the angle dAh or fi is the incilBa. 
^o|i of the two planes and the angle dAJ is a right angle^ 
tjie angle JAa formed bj the ordinate z^ andrthe pl^e xy w 

rt^eiited by |-^ d. Also the aiigle xAt fcihn^ Hy tH& 

i*- ' ' . -fc • ' i ■ ■' ■•' . '.'L 

intersection of the planes xy and x'y and the ordinate ^ ia 

represented by; 4^, and the vangle *u<tf, as the angle aJk is a 
ttgiit angle' by ;-4^. ' ^ ^ 
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second of these axes from the same equiaox : let these 
three axes be named principal axes. This being agreed 
upon, suppose x,^ y,^ and %i to be the co-ordinates of 
m relative, first, to the line drawn from the origin of 
the co-ordinates to the equinox of spring ; Xi being 
taken positive on the side of thb equinox ; secondly, 
\j^ the projection of the third principal axis upon the 
plane of x and y ; and thirdly, io the axis of s ; we 
shall then hare* 

j::=ir,.cos,%^-f-yy.sin.4/ ; 

yzzzyi^Q^.-^ — ^ary,sin.>}/; 



* 1*1 (fis* 17, J let A be the centre of the cp.ordinates, 
th^ perpendicular lines AX^ and AY, the axes of the co. 
ordinates Xi and y^^ and the perpendicular Hues ^JTand AY 
the axes of the co-ordinates x and y making with the former 
lines the angle >)/, aljso suppose the Y\x^^ AM to represent 
the projection of the line drawn from the origin of the co- 
ordtnat e a to 4he bodj m upon 4;he plane of the x*8 and ^'«, 
from the point 3f draw the lines Mx^ and My ^ perpendicular 
^ ^ l»Pf s 4X, apd 4Yi, and^e lines -^ and My perpe?. 
dicular ^oihe lines ^JTand AY^ thep we s^ll have MxfZizy,y 
Mypz.A3i^r^xi^^ Mxzzy and Jllyrr-^^ciz^, also t^e angle 
jr^jr=4^, and t^e ai^gle AaXf formed hj the intersection 
dCifae'Hnes ^Zaq^ J|£r^r=96— >^. In tl\e right angled tri. ^ 
angle aAx^ by trigonometry cos. >|/ : rad. (1) : : Ax^(^f) ; 

'Ait±: " ' * , , also rad.(l) : sin.-vj/ : : A<A — -^ I: orrr^.. 
C08.+ • \Qos.>]/y ' ' 

— ^ ; then as Mx=zy.y Matzy. — ^a?..-^l2r. In the right 
COS.4/ ' "" ' cos.>^ ° 
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Let Xn^ j/ny and %f^ be coordinates referred, first, to 
the line of the equinox of spring \ secondly, to the per- 
pendicular to this line in the plane of the equator ; and 
thirdly, Xx} the third principal axis, then we shall have 

yy=y^.co8.9-f-js;y.8in.0 ; 
X/r=:2^.C08.fl— ^^.sin.S. 
Lastly, let j:^;, y^^, and %m be the co-ordinates of m 
referred to the first, to the second, an^ to the third 
principal axis respectively ; then 

x^p=a?;^.cos.<p— y^y.sin,(p ; 
y/y==y///-cos.({4-a:,^y.sin.(p ; 

From which it is easy to conclude, that 
j;i=:jr^y.{cos.d.sin.4/.sin;^-|"C^*»'4'.cos.^} 

-|-y///«{cos.9.sin.+.cos.$— cos.^sin.^}-|-s^,,siii, 
6.sin.>^; 
y=:ar^/.{co8.d.cos.4'*sin.f — ^sin.^/.cos.^} 

-f:y//y.{cos.9.cos.4'.cos.(p-|-sin.^.sin.$}-j-af^y.8in. 

(^y.cos.9— y^/.sin.O.cos.^ — ^^^/.sin.d.sin.f. 



the angle aMsp:rL\^ and hy trigonometry rad.(l) : sin. 4^ 

(810.4^ \ , sin.*^' 

X, , , 8in.*4/ 

8in.4/* 

Again in the triangle aMr, by trigonometry rad. (1) : 

(sin. 4/^ 

sin. 4/. 

In a similar manner the co»ordialtes relatiye to the other 
axes may be found. 



*/• 



L/IPLAC£'8 MBCHANICf. 171 

By multiplying these values of x^ y, and % respect- 
ively by the co-eflBcients of Xy,, in these values, "we shall 
have from adding them together 
47,yy=j:.{cos.6.sin.\)/.sin.(p-j-cos«>J/GOS.^} 

-f-^.{cos.0.cos.4..sin.(p — sin.^.cos.^} — s^.sin.d.sin.^. 

By multiplying in like manner the values of Xy y^ 
and % respectively by the co-efficients oiym in these 
values and afterwards by the co^efficients of t^n^ we 
shall have 
Urn — ^■y^{cos.i9.sin.4/,cos,(p — cos.^i^.sin.f} 

-j-^.{cos.9.cos.4'.cos.$-j-sin,>j..8in,(p} — s.sin.d.cos.f. 
*yyy=z=i:.sin.d.sin.4/-|"i^*sin.0.cos.4'-j-2.cos.9. 

These different transformations of the co-ordinates 
will be very useful to us as we proceed. If we place 
one, two, &;c. marks above the co-ordinates x^ y^ %y 
^on Vim ^"^ %j ^^ ^^ have the co-ordinates cor- 
responding to the bodies m\ m"^ Sec. 

From the above it is easy to conclude by substituting 

c, c', and cf in the places of 2.m. ^ — , S.m. — 

Jt » ^""^ ^'^' dt ' ^^** 

at 

2.m. ^/^Art/^^/ =c,sin.0.cos,H>c'. {sin.>p.iin.H- 

cos.0.cos.4^.cos.(p} 

-l-c^.{co8.4'Sin.f)^— cos.O.sin.^cos.^} ; 

S^^.^?i^[!fcfA/__c.8in,e.sin.^ 

Oft 

— cos.6.co«.^.Bin.(p} 

-4"^^*{co'B*4'iCO8.^-f*^O8.0«Bin.4^»Bin.^}. 
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I{v9e determine 4^ and d so that we may have sin J. 

sin.J/=: y = ; afad8in.6.cbs.>]/==-7==.=====; 

Mrhicb give 

we isthall have 

» 

^•^- 5i =^5 

Z.W2. ^ — —=0; 



* Let etf 0f aiid v represent the angtes which aperpendi. 
ViAsiv to the ibvatfikble piaoe respectively makes with the 
axes Xj y^ and ;^ Ve shall then have tfae following equations, 

C0S.I6ZZ sin.9;sin.4'b 

cos.i3=:sin.d.cbd.4', 

cos.y=::cos.©^ 

In order to ^'roVe that cos.azrsin.^.sui.^/, let C(jig TsJ b# 
supposed the centre of the co-ordinates^ CX the axis of J^ 
CF the line of intersection of the planes xy and x^^^ni^ CA 
the axis of ^r^^y ^htch !^ {ferr{iendicalar to i^^ line ()1P ; froila 
any point A of the line CA let fall the perpendicular AB 
upon the plane o:^, join CB^ then CB will 1)e 'th^pVoJcrdi^^ 
of the line CA tpon that plade ; l«t the' angle of the inclina. 
tlon of the planes xt/ and ^^//^//^ be represented fiy 9y then 

Its coihj^remeiil; this lingle ACB Will he d, v being Ae 

semi-circumference of a circle the radfi^^ <6f "^liTcli 1^ oVlfiy. 
From A draw .^D pbrfiendictalar io CJt and join BD^ let 
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Ae Values of t' and €^ are theteit»te notbing if Hb resect 
to tbet^Iane of X/,f and ^,^ deterinin^d itf ib4k maimer^ 
Th^fe is oaly one ]^lane whieh potaesses tblsipropbrtjiri 
for supposing it is tbat of a: and y, i¥e shall bave 

V 

.!»• -j- =— •c.iin.w.sm.^. 



y- i *• ' " - ^> ^^^-^^ m^nr ... - nrrtnn^ 



^ 



the angle FGX be denoted by -^^ then its complement the 

angle XCB will be 4/. If AC is supposed to repre. 

sent the radius equal to uuitj of a circle, then HCzzl^xvlA. 
and, as the triangle Si^ is right raligled, by trigonometry 
we have 

iiaAiX) r s!ti.>j. : : fi&Xsiii.fl) : t?D=^tn.d.sin.>^ ; 
but CD is the tbsiile of thift angle ^ICD of iBcUnatlofi ofthk 
axes z^^ and a?, therefore cos.i6=sin.d,sin.4/. 

From the centre C of th^ co-ordinates d^aw Hhe tide CT* 
perpendicular to CX or the axis of x^ then Cf ^11 repre. 
tent the axiii of Jjr, flrbin u4 let fall the peV^Wditulav Jfl^ 
npon CF, join J?F. In the right airgleA tWatogte ^ftlTw^ 

^pW-.(I) • cds.4/ ?1 C2?(8ih.») : €lr±::s5n.'9/6bf aJ. ; 
bill ICFisthe tjGfsl^e bf ^he an^e ACT or^, thet^(^fe Wrti. 
/i,!r:sHi.'ditos,>ik. 

Theabgl^ fofi'iWed by «h^ Wic^i i^ kf!d s.„i^ ^^^ '^o'*^ 
fettned by tt^^latttt %^id Iciijy^n toi«^ueiitiy dds.J^liitebtf.*. 



>i • -i 



e* 



cos.Asrsin.d.sin.^' $r:r:7= — j-Jil-.- ' j. ^ 

—if 
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: By equalling these two functions to nothing, we shall 
have sin .6=0 ; that is the plane o^x,„ and y/;,then co- 
ivcides with that of a? and ^. The value of S.m. 

^m^yiir-^h^m being equal to ^/TT^^T^^ whatever 

may be the plane of x and ^; it results that the quan- 
tity c*-|-c'*-|-c''* is the same, whatever this plane may 
be, and that the plane of ^,„ and y,,/ determined by 
what precedes, is the plane relative to which the 

function 2.m.^i^'^=^^^' is the greatest^^ thcirfane 



'f ■ 



cos.yrrcos.d.zr ^7=========, 

from ivhich the position of the plane may be readilj found. 

It appears preferable to take c'zzS.m. ---^ — instead of 

at 

2.f». ; in which case cos. f woald be affirmative. 

at 

As the quantities c, c/, and c^* are constant the position of 
the plane is invariable. 

♦ As the quantity c^-^d^+df^ is invariable whatever may 
be the*plane of a? and y, let a/, f/j and V represent the co. 
ordjnates of any other system of rectangular axes about the 
same point, as those of a?, ^, and 2, then if a, </,anda^ 
have the same relation to the planes formed by these co« 
ordinates as c, tf^ and c^ have to those formed by the 
co-ordinates a?, y, and z, we shall have a*+a[*+a''*=:c*+ 
V* +(/'*, therefore a zn \/c* +d*+ d'* — al^—af^ ; conse- 
quently, when d and of' vanish a is a maximum and equal 

to V^-f7*+c^* 

We may at any instant find the position of the invariable 
plane relative to any determinate point in space, if we know 



.»- .^ 
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we are treating about therefore possesses these remark- 
able properties, first, that the sum of the areas traced 
by the projections of the radii vectores of the bodies 
and multiplied respectively by their masses, is the 
greatest possible ; secondly, that the same sum relative 
to any plane whatever which is perpendicular to it is 
nothing, because the angle 9 remains indeterminate* 
W« shall be able by means of these properties to find 
this plane at any instant, whatever may have been the 
variations induced by the mutual action of the bodies 
in their respective positions, the same as we are able 
easily to find at all times the position of the centre of 
g^ravity of the system ; and for this reason it is as natu* 



at this instant the velocities and the co-ordinates of all the 
moving bodies of the system, as the position of this plane 
with respect to the centre of the co-ordinates depends upon 
the three quantities c, c', and c'''^ which are respectively equal 

to 2«.(«.|_y.^), 2.«..(*.| -''•D^d 2.m,( 3,. 

— — ^-"77 f • These quantities are evidently composed of 

the co-ordinates of (he moving bodies and the components 
of the velocities parallel to their axes. 

It appears from the above that c is equivalent to the sum 
of the moments taken M^ith reference to the ceutre of the co« 
ordinates and projected upon the plane xj/ of the quantities 
of motion of the bodies m, m', &c. at any instant; c' and g^ 
are the sums of the moments of these for<;es taken with re^ 
spect to the same point and projected upon the planes of ors 
and tfZy consequently the invariable plane coincides \vith the 
principal plane of these moments ; seepage I14» 
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ral to refer the s^s and y^s to this plane, at to leftf the 
origin of the ca-ordiaatea ta the c^ntie qt gravity pf the 
ejrstem^» 



* If two or more bodies of the system strike fi^h oth^^ 
the position of the invariable plane ^ill not be altered either 
with respect to a fixed point, if the system turns about it,, 
er with respect to any point whatever, if the system moTes 
freely la space. In oriler to prove this, it will be necessa^ 
iQ sh^w that the values of c, d , ^nd d^ are ti^e s^im^ ai^e^^yn 
l^efpriB the impact, fqr which purpps^ the ^enpmi^ajtipjqf 
given page 160 notes, will be made use of. This proof 
follows from the quantities of motion lost by the impact pro. 
ducing equilibrium, which will give the following equationi, 

2.i?i.{a:f&— B^— j^f a— ^) ]=:0, 
l,.m»{x(c — C) — z(a — A) ]=0, 

whiph arje part of the six general equations of equilibrium 
No. 1^9 and are equivalent to the three following 

^m(xb — ya)'zz2im(xB—yA)j 

^m(xc — za)ziL2tm(xC — zA) , 

It is evident that the first members of these equations are 
the vaiM^ of c, c', aud <:!' im«»edis^tely before the impact and 
tjie second me^ibers their velocities immediately after, there* 
fore these values are the same after as before the impact. 

It therefore appears that the sums of the areas denoted by 
c/, c7, and d't are not altered by the mutual impact of the 
bo.dies of the system ; these areas will consequently always 
l?e proportional to the time employed to describe them, 
although in the interval of that time sudden changes may 
have been produced in the velocities of the bodies from their 
mntu^ impact. The impact of a body not belonging to the 
system will in general change the values of these areas and 
consequently the direction of the invariable plane. 
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IBS* The principles of the preservation of living 
fcMTces and of areas have place also, \fhen the origin of 



When a system, at liberty to turn in any direction about 
a fixed point, receives a number of impulses, after theyhaye 
heen reduced to three P, Q, and R in the directions of the 

axes X. V. and z^ the accelerating forces —r-j — < and — 

may be changed Into the velocities a?, yy and z and we shall 
have by substitution, (see the beginaiog of this number) the 
following equations, 

l.m(xz^zx)+^,(Pz^Rx):r:^ ^(^) 

l.m(yz^zy)+'S..(Qt^Ry)tr:0 J 
for the first instant of the motion produced by the Impulses. 
If tho system is. entirely free, the point may be taken any 
where in space and the above equations will hold true. This 
will also be the ease if there is ao fixed point and the system 
turns about its centre of gravity. 

If there are no accelerating forces, the effect of the im« 
pulses will be continued, the terms which depend upon the 
Impulses P, Q, and R bein^ regarded as constant. For, as 

Xy yy and z are the velocities in directions respectively paraf. 

lel to the axes of Xy yy and 2:^ we have dxzzxd^ dyzzydty 

dzzzzdty &c. and the above equations will be changed into 
the Mlowing, 

^,tn(xy^yx)zzcy 

• • 
S . m (xz — zx):z:c' , 

^fm(yz^zy)zzef^ i 



consequently 



c=X.(Qx^Py), 

d=2,(Rx—Pz), 

d'=I,.(Ry-Qz). 

z 
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the co-ordinates is supposed, to have a rectilinear and 
uniform motion in space. To demonstrate it^ let X, 
F, and Z be named the co-ordinates of this origin, 
supposed in motion, referred to a fixed point, and let 

^'=X+<; y=F+j^/; 2'=^+z/; 

&c» &c. &c. 

a?,, 3^„ 2„ a:/, &c, will be the co-ordinates of w, m'y 
&c. relative to the moving origin. We shall have by 
the hypothesis 

d'X=0; d*Fz=0; ^Z=Q\ 
but we have by the nature of the centre of gravity when 
the system is free 

the equation (P) of No. 18, will also become by sub- 
stituting SJSr-|-Jar», ^F^-Sy,, &c. instead of S^, Sy, &c. ; 

an equation which is exactly of the same form as the 
equation fPJ, if the forces P, 0, and R only depend 
upon ihe^o-ordinates x^^ y,, ^„ a:/ &c. By applying 



The values of the constant quantities c, (/, and di may 
therefore be expressed by the initial impulses given io each 
body, and it has been shewn that these values are the sum9 
of the moments of these impulses with respect to the axes of 
Xy yy and z* 
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to it the preceding analysis, we shall obtain the prin- 
ciples of the preservation of living forces and of areas 
Tyith respect to the moving origin of the co-ordinates. 
If the system be not acted upon by any forces uncon- 
nected with it, its centre of gravity will have a right 
lined and uniform motion in space, as we have seen at 
No. 20; by fixing therefore the origin of the co- 
onlinates x, y^ and z at this centre, these principles 
will always have place, X, Y^ and Z being in this 
case the co-ordinates of the centre of gravity, we shall 
have by the nature of this point, 

0=2,w.a:, ; 0=2. w.^,; 0=2.»i.2, ; 
which equations give 

dt dt ^ dt. ' 

^ dx^+d^^+dz^ dX^+dr^+d*Z _ , ^ 

dxj*+dtf*+dz* 



dP 



L* 



• 



* If JT+a?,, F+^^, Z-|-»„ &c. be substituted for Xj y, 
Zf &c* in the equations 

^ ^ xdH — zd^x . « ^^ « V * 
,^ OrrZ.ifi. — H2.«».(P2f— Bjc), 

0=2.«i.^^^^-h2.»i.(Q«-Bj^), 

« 

and regard be had to the equations 

0=:-^^-,2.i»— 2,mP, 
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Tbus the quantities resulting from the preceding 
principlei are composed, first, of quantities ifhicb 



/ 






dt* 
ire shall have the followiog traQsforniatioiiSi 

lte£.w.^^=^i^'+ S.m.f P«.— Ba?j), 

which are similar to the original eqaations. If the qaanti. 
ties Pi/c-Qxj.j &c. disappear, we shall by integration bate 
the followiag equations, 

These equations are similar to those given in the last Utttnher 
and the saia^ coustqutncdS may be d«da«i»d froo them. 
In like manner the equation 

may by similar substitutions be changed into the following, 
dx^.d^x,+dy,,d^y,+dz^, v^/p. .n^„ 

which only differs from it in haying^the co-ordinates referred 



would baif^ pbce if all tbo bodies of tbe sjitem were 
united at ibeif common cQntr^ of gravity ; fle<^udIj|Of 
quantities relative to tbe centce,of gravity supposed 
immoveable ; and as tbe first ~6f tiiese quantities are 
constant, we may see the raafon wby the preceding 
principles have place with respect to the centre of 
gravity. By fixing therefore at this point the origin of 
the co-ordinates x^ y^ 2, x^^ &c. of the equations (Z) 
of the preceding No. they will always have place^ from 
which it results, that the plane passing constantly 
through this centre and relative to which the Omction 

2.^.?*!^:^ is a maximum, remains alwajs paraUel 

to itself during the motion of the system, and that the 
same flinction relative to every other plane wbieh is 
perpendicular io it is nothing. i- 

The principles of the preservation dP arrets and of 
living fbrees, may be reduced to certain relations 
amongst the co-ordinates of the mutual* dktanccs of the 
bodies of the syisitem. In fact the origin of the jp'b, of 
the y\ and of the s^s being always supposed at tbe 



i*BW'<^i^p4N»<ii»*»»-<i*»»**»<»» H M * »»»* »» «« » »»f< %%mit^imfmi¥'^-^i9'¥*fmttmm9mm 






to the centre of gravity ip«t«ad 4>f a $xed ppinf. By iaie* 
gration, if tlie quantitjr 2;m.t?*Pi+Q«%^i+i**i) *» «•- 
tegrable and supposei) eqyal t9 d^^ we shall have the foil owing 
equation for the preservation of livipg forces with respect to 
the eentre of gravity, 

2.m. ' . ■ ■ CS+29J 

a being a constant quantity. 
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cetitte of gtavity, the eqiidtions (Z) of the preceding 
No« may be changed into the following forms, 

• (dxf—dx) \ 

t at 

(dx'—dx) > . 

t dt 

(dy^-dif) \ , 

It may be observed that the second members of these 
equations multiplied hj.dJt^ express the sum of the pro* 
jectionsof the elementary areas traced by each right 
line that joins two bodies of the system, of lyhich one 
is supposed to move about the other that is considered 
AS immoveable, each area being multiplied by the pro- 
. duct of the two masses which the right line joins* 

If we apply the analysis of No. 21, to the preceding 
equations, we shall perceive that the plane which passes 
-constantly through any one of the bodies of the^ystem, 

and relative to which the function ^mm!. 5 (x! — x) 



f. \ (gJ—, 



(dy'—dyy—{y*^y) (dx'—dx) 

-r; — '"' . '' ' ^ IS a maximum, re- 

inains always parallel to' itself in the motion of the 
system ; and that this plane is parallel to the plane 
passing through the centre of g[ravity relative to which 

the function 2.»2. ^r — is a maximum. We shall 

perceive also, that the second members of the preceding 
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equations are nothing relative to every plane ^hich 
passes though the same body; and is perpendicular to 
the plane of which vre have treated*. 



* the positions of the invariable planes of the same systenr 
relatire to two different points in 9pace may be compared as 
follows ^ let x^ /3y and y represent the co-ordinates of a new 
poiot io space, and C^ 0% and O^ the yalnes of Cy ef^ and cf, 
when the origin of the co-ordinates is placed at this point ; 
we shall then have, for instance. 

If the snm of the masses of all the bodies be denoted by JIf 
and the cQ«ordinaies of the centre of graYity of the system by 
Xy Vy and Zj then 



dy ^dY dx ^^ dX^ 



therefore 



^ r dy dx\ dy dx ^^ 

f dX dY\ 



In like ;nanoer 

<7=..+«(v.f_.f), , : 

It is evident from the above, that if tlie yalaes of «^ jS^ and 
7 be SQch as to render the three quantities 

dX dY dX dZ dY ^dZ 

respectively equal io nothing, we diall haye Crrc, Czndf 
and C^^i&'j consequently the invariable planes relative to 
ik% two centres of co-ordinates wHl be parallel to each other. 
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.'f he equftiidii Qxfdfoi 19 may be pat into the fonii 

C .«*^ ■ • ■■'' - •>"• 

— ^^.m.^.fmm/Fdf; 

an equation relative solelj to the co-ordinates of the 
mutual distances of the bodies, in \vhich tie first 
member expresses the sum of the squares of the relative 
velocities of the bodif^s of the system about aach otfatr, 
considecing theio two and two and supposing ow of 
the twe inmioveable, each square being multipHed bj 
th^ product of the two masses^hich we have con^ 
sidered. 

S3. By resuming the equation (A) of No* 19, and 
differentiating it with cespecjt to the chaiwieristic Ij Mfe 
^Hdlbave 



As in thiU'case the eentre of gravity of the system moved 

dX dY 
uniformly in a right line, its relative velocities ^% ^ and 

dZ 

— are constant, therefore the three above mentioned quan-r 

titles will be eqnal t# nothing when the line joining the two 
centres is parallel to that described by the centre of gravity 
of the system. The invariable planes relative to all the 
points 4»r any line paraUel to that described by the centra of 
gravity of the system are therefore parallel ta each other | 
and the direction of the invariable plane does not change 
but when it Is passing ffem one parall^ to another. It is 
alsa evident that the inirariable pUoe selative to the eeiKtf# 
ef gravity of the systelm always reiaatns parallel \» i\$M 
dafkig tilt fiieiioii c< that aentve* 



dieeqnation (P) of No. 18, then becomes 

^ C dx dv dz^ 

Let cfo be the clement of the curve described by m / 
ds' the element of that described by m'^ &c. ; we shall 
bave 

tdtzmds ; xfdtzzzds' ; &€• ' 

cfe==^'rfr*-f-d^*+«fe« ; &c. 
ftotti which we majr obtain by following thij ttnaljida 
oTNovg, -^.^ 

By integrating this equation with respect to the diffoh 
ential characteristic c?, and extending the integrals to 
the entire curres described by the bodies niy m', See. 
#e flfhall have 

2.^./mm5===:const.-t-2.»i. dt ' 

^e variations IXy Ij/^ ^%^ &c. being thus but thb constant 
quantity of the second member of this equation^ relative 
to the extreme points of the curveft described by m^ 
m'j &c« 

it fellows from the above, that if tbese pointff aril 
0y{>pos^ invariable^ we shall have 

0=S,,l.frifVods; 
which sliewsthat tKe function S./mvicbiraimnimiim^* 






^ AiB dszTivdl^ fhW fiihctidti x.fMvds^l^ei israttiktimtiifi 

ix a minimum may be made to assume the fonii T.mfv^dtot 

/ftr.S.mo', in which Xjmv* denotes the livifag fdrce ofth'^ 

wlkole -pf the system at a^ instant what^cArl Tifcireftee^tki^ 

9a 
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It is in this that the principle of the least action in the 
motion ofa system of bodies consists ; a principle which, 
as we have teetip is only a matbeniiatical result from the 



principle treated ^potk may be properly reduced to this, that 
^the sum of the instantaneous living forces of all the. bodies 
from the time that they depart from certain gi?en points 
until they arrive at other givea poiflls, is either a maximum 
or a minimum* Lagrange therefore proposes to call it the 
principle of the greatest or the least living force, as con. 
"sidered in this manner it has the advantage of being general 
as Well for the state of motion as for that of equilibrium ; for 
it may be proved, that the living force of a system is always 
the greatest or the least in the state of equilibrium, from the 
equation . 

In this equation if :z.mv* is a maximum or a minimum the 
function ^ is, generally speaking, a maximum or a minimum^ 
consequently 

This is the equation of the equilibrium of a system when the 
forces P, Qy and R are respectively functions of the lines 
Xy y^ and z; it gives the following principle j first madf 
known by M. de Courtivron. The situation in which a 
system has the greatest or the least living fprce is that in 
which, if it were placed, it would remain in equilibrio. 

The equilibrium would be stable if the sum of the living 
forces should be a maximum and unstable if a minimum; for 
the bodies of the system when moved from the situation of 
equilibrium would tend to return to it if the equilibrium 
were stable, their velocities would therefore diminish as they 
receded from it, censequently the living force would be a 
maximum in this position ; but it would be a minimum if the 
ej}iiilibri.um were unstable, as the ^dies in receding from 
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primitive laws of tbe equilibrium and of the motiou of 
matter. We have seen at the same time, that this 
principle combined with that of living forces^ gives 



iheir position relative to this state woald tend to recede 
from it still farther by reason of the increase of their veio. 
cities. 

In a system of bbdItMlet ^ denote the^force of gravity, M 
the sum of the masses of the bodies, and z the co-ordinate 
of the centre of gravity of the system, the axis of z being 
supposed vertical and in the direction of gravity, tbe eqna- 
lion of living forces relative to this system will be as follows^ 

which shews that S.mo* vrill be a maximnm or a minimnm 
at the same time as s. 

When the moving bodies are not acted upon by any 
accelerating forces, (he sum of the living forces at each in. 
stant is constant, consequently the sum of the living forces 
for any time whatever is proportional to that time, from 
which it follows, that the system passes from one position to 
another in the least time possible. 

In the case of perfectly hard or of perfectly elastic bodies^ 
the sum of the products of each mass by the square of the 
difference between its velocities before and after the impact 
is a minimum. This answers to the principle of the least 
action. 

The three equations (a)^ page 177, combined with that 
of living forces 

{seepage 157) give a property de maximiset minimis relative 
to &line about which the system turns in the first instant 
when it has received any impulse whatever, which line may 
be called the axis of spontaneous rotation. 
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the equation (P) of No. 18, ivbicb contains all that ii 
^^essarjr for the determiofttion of the motions of tha 
Jiystem. 



Let Gj b, and c represent the parts of the Yelocities op. u^ 
^d 9 which depend upon the change of position of thm 
bodies of the sjstem with respect to each other ; uhen thej 
|ure add^d to the yelocities resulting from the rotations page 

107) the complete values of x^ ^, and « will be eipreswd 
in follows 

• • • 

If these equations are differentiated, 4^, u^ and p being re^ 

garded as variable, we shall have 

• • •• • •• • • 

>a?rr206/— ^d^, ^^nrxJ^ — 254^, ^a— ^^4^ — xicj* 

The three equations (a) being multiplied respectirelj by 

• • • 

ify ^«r, and }4' and added together, making the variationfi 

t^^, &^, and $4^, which are the same for all the bodies, pus 
jpnder the s^^a £, will give by the substitution of tfav pre* 
lading values 

J:.{m(x^x+y^^ + %h!)—(Phc' + Qf^ + Riz) ]=0. 
The above equation of living forces, being differentiated 
frith respect to }, gives 

"By the comparison of these equations it is evident that 

• • • • • • 

consequently ^ 

^his equj^tion shews that the living furce which the systeit 
acquires by impulsion, is always either a maximum or amifu 
Imum with respect to the rotations relative to three axes; 
f^nd as these rotations may be oomj^lNied into one about the 
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Lastly we have seen at No. S3, that this principle 
has place also, when the origin of the co-ordinates is 
in motion ; provided that its motion be right lined and 
uniform and that the system be free. 



alls of spontaneous rotation it follows, that this axis is in 
«ach a position as to hare the liying force of all the system 
the greatest or the least with respect to it. 

This property of the axis of rotation with respect to solid 
bodies of any form was discovered by Euler, and extended 
by Lagrange to any system of bodies either inrariably con- 
nected together or not^ when tkes# bodies receire any 
impukei whateTer* 
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CHAP. VI. 



Of the laws of the motion of a system of bodies in all 
the possible mathematical relations between 

w 

the force and the velocity » 

24. We have before observed at No. 5, that there 
are an infinite number of ways of expressing the force 
by the velocity, which do not imply a contradiction. 
The simplest of them is that of the force being propor- 
tional to the velocity 9 which as we have seen, is the 
law of nature. It is according to this law, that we 
have explained in the preceding chapter the differential 
equations of the motion of a system of bodies ; but it is 
easy to extend the analysis of which we have made use^ 
to all the mathematical laws possible between the velo- 
city and the force, and thus to present under a new 
point of view, the general principles of motion. For 
this purpose, let us suppose that /"being the force and 
V the velocity, we have Fz=z(p(t) ; (p(v) being any 
function whatever of v : let us denote by ^^(v) the 
differential of (pCv) di vided by dv. The denominations 
of the preceding numbers always remaining, the body 
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m will be acted upon parallel to the axis ofx by the force 

dx 
9(v). -. In the following instant this force will be- 

dx\ ds _- 

— I, because j;==^» Moreover P, Q^ and R being 



the forces which act upon the body m parallel to the 
axes of the co-ordinates : the system will be by No. 18^ 
in equilibrio in consequence of these forces and of the 

taken with a contrary sign ; we shall have therefore 
insteadof the equation (PJ of the same number th^ 
following ; 

^)- Q.dt \ Ji^^.{d.{^%m.)-R.dt} \ ; (S) 

which only differs in this respect, that -7-, -f-, and -7- 

ai at at 

are multiplied by the function — — ; which may be 

supposed equal to unify in the case of the force being 
proportional to the velocity* But this difference ren- 
ders the solution of the problems of mechanics very 
difficult. Notwithstanding we can obtain from the 
equation (S)^ certain principles analo£^ous to those of 
the* preservation of living forces, ofareas, and of the 
centre of gravity. 

If we change ^x into dx, ly into dy^ and H into d»^ 
ftc. we shall have 
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and consequently 

By supposing 2.m.("Prf.r-|-P£(y4"-'2rfzJ an esact 
differential equal io d\y we shall have 

l.fntDdD.(pXv)=:const.-{^\ ; (T) 

an equation analogous to the equation (R) of No. id^ 
md nrhicb chsfnges into it in* the case of natok^ wtelfto 

The principle of tte preservation of living forces hatif 
place therefore, in all the mathematical laws possibib 
between the force and the velocity, provided, that we 
understand by the living fotce of a body, tbe product 
of its mass by double the integral of its velocity multi- 
plied by the differential of the function of the veloci^i^ 
which di^notes the force. 

If we suppose in the equation fSJ, ^j:'=J^4"'^j:/ ; 
Syz=3^^-|-Jy/ ; ^z'z=i%-\-l%/ 1 lx"z=^x-\'^xj'i &c.; w« 
shall have by equalling separately to nothing the co- 

« 

efficients of $jr, ^3^, and ^r. 

These three equations are analogous to thds^s of ^o« 
90, from which we have deduced the presdrvation 6t 
the motion of the centre of gravity in the case ofnatuftltf, 
where the system is only subjected to tbe action and 
mutual attraction of the bodies of the system. In tbilr 
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case l.mPj 2.mQ^ and S.miZ are M^ing aiKl W9 
have 

. _ dx (p(v) « dy <p(v) 



de V ' — " ^' df D ' 

- dzp(v) 
at V 

m.—.— — is equal to nKfCv).^-^ and this last quantity 

' ^ • ■ 

is the finite force of a bodj resolved parallel to the axis 
of ^ ; the force of a body being the product of its inass 
by the function of the velocity ^hich expresses the force. 
Therefore the ^um of the finite foric^ ^f^H syste^ 
i^eaelved parallel W any axis whatever i h In tbte c^e 
IKiMtant whatever m^y be the relation of Ibe foigoe t^ 

Iha velocity; and whatdbtiuguisbettlij^AtatQof motiftt 
from that of rest is, that in the las^ &ta|e this s^fpe mm 
is nothing. These results are c(i|4iQbft la #11 fth^ 
mathematical laws possible betwe^ii thje. force and tb^ 
velocity; but it is only in. the law of naturje that the 
ceRtre of gravity moves with an uniform and rectilinear 
motion. 

^ai^^ let U8 siippofie In ifte equMtion (6jf 



9 " •^ ^ 9 

. .- ' ' ' <• 

the Tariaf ioii Sir will disappear from the variatioqs .of 
tbi^ mtitttal distances /, f'^ &c. of the txidies of the 
iy^em and of the forces which depend ypon these! 
qtiantities. If the system is free from obstacles iqde^ 
pet^deilt of it, we shall have by equalling tp pothing 
tb^ Cd<^^£Eiclent of 3^7, 

8b 
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fronof trhich 'we may obtain bj integration 
We shall in like manner have 



c 



, _ /xdz — zdx \ oCv) , « >. , ^ ■#» J , 



%^ > e'y and e''^ being constant quantities • 
o:'<if the system is only subjected to the mutual action 
^itlB'pQjiJ^ we hive by No. 21, 2.m.CP^ — Qx^sszO ; 
fii^ifJPj{-^i?Jt?>±=0; S.m.fOa;— iif^j£=0; also, 

Wl •^•-^-^jy.-Ti-: I'-^ — IS the moment of the finite 
^' V ' dt ^ dtf © 

fdifce by which the body is actuated, resolved , parallel 

td the pl^ne bf a: and y, to make the system turn about 

the axis of s; the finite integral 2.mS — ^--r^ — .^ — 

° dt i) 

is therefore the sum. of the moments of all the finite 
forces of the bodies of the system, ii^hich are exerted 
to make'it turn about the i^ame axis*; this sum is there- 
fore constant. It is nothing in the state of equilibrium ; 
we haive h^rii therefore, the same di£ference between 
these two states, but relatively with respect to the sum 
of the forces parallel to any axis whatever. In.th^][aw 
of nature this property indicates, that the sum of the 
areas described about a fixed point by the projections 
of the radii vectores of the bodies, is always the same 
in equal times ; but the areas described are constant^ 
only in the law of nature. 
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If w6 differ€noitiate, Mrith respect to the. cbaracteri^tJlo 
^, line function 2./m.$fDj.&yivc shall hay« 

Mtwebave :i .. - . ,^ 

. dz ^ I ■ ■ • ■ ■'■' ' ■ •••-.' 



f '.'i 



iv^ 'shall tfaerefdre have from integrating by parts^ 

-v». ^x.*(§.?e^)+»,.^.(|.?c2)+«.* 

(^/'^')\+l.fm.hj.(p'Cv).ds. 

If the extreme points of the curves described bj the 
bodies of the system are supposed to be fixed, the term 
-without the sign / will disappear from this equation ; 
we shall therefore have in consequence of the equa- 
tion (SJ^ 
i.l.fm.<p(v)ds = l.fm.iv.(p'(v).ds'^2.fmdt.CPiX'\- 

but the equation (T) differentiated with respect to S, 
gives 

2.fm.^v.(p'Cv).ds=2.fmdt.CP^a!'^Q^^'^Rh) ; 
we have therefore 

This equation answers to the principle of the least 
action in the law of nature. m.fCv) is the entire force 
of the bodj m, therefore the principle comes to this, 
that the sum of the integrals of the finite forces of the 
bodies of the system, multiplied respectively by the 
elements of their directions is a minimum : presented 
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ik this mattfier it answers to all the mathematical laws 
possible between the force and the velocity. In the 
state of eqailibriumy the sum of the forces multiplied 
by the elements of their directions is nothing in conse« 
quence of the principle of virtual velocities ; what 
therefore distinguishes in this respect, the 'state of 
equilibrium from that of motion, is, that the same 
differential function which is nothing in the case of 
equilibrium, on beiug integrated gives a nuoimuoi jui 
that of motion. 



'* 
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CHAP. VII. 



Of the motions of a solid Jfo4t/ ^f f^J^%wt whatever. 

25. X HE differential equ^ioi» of the motions of 
translation and rotation of a solid body, may be easilj 
di^uped'from tbose wJiich me have f iv«ii in CJtiap. V s 
but tjbfeir impprtanoe in ibe tbeoTjjd the system of 0^ 
world} indiif^es U8 to^erelope iheiQ to.a g«ea^ extent, 
IM «s suppojB^ a ^lid body) aJl the partf of wbililli 
ftre tolioiled by 9»y forees vbateyer. Let ^i ^, ftn^rff 
be the orthogonal oo-'ordinalee of ks eenUe of gf^wi^s 
x + J?', y+^S a^d 2-|-2' the co-ordinates of any 
molecide (^ of :the body, thenar', y'j and y 3¥ill be 
the co-ordinates of this molecule ivith respect to the 
centre of gravity of 4hebody. Let moreover P, Qj 
and It be the forces ^hich solicit the molecule parallel 
to the axes of or, z/^ and z. The forces destroyed at 
each instant in the molecule dm parallel to these axes 
"will be by No. IS, if the element dt of the time i^ sup- 
posed constant, 

(d'^x+d'^\ _, , „ ^ ^ 
— -^ — j.dm'f-P.dt.dm; 
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rdH+d^zf\ ^ , „ ^ ^ 
— I 71 — ydm-YRMtMm. 

It follows therefore that all the molecules acted upon 
by similar forces should mutually cause an equilibrium, 
"We have seen at No. 15, that for this purpose it is 
necessary that the siim of the forces parallel to the 
same axis should be nothing, which gives the three 
following equations ; 

S. I J- — j.dmzmS.Pdm ; 

S. I — T.- \.dmz=:S*Rdm ; 

\ dt^ J •'•.;;■'• 

w 

the letter S being here a sign of integration relative io 
the molecule dm^ which ought io be extendi to' the 
whole mass of the body. The variables a:>, ^, and x 
are the same for all the molecules, we majr therefore 
suppose them independent of the sig^ S ; thus denoting 
tl|0 mass of the body by m, we shall have 



':"» S 



^ d^x - d^x ^ d^y _ ' d^y 

S. —.dm=m.-^^. 

We have moreover by the nature of the centre of 

gravity 

S.x^.dmzzdO; S,y'.dmz=J)i S^z\dm=0; 

which equations give 

d^x' d^xf dfV 

S. -7- .dmz=Ji ; S. -~ .dtn^zzD ; Si -jr. ^dm=0 ; 
dt^ di* ._ dt"^ 

we shall therefore obtain 
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m. . S.JPdm : 

a/* 

m.-^^zzzS.Qdm; } ; (A) 

these three equations determinethe motion of the centre 
of gravity of a body, and answer to the equations of 
No, 20, relative to the centre of gravity of a system of 
bodies.* 

We have seen at No. 15, that for the equilibrium 
of a solid body, the sum of the forces parallel to the 
axis of X multiplied respectively by their distances 
from the axis of s, minus the sum of the forces parallel 
to the axis of ^ multiplied by their distances from the 
axis of ;s, is equal to nothing ; tvc shall thertfore have 



* As the equations (A) do not contain the co-ordinates 
a/, x'^i &c. of the different molecules of the body, they arc 
independent of them and only indicate the motion of the 
centre of gravity of the body. "This motion is not influ- 
enced by the mutual actions of the molecales upon each 
other, but solely by the accelerating forces which solicit 
them. 

It is evident from the above thlftt the centre of gravity of 
any free body whatever, like that of a system, has always 
the same motion as if this body were all concentrated into 
one point and acted upon by the same accelerating forces as 
the parts of the body were, when in their natural state. 
This accords with what has been given at No. 20. 



.c/m: 
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but we have 

and in like manner 

S. ( Qx—Py).dm=x. S. Qdm—y. S.Pdm ; 
lastly we have 

S.{x^d^j/-{'Xd^i/'^i/'d^x—j/d^x' }. dmzrzd^i/. S.x'dm — 
d^x,S.y'dm'\'X.S,d^i/' .dm — t/,S»d^x^,dm ; 
and by the nature of the centre of gravity each of the 
terms of the second member of this equation is nothing; 
the equation (1) will therefore become in consequence 
of the equations ("^J, 

- by ihtegralihg this equation with respect to the time t^ 
we shall have 

S. ^ .dm=S./(Qx' — Py').dJtjdmi 

the signy of integration being relative to the time t. 
From the above it is easy to conclude, that if we 

^ . S.f(Qx'—Py').de.dm=zNi 

S.f(Rx'^P%').it.dnt:=N'^' 

Ire Idisdl liave the threes Mlowing equations 



S'" — '^^ — .'dmzmN'' ; 

y«fe'— »'dy 



rB) 



these three equations coBtaio the priqciplis of the pre- 
servaUon of a^eas; tbey are isufficient fox detenniQiog 
(he motioa of the rotation of a body i^bo^t its centre of 
gravltj*; united tp^he equations ('^^ < they complete]!/ 
deiermioe the motioos of the tjraniilation and pf the 
rotation of a body « 

If the body be forced to tui^n about a ,/^3tcd ^oinl ; it 
results from No. 15, that the equations (P) are suffi- 
cient for this purpose ; but if is then necessary to fix 
the origin of the co-ordinates s^^y'^ and if kX this point* 

S6. Let us partioalairly oemider the«6 eqiiatioiiftmA 
siAppose tin; origini^^Led at any ppi,r(t w^at^ver^ differ- 
ent or not from the centre of gravity. Let us refer the 
position ^f each^mqleipule to three axes perpendicular 
to each other and fixed In the body, but moveable in 
space. Let 9 be the incltnation of the {ilane formfed by 
iSre two fimt axes upon the plane of ^ and y\ let f be 
the angle formed by the line of intersection of these 
\}fh i^anes and the firrt axis ; lastly, let ^ be the com« 



I ^^ttt%^m^*%mnml^^•^ml^^^mm'y^ttf*^ 



* As the equations (B) do not contain the ee-ordinatei of 
the c#atce of gravilj of thp sj^tem^ fhey <ml^ sliev . the 
different positions of the boc^ with respect to three axes 
which have their origin at tiiat centre| consequently fa» 
motion of rotation which the equations (^B) determine, \i 
the same as if the centre of i^ravitjr wene at rest. 

A body acted upon by accelerating forces may therefore 
have two motiofM ; one that of traoslation, the same as if 
the body were concentrated into one poiat at its centre of 
gravity and acted upon by all the forces parallel to their 
directions, and the other that of rotation about the centre 
of gra?ity the same as if this point were fixed. 

3c 
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pleraent of the angle which the projection of the third 
axis upon the plane of or and ^ makes ivith the axis of or. 
We will name these three new axes principal axes, and 
we shall denote by j/', y^^ and 2'' the three co-ordinates 
of the molecule dm referred io these axes; thep, by 
No« 21, the following equations will have place, 
jr'=ar''.{cos.fl.8in.>}/,sin.$-|-cos.>}/.cos.^} 

-|-^^.{cos.fl,8in.>}/.cos.$— €os.>l/.siB,^}-j-2^.sin. 

0.sin.>(/; 
y'=ir''.{cos.9.cos.>}/.sin.^ — sin.>(/.cos.^} 

4-^*'.{cos.6.cos.^^.cos.^-^-sin.4/.sin.f}^-2'^8in. 

fi.cos.^J' ; 
«'=zx'^,cos,0— ^^.sin.flxos.^ — a:^.sin.6,sin.$. 

By means of these equations we shall be enabled te 
develope the first members of the equations (B) in 
functions of d, >(/, and ^, and of their differentials* 
But we may considerably simplify the calculations, by 
observing that the position of the three principal axes 
depends upon three constant quantities, which can 
always be determined so as to satisfy the three equations 

S.x^^yKdm=Q ; S.xV.dm=0 ; S.yV.dmz=0. 
Sqpppsfi then . . > 

S.Cy^^z^).dm=A; S.Cx^'*'{-z»^).dfn—B; ' 
S.(a^'{^y"^).dm=:C; 
und for jibridgment let 

dp-^dA'.cos.^.zzzipdt; *•* 

<^^.sin.d,sin.(p — d^.cos,(p::;=qdt ; 

rf4/.sin.9.cos.(p-^rfd.sin,^)=r(ft. 

The equations (B) will, after all the reductions, be 
changed into the three folIowing> 



t 
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cos.^.f-^j^-cos.O.sin.^-J" -Br. cof. fl.cos.^+ 
Cp.sin.Q} ^. ^Q 

€os.'^.{BrMn,q>^Aq.cos.^} 
— sm,^,{Aq\cos.B.siB.^'\'Br.coH.6.coB,^ 
+Cp.sin.9}=:— i>r'/; 

these three equations give by differentiating thein and 
supposing 4/=^ after the differentiations, ivhich u 
equivalent to taking the axis of the -x^s indefinitely 
near to the line of intersection of the plane of j/ and^ 
"with that of x^' and y'^y 

d6.cos,6. C Br. co8,^-\-Aq.^n.0'\-§in.O.d>( Br. cos.(p-\* 

jkq.An . <p) — d. (Cp. cosiQ)z=z — rfiV/ 

d^^.(Br.An,^ — Aq.cos.^) — d9.sin.6.(Br.cos.p^Aq. 

8in,(p)'\--cos.0.d.(Br.cos,f'{'Aq.8in.f)'^d.CCp.sin.O) 

— — dN'; 

d.( Br.sin.p — ^^.cos.fO — A]/.cos.0.f jBr^cos.^-j-^jf* 
«in.(p^ — Cpd^ .sin.6z=z — dN"; 

If i¥e make 

Cpzzzp' ; Aq'zzzq' ; Brszzr'; 

■ft- 

these three differential equations will give the following 
B'-A 



dp'^ 



•.q'r'.dt=:dN*cos.B—dN'.s\n.6 ; 



ej.sin.(p+rfiV^'.cos;(p; )5 ^^^ 

dr^^ ^^.p'q'.dt^--(dN.8\n.6^dN'co^^ 

S^.co8.^diV^^8in.9 
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* 

these equations are y^y conveaiiebt for dctef mkiiiig tbr 
motion of rotation of a body ivhen it turns verj nemly 
about one of ils principal aiies^ whicb is the case if the 
celestial bodies* 

27. The three principal axe&towbielr wt baye re- 
ferred thj^ angles 6y 4^, and ^y tkserve parCtciihir altten* 
tion. Let us proceed to deteimine thm ptesitionia 
any solid whatever. 

The values of jc'^ tf\ and oliz' the preceding number^ 
§ive by No. 21^ the foUowing equations^ 
sflzs^*i^^'^Wi ii/.sin.9^os.4<*cos.$^ 

. *^^'.fcos.d.cos.4'.sin.f-*^in»4'.cos.<p^--^s'«6iu.ft* 
sin.^; 

^.^:=5ir'.('cos.0.tin.<4^»Gos.(p — oos.tj^.sin.^^ 

. cos.f ; 
$^=a/.sin,8.sin.4^-^'.sin.Q.cos.4^-x'.cos.9. 
From which may be obtained 

jr^'cos.f — y^.sin.^=a:'.cos.4/-— y'.sin.4*; 
oJ^'sin.^ + ^''.cps*^ == ^.cos. fl.sin. 4/ -j- y'.cos.fl. cos.^J—- 
r'.sin.d. 
Suppose 

S.x^.dmrzzif ; S.i^^.dmt=b* ; 5.)g'*.cftw=c'f 
S.x^yKdmzzzfi S.x'z'.dm=zg ; S.y'z'.dmzsiz^; 
then 
ilttlU^.S.A:"%".dm — sin.^ S.y^z^.dmz=. (cf — IF).sin.il 

sin.>^.co8.>|^-/.^iii.*.f cos^'J' --• sin,»4' J -{-cm^^.Cg^c^i^. 
4^^-;A.sin.4/.^ ; 
8in,(p.S.i''^2'^c&n4-cos.f>.S.yV^cfm===8in.d.cos*6«fa|f|in«. 

•^p-j-j«,cos.*>|y — c^-f-S/.sin.+.cos.^l'J 
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By eqtistllittg to nothing tbo second members ct tbctte 
two -equations, we shall haye 



tang.t — ^^a_^»j,5|n,4,^co8.g/4-/.(co8.»4'— 8in.*+J» 

but we have 

I tang.29=; — -5— r- ; 

by equalling these values of 4 tang.Sd, and substituting 
in the last instead of tang. Q its preceding value in 4", 
and then making for abridgment tang.4=2/, we shall 
obtain, after all the reductions, the following equation 
of the third degree ; 

+[rA'~iV.i^+/.rl — tt*JHrAc»— Aa*+/5fJ.^g4* 

-gc'-hfh 

As this equation has at least one real root, it is evidently 

always possible to render equal to nothing at the same 

time, the two quantities 

cos.^.S.or'V^rfm — ^sin.^. S.^V.diw / 

sin.fi.S.:r^j5*.rfm-|-co8.$.S.yV^(foi ; 

and consequently the sum of their squares, (S*x"z^.dm) 

-^C^.y^z^.dmJ^y which inquires that we should have 

separately 

S.a^z'f.dm=iO ; S,j/H".dmz=:Si. 

The l|Jue of t< gives that of the angle 4^9 and conH» 

Ipie&tly that of the tang. 6, and of the angle $• It is 

yet required to determine the angle f>, which may be 

done by means of the condition £».jr^y^dfm:::=:Oi wUfdi 

rema^ to be fulfilled » For this purpose it may be 

observed, that if we substitute in S ir^y. ifm for i*JiiHl 

j/^ their preceding values, that function will be changed 

into the form, ^.sin.d<p-|-X^.ct>s.df , H and £ beii^ 
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fiHiOtioos of' the angles d and 4^, and bf tbe-constant 
quantities a*, 6*, c*, /, g*, A,:/ by equalling Xhis ex- 
pression to nothing, we shall have 

tang.^(p=: -~^. 

The thr# fkxes determined by means of the preceding 

yalucs of d, 4^, and (p, satisfy the three equations 
S,x"y".dm=0 ;S.xV.dmz=0; S^V.dm=dOf; 



*' If F be supposed equal to jf'cos.^/— ^sin.>^ and 6r to 
«'cos.0.sin.>J/+ycos.d.cos.4/ — s'sin.d, then x^zuFxtiS,^"^ 
6r.sin.^ and yzz6r.cos.^ — /'^sini^ ; '^conse<)uentIy 

---, a?yc?(^6?*— F*JsiD.<p.cos.(pH-iri?.fcos.»^--yn«^;, j 
therefore 

« 

S.FG.dm. 

It the second member of this equation be equalled to nothing, 
as 2sin.9.cos.9z=sin.29 and cos,*^ — si'n.*9rrcos.2?>, we 
shall have 

s\n.^(p.8:(G^'^F^)'dmr\^^cos.^(p.S.FG,dm=:0. 

If Itt=iS.(G^'-F^).dm. L=^.S.FG.dm artd --^^±:iiin. 

2^, by substitution, the above equation may be figged 
into the following ^ 

^>- / tan.2p=-^. ^ 

f These calculations which would be found Tery tedtqi|P 
ID practice are much facilitated by the knowledge of one of 
the 'principal axes of rotation. Thus for instance ^ letthe 
position of the axis x^* be known Jti the body, aa thai^itua- 
tion of the three rectangular axes ^, ^'.y and z' are sirbitrary, 
st^ may be supposed to coincide with a/ which will cause the 
angles ^ and >]/ and consequently their sines to Tanish^ their 
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The equation of the third degree in u seems to indicate 
t^ree systems of princi pal axes similar to the preceding ; 
but it ought to be observed, that u is the tangent of the 
angle formed by the axis of x* and the intersection of 



I 



4^ 



#o-sines will then be equal to unity, also the quantities/ 
and^ will be equal to nothing, a^is evidentfrom substituting 
in them fory and s/ their respective values. The equation 
^ . ._^ jf^in..4.+^cos.4> • • 

therefore be transformed into the following tan.ad'zr:-;: — r;-, 

in which h'ytf^ and 6' are the respective values x>f hy e, and 
b when x^ coincides with y. It appears from this expres. 

•ion, as tan.2d'=:tang.^fd'4-^^>)9 ^^^^ ^^^ other two axes 
must be taken in the plane of y 2/, one making the angle 
ff and the other the angle 0^-1-90 with the axii ofy or the 
plane of jr^y. • 

If A'=Oand b'zzcf the angle B becomes indeterminate, 
therefore every line in the plane ofy z^ passing through the 
origin of the axes is a perpendicular axis. 

When the bodies are symmetrically formed,' the axis of 

the figure is always a principal axis and the' others may be 

found by this rule. Thus for instance in the case of the 

ellipsoid which has three unequal conjugate diameters, let 

them be taken for the axels of x^ y^ and sr, then the body will 

Jbe divided into similar and equal parts by each of the plan^^df 

^Hie co-drdinates ; therefore each molecule dm abovj^ the plJatVe' 

6f X y having the co-ordinates a?, ^, ands will have anotK^f 

corresponding and equal one below that plane' haVijig x*, ]y\ 

and -^2 for its co-ordinates ; consequently the indc finitely 

small elements of the integrals S,xz,dm and S.yz,dtn corres. 

ponding fo these molecules will be xz.dm and — xz.dm^ 

y'z*dm and — yz.dmy therefore the integrals will vanish atf 



» '• ■ 
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the plaae otx' and y with that of x'^ and y^ ; but it U 
erident that it is possible to change into each other the 
three axes ^afloiy" and of 2'^, as the three precedin^g; 
fqnations will be always satisfied ; the equation in u 
ought therefore equally to determine the tangent of the 
angle formed by the axis of x* and the intersection 
of the plane of x' and j/^ either with the plane of JF 
and y"^ or with the plane of o:^ and 2'', or witTi the 
plane of 5^'^ and 2'^ Thus the three roots of the equa- 
tion in u are real and appertain to the same system of 
axes. 

It follows from the above that, generally, a solid has 
imly one system, of Bxes which possess the property 
treated upon. These axes have been named the prin- 
cipal axes of rotation, by reason of a ptoperty that is 
peculiar to them, which will be noticed in the course 
of this work*. 



-•-♦ 



they may be supposed to consist of an indefinitely great 
ftomber of indefinitely small q^uantities, which from their 
contrary signs destroy each gther. The integral S.x^»dm 
may in a similar manner be proved equal to nothing, cop. 
sequently the three axes of the ellipsoid are princip^ axes« 

* These axes are called the principal axes of rotation on 
•ccoant of the property which the body possesien, if ngi,( 
acted upon by any accelerating force, of always turning roam||| 
any one of them, if once put in motion about it in consf«t 
queoce of an initial impulse. This property may be demon*, 
strated in the following manner. 

Suppose a body, not acted upon by any accelerating force^ 
to turn about a fixed axis in consequence of an impulse which 
\ab been given it. Let one of the three rectangular co« 
ordinates to which the molecules of the body are referred^ 
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The sum of the products of each molecule of a body 
into the square of its distance from an axis, is called its 
moment of inertia with respect to this axis. Thus the 



that of z for instance be supposed to pais along this axis, 
conceive r to represent the distance of a molecule dm from 
it, having its angular velocity, which is common to all the 
points of the body, denoted by a;. The centrifugal force of 
the molecule dm will be represented by ro^^, consequently 
the moving force with which the molecule acts upon the fixea 
axis in a perpendicular direction to its length is rat*,dm. 
The resultant or the two resultants of the whole number of 
forces which act upon the axis, shew the pressure which it 
sustains. 

To find this pressure let us suppose that the force ru*.dm 
is applied directly to the axis of z where its direction meets 
it. The force may be resolved at the point where it acts 
upon the axis into two others parallel to the axes of x and ^, 
the cosines of the angles that the direction of the force ru*» 

dm makes with the axes x and y are - and ~, consequently 

the components of this force parallel to these axes are Xoi*. 
dm and yu^.dmy therefore the resultant or sum of all the 
components parallel to the axis oi x is the integral S.xu*.dm 
or u^S.x.dm ; this quantity, if M represent the mass of the 
body and JTthe value of a? at its centre of gravity, is equal 
toti/*MX. In like manner the resultant of the forces paral. 
lAto the axis of ^ directed in the plane of yz is «*ilfK, Y 
representing the value of y at the centre of gravity of the 
body. Let s' and 2'^ denote the distances of these resultants 
from the plane of x and ^, then by the theory of moments 
we shall have the following equations 

MXz!=S.xz.dm^ MYz^zzzS.yz.dm. 
which will give the values of 2/ and z^. 

So 
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quantities A^ By and C are the moments of inertia of 
the solid which we have considered, with respect to 



If z' and z^f are eqnal, the forces uMX and ft;JlfFar* 
applied at the same point, and may consequently be reduced 

to one «*.Mv/jr*4-^*) which represents the action upon 
the fixed axis arising from the centrifugal force of the body* 
|jet the axis of s be one of three principal axes which have 
their origin at the centre of gra?ity of the body at the distance 
% from the origin of z upon that axis ; in this case ^:i=0 and 
JPzzO ; let the origin of the co<.ordinates be moved without 
changiDg their directions from its first point to the centre of 
gravity of the body, then the co-ordinates of dm will be x^ 
y^ and z — a. As z is one of the principal axes, we shall 
have the following equations. 

S,x(Z''^a).dmiz:S,xz.dm'-^aS.xdmzi:Oy 

S.y(z — aJ.dmizzS.yz.dm—raS.ydmzzOf 
therefore because S .xdmzzMXzrO and S,ydmzz:MY^iOy 
it is evident that ShXz.dmzizO and S.i/z,dm^O, consequently 
u^Saz.dmz=LO and co^S .yz.dmzzO, As the resultant u^.MXof 
forces directed in the plane of xZy and the sum f^f^S.xz^dm 
of their moments are nothing, these forces will be in equi* 
'librio independent of the fixed axis. The same is evidently 
the case with respect to the forces in the plane of j^ and z ; 
therefore in this case the centrifugal forces of the different 
molecules of the body do not act upon the axis of rotation 
and the same potion would be continued about it, if it were 
not fixed. 

If the fixed axis z is a principal one of rotation that does 
not pass through the centre of gravity of the body A and y 
will not vanish, but as S.xz.dm an^ S.yz.dm are equal to 
nothing, the distances )s' and z" must consequently be equal 
to nothing, therefore the fixed axis will be acted upon by 

the force t^^.M^X^^Y* applied at the origin of the co, 
prdinates j if this point be fixed the pressure arising from 
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the axes a?^, ^'^j luid 2^.* lict us name O the mo- 
ment of inertia of the same solid iviih respect to the 



the centrifugal force will be destroyed, and if the axis of 
rotation were free to mo?e about this point the rotatory 
motion with respect to it would still be continued* 

It is evident therefore, that if any point in a body b^ 
taken as a fixed one ; there will be three ax& passing through 
it, round which the body would more uniformly withoal 
acting upon them. 

If the body were forced to turn about any other axis 
passing through that point, the action of the centrifngal 
forces upon it would not take place at that point and if 
would consequently be displaced. Vide the Mechanique 
Philosophique of Pronyi a /similar proof is also given by 
Poisson. 

* Suppose for examf^e that MA (jfig* i) is a paralleled 
piped it is required to find its moment of inertia with jrespecft 
to the axis MB. Let MOzzza^ ME=b^ and MBz=iC and 
suppose the axes of the co-ordinates x^ y^ and z to be taken 
from their origin at M in the respective directions of these 
lines, then if the uniform density of the parallelepiped is 
represented by ^ and dx dy dz is the volume of a molecule 
of the body, its inertia will be denoted by the integral SSS. 
(x^+if*)§dxdifdz. This quantity when integrated with re- 
spect to Zj from zzzO to zzizCf gives 

§cSS. Cx*+Sf*).dxdy* 
This expression when imtegrated with respect to y^ from 
yzizO to y:zzbj becomes 



^cS.y a?*d+^ )<*»/ 



Crom which by integratjlpj^ with r^spe^ct to 9^ frpm x:^ to 
xzza the result 

(a^b ab^\ 
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axis of %'y and we shall find by means of the values of 
x* and of y of the preceding number 



may be obtained, ivhich is the moment of inertia of the 
parallelepiped MA with respect to the axis MB. The md*. 
meats with respect to the other axes may be obtained by 
properly changing amongst themselves the letters a, by a(lid 
c; let Mzzi^.abCf then the moments with respect to the 
three axes MGy ME^ and MB will be * 

M M M 

yr**+cO, -^(a^+o^h -jCa'-^h^). 

The moments of inertia of an homogeneous ellipsoid with 
respect to the three principal diameters, may be readily 
found from the general equation to its surface 

a*&*2» + a'^c^if* + 6»c»a?»=a»6»c% 
a, by and c representing the lengths of the three rectangular 

aemi.diameters, which are respectively in the directions of 
the three co-ordinates x^ y^ and «. The inertia with re- 
spect to the axis of s is * 

qSSS(x^'\'y*)dxdtfdz^ 
^ representing the density of the body. 

This expression when integrated with respect to the entire 
ellipsoid gives 

4 

— .a6cfw.Ca*+*0 

10 

It denoting the ratio of the circumference to the diameter of 
a circle. By changing the letters a and c into each other 
the moment of inertia 

4 

— .a6cfv.C6*+cv 
15 

will be obtained with respect to the axis of x. In like man. 

ner by changing a and b into each other the moment of 

inertia 

4 
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The quantities sin.^d.sin.'(p, sin,*d.cos.*(p, and cos/d 
are the squares of the cosines of the angles which 
the axes of x"y y, and z^^ make with the axis of z'; 
from which it follows in general, that if we multiply 
the moment of inertia relative to each principal axis of 
rotation, by the square of the cosine of the angle that 
it makes with any axis whatever, the sura of these three 
products will be the moment of inertia of the solid rela- 
tive to this last axis. 
. The quantity O is less tban the greatest and greater 



will be obtained with respect to the axis of j^. The content 

of the ellipsoid is represented by -—.abcy and its mass Mby 

o 

f.—.abcz by substitution therefore the followiog will be 

the moments of inertia of the ellipsoid with respect to the 
axes Xy ^, .and 2, 

yr**+c*>), ^(a'+c*), ^r«*+**-). 

The greatest moment of inertia is about the shortest and 
the least about the longest axis. 

In the case of the spheroid 6r±c and the moments with 

2M M , 

respect to the axes of a? and^ are "T^-^* and -r-rfl*+^*y» 

In the case of the sphere nzz^zzc, and the moments of 
inertia with respect to any axis passing through its centre is 
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than tlie least of the three quantities A^ JB, and C* ; 
the ^eatest and the least mooients of inertia therefore 
appertain to the principal axest. 



* Suppose A to be the greatest and C tbe least of the 
quantities A^ By and Cj and «, /S^ and y to denote the 
three angles which the ^xis z' respectively makes with the 
axes a/fj y, and «^, then by observing that cos.*«4-cos.*3 
cos.^yzzl, notes No. 2, the preceding equation may be 
made to assume the following forms^ 

Oz=:A'-(A—'B)cos.^e—(A^C)co9.^yy 
C=:C+(A-'C)cos.^x+(B—C)coa.^& ; 
which shew that G is less than the greatest and greater 
ihaa the least of the three qiumtities A^ B, and C. 

f A method of finding one of the principal axes of rotation 
of a body may be derived from the properties which two of 
the axes possess, of having the moments of inertia with re- 
spect to one of them a maximum and to the other a minlmiim* 
Thus let x" be an axis of rotation passing through the origin 
of the co-ordinates which it is required to find^ and suppose 
it makes the angle 9 with the plane x'i/'j and that its projec- 
tion upon 0^ plane x^^' makes the complement of the angle 
>]/ with the axis of oc'. Suppose also the axis of ^'^ to be 
drawn pei^ndicular to a^ in the plane of ^y^ and the axis 
of z^^ to be perpendicular to the plane x'^ y, all the co- 
ordinatis&JiiavIng the same origin, then the {blLowing vabaes 
of o?^'', y'^, an4l z'^ may be obtained, 

J ' j?^— s('sin.d+(^co8,%^4-a?'ei«.4/)c#i.d, 
y'ziy/'sin.'J/ — aj'cos.Np, 
«"==:s'cos.d— j(j^cos.4/+a?sin.4/)sin.d. 

Let these values of ^''^ and z" b^ substituted in the expres. 
sion S{y"^'\'^'^)dm which may be denoted by JL, then if the 
angles 9 and -^ are supposed yariable we shall find 
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Let Xy Yf and Z be the co*ordinates of the centre 
of gravity of the solid referred to the origin of the co« 
ordinates, \vhich we shall fix at the point about which 
the body is forced to turn, if it be not free ; or' — X, 
y' — Fand z' — ^ will be the co-ordinates of the molecule 
dm of the body relative to its centre of gravity : the 
moment of inertia relative to an axis parallel to the axis 
of z' and passing through the centre of gravity, will 
therefore be 

S.{ f a:'— X;»+ry— Y)* }.dm 
but we have by the nature of the centre of gravity, 
S.x'dm:=mX\ S.j/'dmz^r:mY; the preceding moment 
will therefore be reduced to 

~m.cX*+Y^)+S.(a:^+i/'^).dm. 

We shall consequently have the moments of inertia of 
a solid relative to the axes which pass by any point 
whatever, when these moments sIkiU be known relative 
to the axes which pass through the centre of gravity. 
it is evident at the same time, that the least of all the 



(^^z=:^^S.(:ch»).dm 



( 






If these values be equalled to nothing they will give L 
either a maximum or a minimum: the angles Q and 4^ may 
then be obtained from them which will shew the position of 
the axis af'y from which the other two may be readily found* 
This method lik« that of Laplace requires very tedious cal« 
i:ula(ions» 
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moments of inertia has place with respect to one of the 
three principal axes which pass through this centre*. 



* The moment of inertia with respect to any axis z' is 
jS,(a:'*+y*).rf/w, but for any other axis parallel to z! which 
has the lines a and b for the co-ordinates of any one of its 
points, this expression becomes 

Let r be equal to the distance between the axes or V^a^-f-6^ 
then if the axis of z! passes through the centre of gravity of 
the body, as S.x^dmzz:0 and S,y'dmzz.O^ No. 15, the ex- 
pression will become 

therefore the moment of inertia with respect to an axis 
passing through the centre of gravity of a body, is less than 
for any other axis, by the square of the distance of the two 
axes multiplied into the mass of the body, consequently the 
minimum minimorum of the moments of inertia of a body 
belongs to one of the principal axes which passes through its 
centre of gravity. 

To find those points of a body, if there be any, about 
which all the moments of inertia are equal. 

Let a, 6, and c denote the co-ordinates of one of these 
points, the centre of gravity of the body being taken for the 
origin of the co-ordinates which are supposed to be in the 
directions of the principal axes passing through it, then x — a, 
y — 6, and z — c will be the co-ordinates of any molecule 
with respect to the point sought ; now from the nature of 
the question every straight line passing through this point 
must be a principal axis, consequently we have the following 
equations 

S.(x — a)(y — b).dmzzzS,xy,dm — aS.y.dm — b.S*oc^dm-{'ab* 
S.dmzzOy 



If it be supposed that by the nature of the body, 
the two moments of inertia A and B are equal, we 
shall hate 

C"=irf.sin.*0+C.co8.*9 ; 



S,(3>-^a)(i'--c).dmi:zS.xz.dm — aS.z.dm — cS.x.dm-^ae. 

S.dm=Oy 

S.(y'^b)(z — c).dmzzS.yzMm — b.Sa.dm — c.S.y.dm + he. 

S.dmzzO ; 

bat Say.dmj S.xz.dmy S.yz.dmy S.x.dm^ S^y^dm^ and 
S.z.dm are respectively equal to nothing, therefore the 
above are reduced to these 

abmzzOj acm=0, dcminO. 
It is evident, that if the point sought exist, as from the 
last equations two of the quantities a, 6, and c are equal to 
nothing, it must be upon one of the principal axes belonging 
to the centre of gravity of the body. Suppose binczzO^ then 
a the distance of the point sought from the centre of gravity 
is indeterminate and upon the axis of «• The moment of 
inertia of this point with respect to the aii^ of x is A^ but 
with respect to axes parallel to those of ^ and z it is B-f-^ 
a* and C7-|-ma^. The problem requires that we should have 

B+ma^zziC+ma^zzA. 
These equations are impossible unless BzizCy which gives 

m 
therefore 



-±/ 



A-C . 

m 



odiis^iieiltly a has two values which, if A be greati»r thaii 
€^, are ireal and lipbn the axis of x at equal distances on each 
si'de of the Centre of gravity. 

It appears from the above that there cannot be any point 
in a body about which all the moments of inertia are equal^ 
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by making equal to a right angle, which will cause 
the axis of s' to be perpendicular to that of z"^ the 
equartion will give C=A. The moments of inertia 
relative to all the axes situated in the plane perpedicu- 
lar to the axis of z"y will be therefore equal to each 
other. But it is easy to be assured (hat, in this case, 
we shall have for the system of the axis of 2'' and of any 
two axes perpendicular to it and to each other 

S.x^y'.dm=A\ S.x'z".dm=Q% S.i/'z".dm=Qi 

for, from denoting by x" and y the co-ordinates of a 
molecule dni of a body referred to the two principal 
£^xes taken in the plane perpendicular to the axis of z% 
with respect to which the moments of inertia are sup- 
posed equal, we shall have 

S.(a^^'\-z"^).dm—S.(7/'^'\'z"^).dm ; 



if the quantities ^, B, and C belonging to the centre of 
gravity of the body are unequal ; if one of the three quanti. 
ties Aj By and C is greater than either of the others, and 
the others equal, in this case, there are two points with 
respect to which all the moments of inertia are equal upon 
the principal axis to which the greatest of the moments Aj 
By and (7 belongs. If the three moments A^ B, and Care 
are equal, the centre of gravity of the body is the only point 
about which all the moments of inertia are equal. 

For example, in the oblate spheroid the points are upon 
the minor axis of the generating ellipse, at the distance of 
the square root of the fifth part of the difiference between the 
squares of the semi.major and semi-minor axes on each side 
from the centre of the spheroid. This last problem was firjst 
solved by M. Binet, and afterwards in a manner similar to 
the above by S. D. Foisson. 
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or simply S.x^.dm=Sit/'^.dm ; but by naming s the 
angle which the axis of a?' makes with the axis of a/^^ 

"we have 

x'=ir''^oos.s4-,y*.sin.e ; 

y=t:y .cos,6 — ^j:^.sin.6 ; 

■ . • " - "^ 

consequently 

c&w.sin,6.cos.6:=iO. 

We shall find in like manner *S.j:'s^.rfm=iO ; S.y'z^dm 
=;=0 ; all the axes perpendicular to that of z" are there- 
fore principal axes, and in this case the solid has an 
infinite number of principal axes. 

If at the same time A=Bz=zCj we shall have gen- 
erally Oz=zA ; that is to say, all the moments of inertia 
of the solid are equal ; but then we have generally 

S.x'i/'.dmzz^O; S.x'z'.dmz=zOi S.^'z'.dmzzdO; 
whatever may be the position of the plane of :c' and^', 
so that all the axes are principal axes\ This is the 
case of the sphere : we shall find in the course of the 
Mechanique Celeste that this property belongs to an 
infinite nurnber of olhet solids of which the general 
equation will be given. 

28. The quantities p, y, and r which we have intro- 
duced into the equations cO of No. S6, have this 
remarkable property, that they determine the position 
of the real and instantaneous axis of rotation of a body 
with respect to the principal axes. In^ fact, we have 
relative to the points situated in the axis of rotation 
dr'zziO, £/y=:0, and dz^zziO; by diflferentiating the 
values of or', 3^', and z' of No. 26, and making the sine 
4ci=i) after the differentiation, which may be done, 
because we are able to fix at will the position of^tha 
axis of x' upon the plane of '^ and ^'^ we shall have 
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(p — d(p.coB.(p]^z^.d^.hin.6zsdD ; 
i^'=sr^.{dip.co8.d.cos.f — cfO.sin.O.sui.^ — c^(/•cos•^} 4* 
y^•{£^)^.8in.( — i/(p.co8.6»8in«f — r dd.sin.O.cos.^} 
+2^.rf0.cos.ft=O ; 

ils'= — x^.{d6.cos.6Mn.p'\'dpMn.6.co&.(p}-rTy"*{dO* 
co8.9.co9.^.— ci'<p.$in.0.sin.^}«— )g^.cf0.8iQ.9=O, 
If we multiplj tbe first of these equations bj — -sin.^^ 
the secoml bj cos.O.cos.^, and the third by — sin.A* 
€06*9 ; we shall have from adding them together, 

0=^afl — qz^. 
If we multiply the first of the same equations by cos.f , 
the second by cos.d.sin.^, and the third by —sin. 9, 
sin.^ ; we shall have from adding them tqgeth^r, 

Lastly, if we multiply the second of the same equi^tions 
by sin. 6, and the third by cos.d, ^e shall have frcpi 
adding them together, 

This last equation evidently results from the twq pi;e- 
ipeding ones ; thus the three equations dx':=Oy dy'^±Sy 
and dz'=D are reduced to these two equations which 
belong to a right line forming with tbe axes of or^^ y^, 
and z^f angles which h^^ye for their cosinps 

g r P * 

yjp*+i?*+^*' /p^+i^+r^^ ypH^*+?* 



t Let th^ right line be represent^ lij v^jc^^-f-j^'-'r-t*^*^ 
1(^n Ijiy letting fall a pq^rp^dical^r fronfi ^e en^ of it vpqa 

^ s^zu of 3^.^ we shall haye Igr trig<)noiDetr j V^«^*+j^*+jrf!* 
: «^ : : rad. (1) : .======= or the cosine of the angle 
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This right line is therefore at rest and forms the real 
axis of rotation of the body. 

In order to have the yelocUjr of rotation of the bpdjF> 
let us consider that point in the axis of z" which 14 at 
a distance equal to unity from the origin of the ^o« 
ordinates. We shall have its velocities pars^llel iothf 
axes of jc'j y^y and %[y by making :r^=d(^ ^^==0| and 
^''z=zl in the preceding expressions of cKz/, di/'^ ^od dz'^ 
and dividing them by dt ; which gives for thf^se partjali 
velocities 

If* , . £» ^d^ 

— .sm.flj ^.cos,flj — -.sin.9; 



the whole velocity of the point is therefore y_^^±^^ 

— • — or t/j^+r*. If we divide this velocity by the 
distance of the point from the instantaneous axis of 
rotation, we shall have the angular velocity oj( rotation 
of the body ; but this distance is evidently equal to tha 
sine of the angle which the real axis of rotation makef 
with the axis of 2% the cosjne of which angle ii 



which the line makes with the axis of o;^ ; by substHlliting 
for ^ and z^ their respective values and — , this e;^« 

x^ a 



pression becomes /a/'* , f*x^* pV* or i/p*+j*+r*« 

The cosiQ^a of ti^e 9thcr angles may be foo^d in ^, sipiil^r 
manner* 
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p :_ 

i/ a I ^Tt T'^ ^^ ^^^^^ therefore have v^|i»+g»4-r* for 

the angular velocity of rotation*. 

It Appears from the above, that whatever maybe 
the movement of rotation of a body, either about a fixed 
point, or one considered as such ;: this movement can 
6nly be regarded as one of rotation about an a^tis fixed 
during one instant, but which may vary from pne in- 
stknt to another. ' 

The position of this axis with respect to the three 
principal axes and the angular velocity of rotation, 
depend upon the variables p, q, and r ; the dctermin- 



/ • 



* To find the angular velocity about the immoveable axis 
of rotation ; from the distance equal to uuity qppi;i the axis 
pC2^:l?t fall a perpendicular upon the axis of rotation ; the 
perpendicular will represent the sine of the angle which 
this axis makes with 2^, and is consequently equal to 

/ ^^ /f 9*+^' \ 

A/ 1 L or V I . , ,' -j I: the angular veto. 

city about the axis of rotation at a distance represented by 
unity, may therefore be found by the following proportion 

If the quantities p, g, and r are constant the axis of rotation 
will remain fixed in the b«dy, the angular velocity will also 
be invariable; but the converse of this is not equally true, 
for the kxis of rotation may change its position in the body 
and the angular velocity remain the same, that is, the quan. 

trty i/p* + g*+r* may contloae constant although p, y, 
and r vary. 
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ation of Tvhich is very important in these researchet, 
and which by expressing quantities independent of the 
situation of the plane of x* and y'^ are themselves in- 
dependent of this situation. 

S9. \ji^i us determine these variables in functions of 
the time, in the case in which the body is not solicited 
by any exterior forces. For this purpose let the equa* 
tions (D) be resumed of No. 26, containing the varia- 
bles /)', y', and r' which are in a constant ratio to the 
preceding. The differentials dN^ dN'y and dN" are 
in this case nothing, and these equations give by being 
added together after they have been respectively multi* 
plied by p', y', and r* 

OzzzLp^dp'-^-q'dq'-^-T'dr'^ 
which becomes from integration 

Tc being a constant quantity. 

If the equations (D) are multiplied respectively 
AB.p'j BC.q'j and AC.r^j and afterwards added to* 
gather, they will give by integrating their.sum 

AB.p'^'\'BC.q'^+AC.r'^=H^ ; 
H being a constant quantity; this equation contains 
the principle of the preservation of living forces. From 
« these two integrals the following equations may be 
obtained^ 

^_ AC.k*^H^ + A.(B-^C).p'^ . 
' — C.(A-B) 

« H^—BC.k^^B.rA-^O.p'* 
— C.(A—B) 

m 

thus q' and r' will be known in functions of the time f, 
when p* shall have been determined : but the first of 
the equations (D) gives 

AB.dp' , 
''^—(A^B),^r^' 
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^hicfa^ b^ siibstitutiDjg the valueis 6f q' and r^, becomes 

A.B.Cdp' 



a 



V{AC.k*'-H^+A.(B — C).i/*].{H*r'^C.k*—B. 



an equation that is only integrable in one of the three 
following cases, BzzzAj BzzzC^ or-4=C*. 



* In the cases in which this equation tab fce integrated it 
may he made to assame the following forms, in which a and 
h are substituted for the constant quantities. 

First. liAz=.Bj dtzzb.—^-^sLudiziib. (circular are 

having a for radius and p^ for tangent)4'<onst. 

dpf 
Second. K AzizC. dizzb.y=== and iz:zb. hyp. loc. 

0'+i/a*+p^+const. 

adp^ 
Third. If B=C^ dt—by^=~=^ anid 1=5. (drculit 

al^c iJatVihg a for radius andp' for sine^ -f const. 

_ 2«Jp' 

fofir/*. If ^C.Ar»=fl% d^=rd - . ^~=- and /=:6. hyp. 

log. . + const. 

JYf/A. If JI»=BC.A:% d^=:&.— 7===:and^=&.hyp. 

log, !-i- + const. 
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The determination of the three quantities p', q'y and 
r'^ requires three constant quantities, H^y A;*, and that 
Mrhich is introduced by the integration of the preceding 
equation. But these quantities only give the position 
of the instantaneous axis of rotation of the body upon 
its surface, or relative to the three principal axes; and 
its angular velocity of rotation. To have the real 
movement of the body about a fixed point, it is necessary 
also to know the position of the principal axes in space ; 
this should introduce three new constant quantities rela- 
tive to the primitive position of these axes, and requires 
three new integrals, which when joine4 to the pre- 
ceding will give the complete solution of the problem. 
The equations (G) of No. S6 contain the three constant 
quantities JV, N', and N"; but they i^re not entirely 
distinct from the constant quantities H wnik. in fact^ 
if we add together the squares of the first members of 
the equations fO, we shall have 

which gives k'z=N*+N^+Nf^. 

The constant quantities iST, N', and JV^, answer to 
the constant quantities e, e'y and c'( of No. 31, and the 

function |fV^p'*-j-}'*+^* expresses the sum of the areas 
described during the time t by the projections of each 
molecule of the body upon the plane relative to which 
this sum is a maximum^ N' and N'^ are nothing rela- 
tive to this plane; by therefore equalliqg to nothing 
their values found in No. 26, we shall 'have 



[r.sih.(p — Aqxoti.(p; 
0:;:^q.cos.Q.sm.f-{'J^r.cos.6.cos.f^Cp^9in,9 ; 
from which may be obtained 



cos. 



2f 
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-4 



sin.O.siii. 



sin.S.cos. 






By olieans of these equations, we shall know the yaltie* 
bf % and f in functions of the time relative i'^ the fbted 



* If from the centre of the co-ordinates a perpendicular 
be erected to the invariable plane, and «, /8, and y denote 
the respective angles which it makes with the co-ordinates 
«^,y^y and 2^, then it may be readily proved, No. 21 notc^^ 
that cos.A=: — sin.tf.sin.f, cos.jSzz: — sin.O.cos.f, and cos.y 
zsom.^j consequently we have the following equations 



cos.a:;^ 



Vl''*+9'*+^'** 



cos./3:r: 



f' 



/p'a^^^a^yi »' 



coij.yn: 



The position of the invariable plarie with reiipect io thire^ 
axes fixed In space may be found in the foll6'\iing manner. 
Ldt O (Jig. V9) re](>re8ent the cetitre of the co.orditiaties ^ 
the point uHdmt which the body tarns, Ox^^ Oy"^ and <hfi 
the three principal axes io which the co-ordinates o/^, y^ 
and 2^ are referred, Om the perpendicular to the invariable 
plane, and Ox one of the three rectangular fixed axes be- 
longing to 07, ^, and z to which the ordinates x are referred. 
From any point -x id {he axis Oo; let ihe right Ihie 'SSih be 
drawn catting the line Om at ^, th#n in the trittngle xtaO 

xm^zzOx*+Om* — iOx.Om.cos.xOm, 
The co«ordinates of the point x with Y«spe<^ io the axes of 



JbAPLACB^S MECHANICS. f2f 

plane that we have considered. It only remains to find 
the angle >)/) which the intersection of this plane and 
that of the two principal axes makes with the axis of a/| 
which requires a new integration. 
The values of q and r of No. ?6 give 

d^.%m^^z=iqdtMn.6.%\u.^J^rdtMn.6.con.(^ ; 
jfJEom which may be obtained 

^K.dt.(Brf*+Ar'0 . 



d4r. 



AB.(q[^+r^) 



«» 



af*^ ^^^ and z^ are x0.cofi»xOxf'y xO,cos,x0^^y and d?0.co8. 
xOz'f and those of m to the same co-ordinates are mO.cos. 
mOx^j mO.cos.mO^y and mO.cos.mOzf'^ we therefore have, 

pages, 

xm*z:z(xOxo3.xOx^' — i«0.co8.«iOjr^J*+Cj:0.cos.4?Oy— » 
O.co».fn0i/'0*+(^0.co8,x0zf — fwO.cos.fwOs^J*. 
From these two values of xm* we shall find, by making the 
co.efEicients of Ox*j Om* and Ox.Om in the equations equal 
to each other, that those of Ox.Om give 
cos.mOa7z=cos.a:Ox'^co8.«tOx''' -(- cos.j;Oy.cos.iiiOy^+co8. 
mOz'^.cos.mOz^. In a similar manner it may be proved that 
cps.mQ^=:cos.j/0^^.co8.mOj?"+cos.^C>y^.cos.i7iOy'^ + cos. 
yOz!'.cos.mOs!'j and cos.mOzzuco&.zOx^ ,00%* mOx" '\-eo%.zO 
y^.qos.iwOy'^ + cos.zOz". COS. mOz^'. (See page 111). W« 
therefore evidently have the following equations 

^ p'xos.xOsf'-k-q'.cos.xOx^f+r'.cos.xOy'' 
cos^mOx zzz — — s-^ — 2— 

^^. ^r, P^.co8.,yOzff'j^rf.co8.yOji/f+r^c o8.s^Oif« 

^ p^,co8.zOz'^+cf.co8.zOa/'+r.co8.zOv^' 
co9,mOz::;^^ ' — ^ , 
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but by what precedes 
we sball therefore have 






If we substitute instead of {ft its value found above ; we 
shall have the value of 4^ in a function ofp^ ; the three 
angles 6, (p, and >i^ will thus be determined in functions 
of the variables p', 5', and r', which are tliemselves 
determined in functions of the time f. We shall there- 
fore know at any instant whatever the values of these 
angles with respect to the plane of x' and ^', which we 
have considered ; and it will be easy by the formulae of 
spherical trigonometry to find the values of the same 
angles relative to any other plane ; this will introduce' 
two new constant quantities, which united to the four 
preceding ones will form the six constant quantities, 
that ought to give the complete solution of the problem 
about which we have treated. But it is evident that 
the consideration of the plane above mentioned simpli- 
fies this problem. 

The position of the. three principal axes upon the 
surface of the body being supposed to be known ; if at 
any instant whatever we are acquainted with the posi- 
tion of the real axis of rotation upon this surface, and 
the angular velocity of rotation ; we shall have at this 
instant the values of p, q, and r, because these values 
divided by the angular velocity of rotation express the 
cosines of the angles which the real axis of rotation 
forms with the three principal axes : we shall therefore 
have the values of p', f ', and r' ; but these last values 
are proportional to the sines of the angles which the 
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three principal axes form vfith the plane of ^ and ^9 
relative to which the sum of the areas of the projections 
of the molecules of the body multiplied respectively by 
these molecules, is a maximum ; we shall therefore be 
able to determine at all times the intersection of the sur- 
face of the body by this invariable plane, and conse- 
quently to find the position of this plane by the actual 
conditions of the movement of the body. 

Let us suppose that the movement of rotation of a 
body is owing to an initial impulse, which does not 
pass through its centre of gravity. It results from what 
has been demonstrated in* numbers SO and 32, that the 
centte of gravity will take the same motiouas if this 
impulse was immediately applied to it, and that the 
body will take the same movement of rotation about 
this centre as if it were immoveable. The sum of the 
areas described about this point by the radius vector of 
each molecule projected upon a fixed plane and mul- 
tiplied respectively by these molecules, will be pro- 
portional to the moment of the initial force projected 
upon the same plane, but this moment is the greatest 
relative to the plane which passes by its direction and 
Jby the centre of gravity; that plane is therefore the 
invariable one. If the distance of the initial impulse 
from the centre of gravity is denoted by/, and the ve- 
locity which it impresses upon this point hy v; m 
representing the mass of the body, mfv will be the 
moment of this impulse^ which being multiplied by |f 
will give a product equal to the sum of the areas de- 
scribed during the tim^ t; but this sum' by what prcr 

cedes b it.V^p'*+q'*+r^* ; we have therefore 
If we had known at the commencement of the move- 
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meiit, the poBitiop of the principal axes lelatiF^ to 4lie 
invariajble plane, or the angles 4 and f ;^ we thoufcl also 
faave known at thin commencement, the yalues of p*y 
q'y and r'^ and ecmsequentiy those of p, q^ and r ; we 
shall therefore have at any instant whatever <^ Talues 
of these same quantities*. 



* The diagram (Jig, 20j may serve to assist the learner 
in the readier understandiog of this number. a 

Let the body be supposed to be put in motion about the 
point situated upon the principal axis %", by an impulse 
acting upon the point B of the surface in the direction of the 
line AB. Let MBM! be a section of the body made by a 
plane passing hy the point O and the right line ABi this 
plane is the invariable one ; let Om be a perpendicular t0 * 
it. If we know the section MBM! of the body at the be- 
ginning of the motion, we shall know 4ihe angles which its 
perpendicular makes with the three principal aiLes. Let Oaf'y 
Oy'\ and Oz" represent the three principal axes and 01 the 
instantaneous axis of rotation of the body, then at the be- 
ginning of the motion 

cos.JO^=-— i=, . * 

608.fO/ = 



cos./0«^'=: 



|/p*+5* + r*' 
P 



Let MOlkP be the 4iection of the planes MiUf and JD^Oy ; 
then one of the constant qusmtities which belopg to the valaes 
of / and 4' in functions of p Mdll .depend upon the time when 
i commenced, and the other upon the line taken arbitrarily 
in the plane MBM' from whiohihe angle 4^ commenced. 



This theory may serve to ^plain the tiro motioito of 
the rotation and revolution of the plaaetn^ :by one 
sole initial impulse. Let ns suppose that ^ jAalnei its 
aa homogeneous sphere having ft radius iS, and that 
it turns about the sun with an angular velocity U; 



In the case of Ae rotatory moT«iiient of a solid body not 
acted upon by any acc^erating forces we eyidently hiCTe, 
(see page 107,) 

dzz^zyd^ — xtht, 

JiOkt three eqaatioas {Z} No. tl, ar^ respectively iiiulff. 

^. u^ Ota d^ 

plied by — , ^, and -jr, which are made to pass under the 

sign S, aad added together, when —., -^i tkvA ^ at« 

at at at 

sabstitated for th^ir values, they will give 

^ dt* —'^'dt^'^'dt^'^'W 

^ft9i-lhe equation (Q) No. 19, when ^=0, gives 

'~~idf* —^' i 

we shall have 

"^'rf* +^•d/+''•5^-^^• 
Ia this eqtialtioii c, c/, ^nd c^ rept'e^ent fhc initial forces of 
impals ion, and C It'censttfnt quantity which is hiecessirily 
positiTe« 

If a.co8.«, a.cM./S, and a.cos.y are respectively sobsli* 

dd 
tujted for <^, </, and c, (sMuoles.N^lli^/asd^.co^A^ 
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r being ifnagtned to den6le its distance fi'om the snn ; 
wc sIhiU thetfhav6 ttzrriJ; moreover if we suppose 
that the :plan^ moves in consequence of an initial im- 
pulse^ the^irection of which took place at a distance/ 



d9 do d4^ du _ d<p 

:7r.cos.ft, and -rr.cos.y for -t-j -ttj and -j- (see notes 
dt ' dt dt di dt ^ 

page 108) the above equation will be changed- into the 

following, 

dO { \ 2C 

-^•1 COS.tf.COS.X + COS./S.COSfb + COS.y.COS.y I =r — . 

In this equation a^ 0, and y are the angles which the per. 
pendicular axis to the invariable plane makes with the fixed 
axes of jTy y, and z ; and X,. y.y aiid » are tiie angles which* 
the instantaneous axis of the composed rotation miJ^es with 

the same axes, — being the velocity of rotation. Let o* re- 
present the .angle which the instantaneous axi\s of rotation 
makes with the perpendicular axis to the ii|v^jial^Ie plane^ 
then, (notes page ^27) ' 

C0S.«rCrC08.«.C0S.>- + COS.0.COS.fc-|-<^O8.y .C0S.> ; 

' d& 2C ^C ^ . ^ _*ii^ 

consequently —.cos. an: — 9 — bem^ a constant qu«|vn| 

which depends upon the initial movement.of the body. We 

therefore have a ratio, independent of the form of the body^ 

between the real velocity of rotation at each instant and the 

position of the axis of rotation relative to the invariable 

plane. This curious property w^s discovered by Lagrange. 

If the planeof x^he taken by the centre of the body and 

the right line in the direction of which the impulse is given, 

the constant quantities cf and d^ will vanish, and the general 

dp 
eqnUtion found above will be reduced to c.—zzz^C; which 

shews that the velocity of rotation with respect to the axis 
of a;, that is parallel to the plane of the impulse, is invariable^ 



torn iii oMtre, it is eTuieiit thut it will fewnHiFe 9ilfH^ 
flB Ax» perprndiottlar to4be inviinfil)l#^tiQ s fay tkf^i^ 
fore considering this axis as the third prifipijpf^l mhf 
we shall have 6z=0^ aad eonj^ecjuently q'=Oy r'z=!d ; 
we shall therefore l||t?d p^^i^tV^/^ «? Cpz=mfrU. 

But is well known ibat in ti|e i^ttc W6 Mve £'::?t^ 

^iZ*, <;©n5^qweotly 

which gives the distance / of the direction .of tbis toiti^ 
impulse from the centre of the planet, and answers to 
the relation observed between the angular velocity p of 
Totatinn, .and ih& angokr yelgdty 17 pf revolution 

about the sun. Relative to the earth we have 77= 

R 

S86^S38S8 ; the parallax of the snn gives —=0,0000 

19005 an(l ^oasequw(Ijr/=;:— .^, very negirl^. 

As (he planets are not horaog^neoQs, Aey may b« 
considered as formed of spherical and oooceptrical la^ 
mhias.of unequal densities. Let g represent (he density 
(7one of these laminae of which the radius h JRp^ being 
a function of i2; we shall then have 






.■«.* 



* la order to find the yaltte of C in Ae case where the 
density p of each spherical Uioina varies as some function of 
its radius, let us suppcwe (^g. U) that ACBD is the section 

9a 
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m being tbe entire mass o{ the planet, and the integiala 
iaken from J?=:0, to its value at the surface ; we shall 
therefore have 

'S'rl/f^.RKdR • 
If, as it is natural to suppose, the laminae be densest 

nearest the centre, '(.^' ' ,p will be less than lU* ; the 

value of / will therefore be less than in the cs^e of 
homogeneity. 



of a sphere made by a plane passing through its centre O and 
axis of rotation CD, let the radius OA be drawn perpeiu 
dicular to CD or axis of «, and RS parallel to it or cutting 
the circumference of the circle JBCD in jR and S ; draw 
the radius OR meeting the line SR at £, suppose ORzuR^ 

OPV'ic^+^^rrw, then PRzzV^^^u^j and if |>^=3. 14159, 
&c« the surface of the cylinder generated by tbe reyolniioii 

of SR about CD is 4pttV^!R*— m*, therefore 4puduy^1^ 
is the differential of the solid generated hy the revoluticm of 

the plane CRSD about CD, consequently 4pfu^du\/ R*^u* 
is the integral of that solid, when it has each of its molecules 
multiplied into the square of its distance from the axis CD ; 

this integral may be readily found by supposing R'^ — u '* m^ 

or u'^zz.R^ — «p*, then u^-zzR^ — 2ll*a*H-a>'^, consequentlv 
u^duz^ — R^wdw-^-TJsi^dxsi and Apu^dw^ R^ — u*z=:4p,( — R* 
7SD*dzc-{'W^dw)^ which by integration becomes 4p.(^ — ^R^zc^ 
'^zo^)-i'Cor, ; when fiiziO this integral should vanish but 

Ri 
^s 70cz=:R in this case 4p.( — yll^+— + Cor.— 0, there^ 
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30. Let us now determine the oscillations of a body in 
the case in ivhich it turns very nearly about the third 
principal axis. It is possible to deduce them from the 
integral in the preceding number, but it is simpler to 
obtain them directly from the differential equations 
(D) of No. S6. The body not being solicited by any. 
forces, these equations T?ill become by substituting in 
the places of p'^ q*y and r^ their values Cpy Aq^ and Br^ 

rfp+ '"-t; — • qr»dtz=0 j 

^9 + — -j-^rp'dissii ; 

dr'\ jr^.pq.dt=0. 

The solid being supposed to turn very nearly about its 



.u^ 



fore, as when tizzJR, fPrzO the aboTe integral for the sphere 
whose radius z=.R becomes -fypR^* If R is suf^osed to be 
yariable in this last expression, its differential will be ^pR^ 
dR, which is the value of an indefinitely small lamina of a 
sphere at the distance R from the centre, which has each of 
its molecules multiplied into the square of its distance from 
an axis passing through that centre; if f^.(R) represent 
the density of the lamina, then ^p^R^dR will denote the 
number of its molecules each multiplied into the square of 
its distance from the axis, therefore Cz:zfpfpR^dR. Now 
the mass HI of the sphere is equal to 4pfpR*dR^ therefore 

ml 
the value of p is —.——.—, which by substitution gives 

^_^m JpR^' dR 
~ 3 ^pRKdR • 



third ptih(iii^l d2^i^, q arid r Ht^ fery slitdll KjfuM^itii^, 
iht ^nmtes^M the pifadMis ot ^hich itiAyhe riegfeeted*; 
this gW^s dpti=:0y 8tnd coii1s6queAt1y p a Cbrti^tatit quaA-* 
tity. IF in the Wo oihei i?qtiati6il6 tfre duppo;«fe 

^^sb^ll have 

M and 7 being (#» ednstant qii&ntitiiBs. The angular 

velocity of rotation will bey'p^+g^+r*, or simply ^7^ 
by neglecting the (i^mtres ef 9 and r } this velocity \?ill 



^ r B i-^*^-*- *'■" • - t "f 



* If the angle lOz'^ (Jig. 20) is very small the angles lOaf' 
and IO1/' will be very nearly right angles, therefore their 

q r 
cosines . .. — :=and , => and couseqaentlv 

the quantities 9 and r will be very small. 

-F By iKnbstifattng J»^.u««fftl4-1») foU g and AF^oSiCnl 
-fy^ for r In thes# eqiuatidili) they will be chaagiddinto tbc 
MU^wIb^^ 

jtf.cds.^iiit+yjiicr/ + — -r— .itf^,cos.('n^+yj.jpd/=0, 

— Jtf'.sin,.fiii^+y;«£ftH — ~.M.sin.fn^+y;.|)rfted. 
GonMqiieiAitly ' . - 

from which fi=« ^(^jjfC^g) ^nd lUzz-M 

^ ^ AB 

j^ A(C'-^A) j^^ jj^ readily obtained. 



».i 



thi^tet&te te Y^ neatly toti^ttni* Lusfl^, tb^ sine of 
thtsti^U fatitteA by (he teal axisi 6{ rdtatioH and by 

the third principal axis will be ■ ^. rTi^ . 

' i( atf: the ofigi^ of the movement we have qrr^rdO and 
and 9in=0, that is to say, if the real axis of rotation co-* 
inctdes at this infant with the third principal axis, we 
shall haye ilf:z£^ and M^z=iO ; q and r will be there* 
fore always nothings and the axis of rotation will aU 
ways Coincide with the third princiipal axis; from 
which it follows, that if the body begins to tnrn aboat 
oii^ of the principal axes, it will continue to turn uni" 
fbfn^ly about the same^is. This remarkable property 
df the priticipal axes, has caused them to be called the 
principal axes of rotation ; it belongs exclusively to 
iMtn ; for if the real axis of rotation is invariable at 
the surface of the body, we have dp=z.O^ dqzuJO, and 
dnsi^ ; the preceding values of these quantities there- 
lore give 

In the general case whefe A, B, aiid C are unequal, 
two of the three qnantities p, g, and r are nothing in 
tonsequence of these equations, which implies, that 
the reial axis of rotation coincides with one of the prin- 
cipal axes. 

If two of the three quantities A^ JB, and C are equal, 
for example, if we have^=:B; the three preceding 
equations will be reduced to these rp:=zO and pqr^^ 
and they may be satisfied by supposing p3=0. The 
axis of rotation is theb in a plane perpendicular to the 
third principal axis ; but we^^havc seen, No. S7, that 
all the axes situated in this plane are principal axes. 
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Lastly, if we have at the same time ^ — ^ — C| the 
tbifee preceding equations will be satisfied ivhateveif 
may be p, q^ and r, but then by No. S7, all the axes 
of the body are principal axes. 

It follows from the above, that the principal axes 
alone have the property of being invariable axes of ro* 
tation ; but they do not all of them possess it in tho 
same manner. The movement of rotation about that 
of which the moment of inertia is between themomentft 
of inertia of the two other axes, may be troubled in a 
sensible manner by the slightest cause; so that there 
is no stability in this movement. 

That state of a system of bodies is called stable 
in which, when the system undergoes an indefinitely 
small alteration, it will vary in an indefinitely small 
degree by making continual oscillations about this 
state. This being understood, let us suppose that the 
real axis of rotation is at an indefinitely small distance 
from the third principal axis; in this case the constant 
quantities 3/ and M are indefinitely small ; if n be a 
real quantity the values of q and r will always remain 
indefinitely small, and the real axis of rotation will 
only make oscillations of the same order about the third 
principal axis. But if n be imaginary, ^\xi.(nt\^} 
and cos,f//^-}-7j will be changed into exponentials; 
consequently the expressions of q and r may augment 
indefinitely, and eventually cease to be indefinitely 
small quantities* ; there is not therefore any stability 



* By the rules of trigonometry itf.sin. («/ + v)=: 
^j^ — g ^.j in this expression e 
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■ 

!n tM^moYemeht of rotation of a body about tbe third 
principal axis*. The value of n is real if C is the 



. ■■'i 



represents the naraber of which the hyperbolical logaritfatjoi 
Is unity* If n is an impossible quantity it may be supposed 

leqnal to mv^— l ; let this Talue be substituted for it in tlie 

aboye equatien, and we shall haye ^zzM.sin, (m/y^ — l 

+y)=.¥.J! JZJ : • As the quantity 

V=l 
mt is real, the yalue of q may increase as that of / increases, 
until it ceases to be indefinitely small. It may be shewn in 
a similar manner that if I increase r will also increase^ and 
ut length cease to be indefinitely small. 
* In the eqaations 

AB.p'*+BC.^^+Acy^=H^, 
let the yalues of p'^ q'y andV be substituted, then if the 
second, after haying diyided both its members by AB, be 
subtracted from the first, the following will be obtainqd^ 

ui(J--.CJ5»+B(J5-.C)r»zr:A:»— ^. 

Aa 

If q and r are yery small at the beginning of the moyement, 

the constant quantity k* — r- which may be represented 

by Lj is yery small at that time ; the quantities q^ and r* 
will therefore, if the difference A — C and B — C have the 
same sign, always remain yery small and have for their re. 

soective limits — : r and '■ . 

*^ A(A—C) B{B-^C) 

If the differences A — C and B — C have not the same sign 

and the constant quantity L is supposed very small, the 

above equation may have place although the values of q and 

and r increase indefinitely. 
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•greatest or ihe least of the tbme qtiantitiei A^ M^Mfi 
Cf for then the product (C^rr-*A).(C—r'B) is pqriiiTs; 
but this product is negative if C is between A and Bj 
and fn this case n is imaginary ; thus the movement of 
rotation is stable about the two principal axes of which 
the moments of inertia are the greatest and the least ; 
bat not so about the other principal axis. 

In order to determine the position of the principal 
axes in space, let us suppose the third principal axis 
very nearly perpendicular io the plane of j?* and ^'9 so 
that d may be a very small quantity of which the square 
can be neglected. We shall hav« by No. S6^ 

which gives from integration 



6 being a constant quantity. If W6 afterwards make 

sin.d.sin.f=5/ sin.d.cos.fssfry 
the values of q and r of No. 26^ will j^ive by extract- 
ing rfJ^, 

ds du . 

and by integration 

AM 

s:=i:fi. sin. Cpt-^X) r?— .sin.f«f+of>J V 

Up 

BM! 

tft=:^.cas. (pt'-\-\) — -^— .COS. r«H^J* / 



' 1 'i ii 'PF inji i ■■■i»iii»iii II n !■« tm ff H -wmm'mm^itf 



* By differentiation and suhstttotion the equations 
ds du 

will become 
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an^iH being two new constant quantities ; Hie problen* 
is thuM completely resolved, because the values of s 
and u give the angles d and (p in a funcUon of the time^ 
and %}/ is determined in a function of <p and t. If /3 is 
nothing the plane of .r' and^' becomes Ihe invariable 
plane to which we have referred in the preceding num- 
ber the angles 0, (p, and 4'* 

31. If the body is free, the analysis of the preceding 
numbers will give its movement about its centre of gra- 
vity ; if the solid is forced to move about a fixed point, 
it will always shew its movement about this point. It 
remains for us to consider the movement of a solid sub- 
jected to turn about a fixed* axis. 

Let us suppose that x is the axis which we shall 
imagine to be horizontel : in this case the last of the 
equations (B) of No. 25 will be sufficient to determine 
the movement of the body. Let us suppose also, that 
the axis of ^' is horizontal and that the axis of s' is ver- 
tical and directed towards the centre of the earth ; let 
us conceive lastly, that the plane which passes by the 
axes of y* and 2', passes through the centre of gravity 
of the body, and alsa that an axis passes constantly 



d*s dr 

These equations may be readily Integralpd. See No. 623 
of the Traite du Calcul DiiTerentiel et du Calcul Inlegral of 
Lacroix, where a general formula is given for oquations of 
this description. 

2 II 
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through this centre and the origin of the co-ordinates. 
Let be the angle -which this new axis makes ivith that 
of 2' ; if we name the co-ordinates referred to this new 
axis, y" and z" vie shall have* 

y=y.cos.O4-s'''.sin.0; z'=s^cos.O— ^''^.sin.O; 
from \¥hich may be obtained 

S.dm.(y"^-\-%^") is the moment of inertia of the body 
relative to the axis oi a^ ; let C be this moment. The 
last of the equations (B) of No. 25 will giye 




liet us suppose that the body is solicited only by the 

force of gravity : the values of P and Q of No. 25 will 

be nothing and R will be constant, which gives 

dN" 
'-r---zzS.R^',dm=zR.cos,Q.S.y^^.dm+R.sin.O.S,z^^.dm* 

The axis of z^ passing through the centre of gravity of 
the body, we have S,y".dm=S) ; moreover if h repre- 
sents the distance of the centre of gravity of the body 



* By referring to figure 17, and notes page 169, A may 
be supposed to be the centre of the co-ordinates and point 
through which the horizontal axis a/ passes, ^JTthe vertical 
axis of s/, ^JTthe horizontal axis of y, AY, that of z" which 
passes through the centre of gravity of the body and makes 
the angle 9 with ;:', and AX, the axis of ^'^ In this case 
the values of y and z' may be found in the terms of ^' and 
z'^y in a manner similar to that in which the values of ^ and 
If were found in the termft of op, and ^, in the above mcn^ 
tioued number. 
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from the axis of x', we shall haVe S.z^^dmzsimh^ m 
being the whole mass of the body ; we shall therefore 

have 

dN" 

at 
and consequently 

dt^ — C~ 

Let us now consider a second body, all the parts of 

which are united in one sole point at the distance ^from 

the axis oi a:^ ; we shall have relative to this body Czzs 

m'Py nJ being its mass^ moreover h will be equal to /; 

by equating 

J*d — il . . 
_=:__.sin.fl. 

These two bodies will therefore have exactly the same 
movement of oscillation, if their initial angular veloei- 
tiei, when their centres of gravity are in the vertical^ 

C 

are the same^ and we have fc=: — v-- 

The second body just noticed is the simple pendiu- 
lum, of which we have considered the oscillations at 
No. 11 ; we are therefore always able to assign by this 
formula the length t of the simple pendulum, the oscil- 
lafionjB'of which are isochronous to those oF the solid 
which has here been considered and which forms a 
compound pendulum. It is thus that the length of 
the simple pendulum which oscillates seconds, is 
determined by observations made upon compound 
pendulums. 
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CHAP. VIII. 



Of the motion of Jlmds, 



.k 



32. VV E sball make the laws of the motion of fliiidl 
depend upon those of their equilibrium, in a similar 
manner to that by which we have in Chap, 5, deduced 
the laws of the motion of a system of bodies from those 
of its equilibrium. Lei us therefore resume the gvneral 
equation of the equilibrium of fluids givea in No. 17^ 

the characteristic $ being only relative to jpe :W^ 
ordinates XyZ/, and z of the molecule, and independent 
of the time t* When the fluid is in motion, the ^cei 
which would retain its molecules in the state of equi- 
librium are by No. 18, dt being supposed constant, 

^-(^0^ o-m-' «-(S)= 

it is therefore necessary to substitute these fofCMfor 
Pj Qj and i?, in the preceding equation of eq<ililibrium. 
Denoting by SF the Tariation P,5a:+0.Sy+'^-^^> 
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lr)iich %re will suppose exact* ; we shall have 

..r-|W.(S)+...(^!)+=.(S), en 

this equation is equivalent to three distinct equations, 
for the variations ^x, ^j/y and H being independent, we 
may equal their co-efficients separately to nothing^:. 



* As this Tariation is exact in the cases in which the 
forces of attraction are directed towards centres that are 
oiUier fixed or moveable, it comprehends all the forces In 
nature which can act upon (he molecules of a fluid mass, and 
may therefore he regarded as always exact. 

^ In places where an incompressible fluid is supported at 
one of its sides, the value of jj shews the pressure against 
litis side in the direction of a normal to it ; at those parts of 
the fluid mass which are free this value is nothing. When 
the value of p is a known function of ^, jt, ^, and s, it 
will give, by being equalled to nothiui;, the equation of the 
•ijrfioe of an Incompressible fluid during its motion. If / is 
not cont^lfMidln this value of ^i, the surface of the fluid will 
preserve the same^^vm and the same position in space, oi| 
tte foatrary wlien p contains t it willtchange its form or po« 
sitfila evefjr insifttit. 

:|: In order that the reader may have a correct idea of the 
f^respondinjg variations of /,>a7. 7/^ and ;:; and the total or par. 
tial variations of a function of them, I shall suppose F a 
function of /, ^, ^, and z, and first imagine tr, 3^, and z to 
vary, / remaining constant. In this case the contempora« 
neous values of Fmay be compared, which at a determinate 
instant answer to the difl'erent points of a system and belong 
to the diflerent molecules placed at these points at the sam* 
instaiji* ^ 

If on the contrary ^, ^, and z are supposed constant and 
t to vary, the values of F will appertain to the diflerent 



^x= 
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The co-ordinates x, y^ and % are functio«%of thf 
primitive co-ordinates and of the time t ; let a^ &, and 
c be these primitive co-ordinates, we shall then have '■* 

(i)-'»+o-»+(S)>= 

'•=G)-'»+(l)-»+(l)-'«- 

By substituting these values in the equation (F)^ the 
co-efficients of ^a^ ^h^ and Ic may be equalled sepa- 
rately to nothing ; which will give three equations of 
ptfrtial differentials between the three co-ordinate& ^ 



M 



molecules which during successive instants pass by the same 
point which has x^ y^ and z for its co-ordinates. 

Lastly, if we make a?, y^ and .2 to vary either partially or 
together and suppose t also variable ; the different valMi'^T 
F will belong to the same molecule, and t^hange'ik it passes 
in successive instants from one point to anAher id the system. 
If the position of the molecule is known at the comaraiicet^ 
ment of the motion, the constant quantities belongiflf^^o 
the three equations which give the values of a?, jf, and z in 
functions of t will be known. The values of a?, y^ and s 
may therefore be found at any instant, which will give ik^ 
position of the molecule at that instant* 

If the time t be eliminated from the three equations given 
by the values of ;r, y^ and 2r, two equations of the curve 
described by the molecule will be known. The form and 
position of the curve will change by passing from one mo« 
IScule to another : the constant quantities in thte' case 
changing their values as the initial position of the mdecnle 
changes. 



y^ and % of (he molecule, its primitive co-ordinates a^ 
by Cy and the time t. 

It remains for us to fulfil the conditions of the con<- 
tinuity of the fluid. For this purpose let us consider 
at the origin of the motion, a rectanfifular fluid paraU 
lelepiped haying for its three dimensions da, d&, and 
dc. Denoting by (q) the primitive density of this 
molecule, its mass "will be (q).da,db.dc. Let this 
parallelepiped be represented by (A)*i it is easy to 



■««• 



* In figare 22 the rectangular parallelepiped A is reprel 
sented, having da, dd, and dc for its three edges; this 
parallelepiped is changed after the time t into that given 
itf figure 23, in which from the extremities of the edge /|p 
which Is composed of the molecules that formed the edge dc, 
two planes gn^ fo^ are supposed to be drawn parallel to the 
plane of x and ^ ; hy the prolongation of the edges of the 
parallelepiped gl or (B) to these planes a new one (C) is 
formed equal4o (B)^ as the parts cut of from (B) and those 
added to (C) respictively compensate each other. The 
height fg of (C)j as it is independent of the molecules in 
da an4d6, is found by making c alone to vary in diiferen. 

tiating the value of «, it is therefore equal to I -r- j.dc. In 

figure 24, let ^qrp denote the section (f) having its side ip 
formed by molecules of the side d6, dc, and its side ^q by 
molecules of the side da, dc of the parallelepiped (A). 
From $ and p the lines $m and pn are supposed to be drawn 
parallel to the axis of Xj meeting the line qr or its continn. 
ation in m and n, and consequently forming a new paral. 
lelogram (x) which is equal to the former (e) ; as it has the 
same base ^p and is between the same parallels. The value 
oflp is found by taking the differential of ^^ in making a, s, 
and t constant; and the value of fm by titking the differential 
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perceive that after the time t^ it m\l be changed inte an 
oblique angled parallelepiped ; for all (he nioleculob 
primitively situated upon any side whatever of Ihe 
parallelepiped (A)^ will again be in the same plane, 
at least by neglecting the indefinitely small quantities 
of the second order : all the molecules situated upon the 
parallel edges of (A) will be upon the small right lines 
equal and parallel to each other. Denoting this new 
parallelepiped by (B), and supposing that by the ex- 
tremities of the edge formed by the n>olcculcs wliich in 
the parallelepiped (A)^ composed the edge dc, we 
draw two planes parallel to that of x and j/. By prD^ 
longing the edges of (B) until they meet these two 
planes, we shall have a new parallelepiped (C) con- 
tained by them, which is equal to (B) ; for it is evi- 
dent that as much as is taken from the parallelepiped 
CB) by one of the two planes, is added to it by tile 
other. The parallelepiped (C) will have Hb two 
bases parallel to the plane of :c andy : its height con- 
tained between its bases will be evidently equal to, the 
differential of z taken by making c aliNi9 to vary ; 

whiah gives ( 7" )«dc for this altitude* 



:k 



of a? in supposing 1/ and z constant. These Jast values maU 
tiplied together give the vahie of the surface of the paral. 
lelogram (X), or that of its equal (s); which value, when 

multiplied hy ■ t- j.dc the differential of 2?, gives the con. 
tent of the parallelepiped (C) or (B)m .' ■'. 
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'^ITe shM have its base, bjr observing th^t it is equal 
to Hie seotiOQ ef (B) made by a plane parallel 16 that 
«f X and y ; let t^is secti<in be denoted hy (b). The 
value of z will be the same Mrith respect to the molecnlei 
of which it is formed ; asrd we shall have 

Let ip ahd $ jf b<$ tw6 Ciintighous sides of the section 
(b)j of which the first is formed bv molecules of the 
side d&.dc o^ the patdll^lepipecl C^Jy ^f^^^ ^^^ second 
by molecules of its side da«dc. If hy the extremities 
of the, side ^p we suppose two ri^ht lines parallel to the 
axis k(Xj alidl w(^ jprolotig tne side of tl^ parallelogram 
(s) parallel to Sp until it meets these lines ; they will 
intercept between themselves a nefw par^lltblogram (X) 
equal to (e)^ the base of which will be parallel to the 
axis btx. The skle ip bein^ forhs^d br tnolecutes of 
the face di.dc, relative to which the value of 2 is the 
same; it is easy to perceive that the height of the 
parallelogram fx>, is the differential of ^ taken by 
supposing i|^,,i^9 atid t conitant^ ^hicl|( gives 

from which may be obtained 

KIKIHlMill-* 

thilB is the expre^ioyl of the height of theparallelogiram. 
(X}. Its base, is equal' to the section of this parallelo- 
gram mad^ by a pland parallel to the axis ofx^ this 
section is formed oftbc molecules of (he parallelepiped 

Si 
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(J) by relation to which z and y are constant, iia 
length is therefore equal to the differential of x taken 
bj supposing sr, ^^ and t constant, which gives the 
three equations 

a.=(g).dH-(S).dH-(S)--c, 

«=(S)"»+(l)-'»+(l)-'- 

Suppose for abridgment 

\daj \dbj \dcj \daj \dcj'\dbj 
^\dbJ \dcj \daJ \dbJ \daj \dc J 

+(j>(i>a)-(i>(i>(i)' 

we shall have 



dj!:z=z 



\dbJ \dej \dcj \dbj' 



this is the expression of the base of the parallelogram 
(\) ; the surface of this parallelogram will therefore be 
/S.dfl.dfe 

dz\ . This quantity also expresses the surface of 

dij 

the parallelogram (s), if we mulitiply it by (—j.dc 

we shall have 0.da.d&.dc for the magnitude of the 
parallelepipeds (C) and (B). Let q be the density 
of the parallelepiped (J) after the timef; then its 
iliass will be represented by ^./S.da.d&.dc, which being 
equalled with the first mass (q).da.db.dc^ gives 
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for the equation relative to the continuity of the fluid. 
3^ We may give to the equations (F) and (G) 
another form more convenient for use in certain cir- 
cumstances. Let Uj v^ and v, be the respective velo- 
cities of a fluid mol^fule parallel to the axis of ^^ y, 
and z : yie shall have 

By differentiating these equations, and regarding u^ Vj 
and V as functions of the co-ordinates Xy y^ and % of 
the molecule, and of the time t\ vi% shall have 

(S)=(^)+-(£)+'(S)+'(£)' 
(g)=(^)+»(S)+-(|)+KI)' 

(S)=(l)+»(£)+- (S)+K^)- 

The equation (F) of the preceding number will then 
become 

»'--?='- ia>-(S)+'- (I) 

+'^-KS)+«(£)+'(|) 



+'•(£) I 



(B) 



+'-l(l)+«G)+"(|) 

+'•(S)^ 

In order to have the equation relative io the continuity 
of a fluid, let us snppose that in the value of ^ of the 
preceding number, a, 6, ^nd c may be equal to ^, j/y 
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and z^ and that ^, ^, and 2 may be equal respective^ 
io a>^ndt^ y-^vdty and a-f-v*, "which w cquivakemt to 
taking the first co-ordinates a, bj and c tndefinthely 
near to ^, t/y and z; we shall then have 

the equation (G) becomes 

If we coQiider /? as^ a ftmction of a?, j/^ z^ and ty ife 
shall hare 

the preceding eq4:i^tion will therefore become, 

this is t^e eqmeitioi^ relative tf^ thje . cpntfiuuly of^the 
fluid? and it is easyjto perceive, that it is the dijSerea* 
tiai of the equation (G) of the preceding numhejTi 
tak6n relative to the tioiQ ^t* 



* The equation 
is equivalent to the following 

which is what the equation (G) becoi^es when the values of 
and (p) are substituted* 

+ If the fluid be incompressible, as the mass the density 
and the magnitude of each molecule of the fluid will remain 
iuYariable, th^ equation (K)^ by equalling separately the 



The equafion (IT) is susceptible of intdgration in a 
yet J extensive case, that is Trhen- uiX'\-v^y-\'\h is an 



^Ji— J « ■ I I III! ■* 



tariatioQS ofjhe density andthe m^s to npthing, 'will give 
the t^Q folloiFingv 

(£) + (5)+ ( J)'=°- 

By joining these equations to the three giren by that of (^HJ 
-we shall have five which will enable us to determine the un. 
known quantit^s f^ py u, Vj. and y in^f^actioll8 of ty Xy 
y^ and ?• 

If tiM.iui&cnDpvessible fluid is homogeneons the dj^nsify ^ 
will be a constant quantity ; in this case we shall have onlyt 
the second of the aboye equations and the three given by 
that of (H) io determine the four unknown quantities p^ 
Uj v^ and v. 

If the fluid is elastic we shall have the equation (K) and 
the three given by that of (H) : if the temperature be the 
same throughout the mass, the density will be as the presi*. 
sure^ which'givespzizA:^; therefore there will be only four 
unknown quantities which the four eqioations above meiu. 
tioned are sufficient to' dicoVer. If the temperatujre be 
yariable and a c^iven function of the time, the quantity k 
will; be a function of these variables, conseqpeotly the befk^e 
mentioned equations will be sufficient to determine the values 
ofp, {/, v« and v. 

It appeal's from, the above that we shall have in every ckm 
as many equations as there are unknown quantities fn the 
problem. But as these are equations of partial differentia* 
tions of /, ;r, ^, and «, they have at prcfsent resisted every 
attenppt te .integrate them. In some instance they h.)v« 
beenvsimplified^ and- integrated by particular suppositions, 
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exact variation of or, y^ and %^ p being also any func- 
tion \vbateyer of the pressure p. If therefore l^ repre- 
sent this variation ; the equation (H) will give* 

"'-'He)+»'- 1 0:+(|>+(S)- ? 

from which we may obtain by integrating it with re- 
spect to ^, 

r_,i=(g)+j. |(|).+(|>+(g)i . 

It is necessary to add a constant quantity which is a 
function oit to this integral, but we may suppose that 
this quantity is contained in the function f • This last 
function gives the velocities of the fluid molecule* 
parallel to the axes of x^ y^ and % ; for we have 

The equation (K) relative to thecontiniiity of the fluid 
becomes 



but eren then the greatest difficulty has attended the deter, 
mination of the arbitrary constant quantities which depend 
upon the state of the fluid at the commencement of its motion. 

♦ That the equation (H) gives 

may be rendered evideiit from considering, for instance^ 
^^Xdxy ^^'""^ ^^ equivalent to \j^)^^ \^^) but^= 

"•»^<|)=(£)'-+(S)j^G)-".<'".- 



/ 

/ 
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a)+a)(S)+(i)(i) 

+a)•(S)-^^•KS)+(?)+(S)^ 

thus we have illative to homogeneous fluids 

It may be observed that the function u.^x-^.^y-^y.iz 
k an exact variation of x, y, and z at all times, if it be 
during one instant. Let us suppoSie that at any instant 
^whatever, it is equal to ^9 ; in the following instant we 
«hall have 

it mil therefore be an exact variation at this instant, 
tion at the first instant ; but the equation (ff) gives a€ 

this iosiaiit (^)'*+(§)>H-(^)-s»=»r-j.». 

this equation is consequently an exact variation in Xf 



* The integtation of the equatioa • 

which presented the greatest difficulties has been fortunately 
accomplished by Marc Antoine Parseva:!, a JPrench mathe* 
matician. Vide the eighth Cahier of the Journal de I'Ecole 
Polytechnique, 
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y^ and x; thus if the fimctipn u^x-^^Xy^^ ^'^t be an 
exact vliriatibii one ihsitsint, it tviU ahobe una in tbe 
next, it 18 therefore an exact variation at all tiiqes. 

When Ihte motion! are verj small'; we n\ay nl^^^Iect 
the squares and the products of ti, r, t^nd v; tbe equa^ 
tion (H) then becomes 

thereifore in this case u.^x^'DXy'\'y .1% is an exact va« 
fiation, if, a« we haye supposed, p be a function of ^ ; 
\y Qaming IhAs differential ^f < we sball have 

s * 

and if tbe fluid be homogeneous, tiio e(](uiat{orl of con- 
tinuitjf wiii become 

'KS)+Q+(S)- 

I 

Tbeee \^o equatiotis conteiin the wbole oftbe tbedry of 
very small undalati^ns of homogeneoiis fluids, 

34. Let us cdBlisider sin bomogen'edtis' fluid mass 
whicb has an mniforni titOTenent of ro(aiioli ab#ut tiife 



* In the case of the very small undulations of an homo- 

djp p 

geneous incompressible heavy fluid^ such as water>/7T=^; 



if the axis of « Jb« sii{ipo8ig<t ib the Aveetipn of grayitj, at 
its surface the equation F— / — —I -ri I is. changed into the 

^J'g representing the constant force of 
gravity. f 
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axis of X. L^i n represent the angular velocity of ro- 
tation at a distance from the axis Mrhich we will take 
for the unity of distance ; we shall then have r^is — nz ; 
\:=nt/* ; the equation (H) of the preceding number 
will also become 

exaiTt diSerentials. The equation (K) of the same 
number in like manner will become 



* In figure 25 let A represent the origin of the co. 
ordinatesy AY the axis of y^ AZ that of i&^ and AD the 
projection nfton the plane yz of a line drawn from a moiecnle 
in thf^ fluid mass perpc^ndicular to the axis of «; from D 
draw the line DZ perpendicular to the nxis AZj then DZ 

:izy^ AZ:=zz^ and -4/)=:VV*+s*. Let a line DE be 
4rawa from D perpendicular to AD^ and from any point E 
in it draw a line EF perpendicular to DZ ; then if DE re. 
present the Telocity of the molecule ia the direction perpen- 
dicular to AD J it may be supposed to be resolved into two 
Others DF and FE tn the respective directions of ^ and z. 
As the velocity at the distance represented by unity from 

the Axis of Jr is «, that at the distance V^*-f-a* is ny^^^-f-s* 
^zDE, From the similarity of the right angled triangles 
AZD and DPB 

bat DFzrznz is the velocity in the direction of the axis^, 
and ought to be taken negatively as it tends to diminish that 

2k 
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and it is evident tbat this equation is satisfied if the fluid 
mass be homogeneous*. The equations of the motion 
of fluids are then therefore satisfied^ and consequently 
this movement is possible. 

The centrifugal force at the distance y^^^ljl? from 
the axis of rotation, is equal to the square of the velo- 
city v?.(y^'\-z^) divided by this distance ; the function 
r?.(yiy'\'%^%) is consequently the product of the cen- 
trifugal force by the element of its direction f ; therefore 
by comparing the preceding equation of the movement 



axis. Again l/^H-s* • y • ' n^y*^z* : FEiizny^ or the 
velocity of the molecule in the direction of the axis z. 

* That the equation (H) is reduced to the value given in 
this number appears evident frpm considering, that all the 

terms in the second member vanish except ^'i -;>~ ).Sj^:=:-n- 

n^y^y and ©.I ^ | .)«=::— n*aS« 

In the equation (K) the respective values of p( j-l> 

fdv\ /'ds\ . . 

' v5i/J ^"^ ^\'d' J^ *" ^^^^ C2i^ey are evidently equal to 

nothing : also the partial, differentiations of f respectively 
vanish if the fluid is homogeneous. 

i- The centrifugal force at the distance ^y*+z^ from the 
axis of rotation is equal to ""^'^-'^J ' or »^V'3F+^f ; th|8 

value multiplied {nto the element of its direction or' >■■ ' 
give* n*.(ifiy+zh). 
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of a fluid, mih the general equation of the equilibrium 
of fluids given in No. 17 ; vre may perceive that the 
conditions of movement of Mrhich it treats, reduce 
themselves to those of the equilibrium of a fluid mass 
solicited by the same forces, and by the centrifugal 
force due to the movement of rotation : nrhich is other- 
-ways evident*. 

If the exlerioT surface of a fluid mass is free, ive 
shall have ipisii) at this surface, and consequently 

from ivhich it follows, that the resultant of all the 
forces which act upon each molecule of the exterior 
surface, should be perpendicular to this surface; it 
ought also to be directed towards the interior of the 
fluid mass. If these conditions be fulfilled an .homo-» 
geneous fluid mass will be in equilibrio, supposing at 
the same time, that it covers a solid body of any figure 
whatever. 

The case which we have examined is one of those in 
which the variation u.^x-^v.it/-\'Y.h is not exact: for 



* The general equation given in this number, when the 
value of ^Fis substituted, becomes 

P 
which is independent of the time^ and has n^,(y^^'\'Z^z) for 

the value of the centrifugal force multiplied into the element 

of its direction ; it is therefore evident that the conditions 

of movement are, in this case^ the same as those of the 

equilibrium of a fluid mass solicited by the same forces and 

by the centrifugal force arising from the rotatory motion of 

the mass. See notes page 134. 



iCO LAPLACE'S MfilCHANIC9« 

tbis variation becomes — n.Cz^t/-^^^^) I Iherefore in 
the theory of the flax and reflux of the sea, we cannot 
suppose that the variation concerned is exact, because 
it is not in the very simple case in which the sea has na 
other movement than that of rotation, which is com* 
mon to it and the earth. 

35m Let us now determine the oscillations of a fluid 
mass covering a spheroid possessed of a movement ot 
rotation nt about the axis o(x; supposing it to be vefy 
little altered from the state of equilibrium by the action 
of very small forces. At the beginning of the move* 
ment, let r be the distance of a fluid molecule from the 
centre of gravity of the spheroid that it covers, whicb 
we will suppose immoveable, let 6 be the angle that 
the radius r forms with the axis of Xy and ^ the atogle 
which the plane that passes by the axis of ^ and this 
radius forms with the plane of or and ^. Let us sUp* 
pose that after the time t the radius r is changed into 
r-f-a^j that the angle S is changed into G-^aUy and that 
the angle w is changed itilo nt-^-^-^av ; «*, air, And M 
being very small quantities of which we may neglect 
the squares and the products; we shall then have^ 



* Id £gure 18, let C represent the origin of the co- 
ordinates at the centre of gravity of the spheroid, C5, CF^ 
and CE the respective axes of x^ ^, and 2, CA the distaace 
of a fluid molecnle from C, AD a perpendicalar let fali 
from the molecule to the plane of FCB or xy.^ DB and coft* 
Beqiiently AB^ perpendiculars drawn from D and A to tliea2(i» 
of 0?, then CAzizr'\-»Sy CBuzx^ BDzizy^ and ADzzlz^ also tho 
angle ACB made by the radius and axis of aRS0-H4Mi, and 
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2=f r-f-«* J .sin . C O-f-^**^^ ••to . f «f-f^*f'*^>' • 
If we substitute these values in the equation (F) of 
No. 32, we shall bave by neglecting the square of «, 

+ai^.5iff $ 8in.*9.r^^+2;f.sin.e.cos.e.r^ J 

I 

f 

At the exterior surface of the fluid ^/KtmO ; ttlao in fto' 
state of equilibrium 

('S rj being ^ ralue of ^ P' wfafeh betongs tf> iMs «tatf^ 



■^w 



the angle ABD or the inclination of the planes ACB and 
apy:z:n^4"^ + *^- ^y trigonometry^ in the rij^t angled 
triangle ACB we have 
rad.(l) : cos.(d+«w) : : r+»s : xi=:(r +ots) cos. (B+au^^ 

and 
rad.(l) i 8in.(d4.«M) : : r+ms : ^Br=(r+«0.sin.(H«w); 
also IB the right angled triangle ADB we have 
rad.(l) : cos, (nt+ij+ctv) : : (r4-af)sin.(d+^) : ^=(r 
4 i(«)9in.^d-|-«2<)cos.(}f/-if-i;»-f «v) and 
nui.(l) r|ia.<ii/4-t7+at;>>: : tr4-««)8ia,(94Nrai^).i «ac(r 
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Let us suppose the sea to be the fluid treated upon ; 
the variation (^V) will be the product of the gravity 
multiplied by the element of its direction. Let g re- 
present the force of gravity , and ay the elevation of a 
molecule of Tvater at the surface above the surface of 
equilibrium, "which surface we shall regard as the true 
level (niveau) of the sea. The variation O V) in the 
state of movement will by this elevation be increased 
by the quantity — ag.^^, because the force of gravity 
acts very nearly in the direction of the ay's and towards 
their origin. Lastly denoting by a^P the part oilV 
relative to the new forces which in the state of move- 
ment solicit the molecule, and depend either upon the 
changes which the attractions of the spheroid and the 
fluid experience from this state, or from foreign attrac- 
tions; we shall have at the surface 

The variation — .5.{fr4-«^>).sin.Cd4-aw^}* i&increased 

by the quantity an^.dy.r.sin.^d*, in consequence of the 
height of the molecule of water above the surface of the 
sea ; but this quantity may be neglected relative to the 

term — ag.^^j because the ratio — of the centrifugal 



* The quantity an^.S^^.r.sin.^d may be obtained from tho 



n« 



variation — .5.{('r + «0.sin.('d+«ii^}* by differentiating 

that variation with respect to r, neglecting the quantities 
as and ui^y .which are relative to time, and sappoiiDg that 
$r is equal to «^^. 
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force at the equator to gravity, is a very small fraction 

equal to rr^*. Lastly, the radius r is very nearly con- 

fitant at the surface of the sea, because it differs very 
little from a spherical surface; we may therefore sup. 
pose ir equal to nothing. The equation Zr thus be- 
comes at the surface of the sea 

f^M. $ r^)-2/i.sin.S.cos.8/^) I 
4-r*.fe. j sin.*e.r~ J+2«.6in.e.cos.e.r^J -^ 2n. 

the variations iy and ^ V being relative to the two va- 
riables 6 and X7. 

Let us now consider the equation relative to the 
continuity of the fluid; For which purpose, we may 
suppose at the origin of the movement a rectangular 
parallelepiped, of which the altitude is dr, the breadth 
rdcT.sin.A and the length rdd. Let r'y B'^ and zj' re« 
present the values of r, 9, and 9 after the time t. By 
following the reasoning of No. 33, we shall find that 
after this time, the volume of the fluid molecule is 



-i-"^i*" 



^ «n*.9j(,r.siD«^d has the same ratio to — »g»^Sf ^ 
■ ■ ■ has to — -1, bnt the centrifugal force attheeqaa« 

o 

tor is or fi*r, and — is nearly equal to rjr- there. 

n^.r.sin.^d 
fore ' , may be neglected when compared with —I, 



o=c ''-'• 
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eqm^l to « reotangular parallelepiped of which the 
altkttda is ^— J.dr and the breadth 

by eximctiBg dr hy means of the equatioci 

lastly its length is 

bjr extracting dr and dw, by means of the equations 

<'=GT)-H-(S)<'<a-^' 

Supposing therefore 

~Vc/d J \dvj \drj \d9j\ drj\ dm J 

the volume of the molecule after the time t will be /S^ 
r^.sin.6.dr.d*.dw; therefore naming (p) the primitive 
density of this molecule^ and p its density correspond- 
ing to ^ ; we shall have by equalling the primitive ex- 
pression of its mass, to its expression after the time ty 

/).^V*.sin.fi'=f/>J.i*.sin.fl ; 
this is the ^nation of t^e cootinmty of the fluid* In 
the present case 

we shall therefore have by neglecting the quantities of 
(he order a*, 



Let us sappose that after the time d, the prifliitiye den- 
sity (p) of the fluid is changed into Cp)'\-ap'; the pre- 
ceding equation relative to the continuity of the fluid 
win give 



0=r 



2 



■\^+c''-m+(^+('s^)i-Ho 



( d.r^s \ 
dr r 

36. '^'Lei us apply these results to the oscillations of 
the sea. Its mass being homogeneous we. have /=() 
and consequently 

Kd.rH\ . - C fdu\ , rdv\ , u.cos.d > 

Let us suppose conformably to what appears to have 
place in nature, that the depth of the sea is very small 
relative to the radius r of the terrestrial spheroid ; let 
this depth be iiepresented by 7, y being a very small 
function of and zu which depends upon the law of 
tMs depth. If we integxate the preceding equatioa 
with respect to r, from the surface of the sc4id which 
the sea covers unto the surface of the sea ; we shall 



-' ■ -' r _ 



* As the sottfi n^ceasaryfte-^l^cidate'tKis^iidtheloircnf., 
iog nuoiber sati&factaiily would from tbeix^ery f^eat length 
too much increase the suse cf the work, I shjali refer the 
reader who is desirous of full informatioa respecting them 
to the fourth book of the MecbaIliqu^ Celeste^ -where all 
the equations are integrated and-every' particular explaineil 
hi the fullest manner. 

3s. 
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find that the value of s is equa^to a function of d, zj^ 
and t independent' of r, plus a very small function 
which will be with respect to u and v of the same small 

order as the function - ; but at the surface of the solid 

r 

which the sea covers, when <he angles and tsx are 
changed into Q-^-au and nt-\-zs^a,Vy it is easy to per- 
ceive, that the distance of the molecule of water con- 
tiguous to this surface from the centre of gravitjr of the, 
earth, only varies by a very small quantity wittf respect 
to (xu and av^ and of the same order as the products of 
these quantities by the eccentricity of the spheroid 
covered by the sea: the function independent of r 
which enters into the expression of s is therefore a 
very small quantity of the same order ; so that we may 
generally neglect 5 in the expressions where n and 7) are 
concerned. The equation of the motion of the sea at 
its surface given in No. 35 therefore becomes 



r" 



•^^•K^O-^-^--^--KI) 



-j-r'.S«7. 5 sin.^d.T— j-f-^w.sin.O.cos.d.f-^ j 

ff.Sy+SF; (M) 

the equation (L) of the same number relative to any 
point whatever of the interior of the mass of fluid ^ 
gives in the state of equilibrium 

0=5 x{ (r-^-as) .sin. r e+aw; Y+0 V)—^ I 

(W) and Op) being the values of 5 F and Ip which in 
the state of equilibrium answer to the quantities f^as^ 
O-^-aUy and ^-f-*'^« Suppose that in the state of mo- 
tion, we have 

the equation (L) will give ^ ,, * 
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{:<^-i)}=(S)-^»-i».-«<S)- 

The equation (M) shews that ^« f ^ I is of the same 

ovder as t/ or Sy and consequently of the order — ; the 

value of the first member of this equation is therefore of 
the same order; thus rawltiplying this value by rfr, 
and integrating it from the surface of the spheroid 
which the sea covers unto the surface of the sea, we 

&haU have P — — equal to a very small function of the 

order — , plus a function of 9, ot, and t independent of 

r, which we will denote by x ; having therefore regard 
in the equation (L) of No. 35 only to two variables 
d and OT, it will be changed into the equation (M)j 
with the sole difference, that the second member will 
be changed into ^x* But ^ being independent of the 
depth at which the molecule of water which we are 
considering is found ; if we suppose this molecule very 
near the surface, the equation (L) ought evidently to 
coincide with the equation (M) ; we have therefore 
Sx=5 F' — gifit/9 and consequently 



>.^r'-^'^=:SP-g-.2!y; 



the value of $ F' in the second member of this equation 
being relative to the surface of the sea. We shall find 
in the theory of the flux and reflux of the sea, that this 
value is nearly the same for all the molecules situated 
upon the same terrestrial radius, from the surface of the 
solii^ which the nfff^ covers to the surface of the sea ; we 



have therefore relative <o all these iholecules ~=zg.^7/ ; 

"which gives p' equal to p.gj^ plus a function independ- 
ent of 0^ V) and r e but at the surface of level of the 
sea, the value of ap' is equal to the pressure of the small 
column ay of water \vhich is elevated above this sur* 
face, and this pressure is equal to ap.gz/; \9e bftre 
therefore in all the interior of the fluid mass, from the 
surface of the spheroid ivhich the sea covers^ to the 
surface of level of the sea, p*z=pgy ; therefore any 
point "whatever of the surface of the spheroid covered 
by the sea, is more pressed than in the state of equi- 
librium, by all the weight of the small column of water 
comprised between the surface of the sea and the sur- 
face of level. This excess of pressure becomes negative 
at the points where the surface of the sea is sunk below 
the surface of level. 

It follows horn what has been said, that if we only 
liave regard to the variations of and of ^ ; the equation 
(JO) will be changed into the equation fMJ, for all 
the interior molecules of the fluid mass« The values of 
u and of v relative to all the molecules of the sea situ- 
ated upon the same terrestrial radius, are therefore de- 
termined by the same differential equations: therefore by 
supposing as we ^hall in the theory of the flux and refliix 
of the sea, that at the beginning of the radtlon the values 

^^ ^' (rfj)' ^' Crf7 /' were the same for all the mo« 
Isoldes situated upon the same raditis these molecules 
*crould remain upon the same radius during the^oscil- 
lations of the fluid. The values r, w, and v may 
therefore be supposed very nearly the same upon the 
sYnaH part of the terrestrial radius comprised betirttMi 
the solid that the sea covers and tfaHMrfftCe of tli^lJNttt 
therefore from integrating with relation to r the equation 






sin.t 



we sball have 

Cr'jJ being the value of r^$ at the surface of the sphe- 
foid covered by the sea. The fuaction r^s — (t^s) if 
very nearly equal to r^.{s — (s)]'{-SryCs)y (&)lMJig 
the value of s at the surface of the spheroid ; the term 
3ry.Cs) may be neglected on account of the smallness 
"ofy and (s) ; thus we shall have 

f^s—Cf^sJz^ir'.ii—Cs)}. 
moreover the depth of the sea corresponding to the 
ungles B-\-au and nt'\-^-\-av is y-|-«.{5 — (s)}; If vft 
place the origin of the angles d and nt"\<xy at a point 
and a meridian fixed upon the surface of the earth, 
which may be done as we shall forthwith see; this 

depth will be *>+««•( ^9 )+*^-(t-)> plus the etovft* 

tion at/ of the fluid molecule of the surface of the sea 
above the surface of level ; we shall therefore have 

The equation relative to the continuity of the fluid, 
consequently will become 

\ dQ J \ d^J sin.e • * ^^^ 

it may be observed that in this equation, the aa^flqs 
and nt-^-^ are reckoned relative to a point and to a 
meridian fixed upon the earth, and that in theiquatian 
(M) these same angles are reckoned rdative to the 
axis of Xj and to a plane which passing tlif ongfa this 
^axis will have a movement of rotation about it equal to 
^4; but Urn l|^ and this plane are net fixed at the luiv- 
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face of the earth, because the attraction and the pres- 
sure of the fluid which covers it ought to alter their 
position a little upon this surface, as well as the move- 
ment of fMbtion of the spheroid. But it is easy to 
perceive, that these alterations are to the values of <:(Z/ 
and «r, in the ratio of the mass of the sea to that of the 
terrestrial spheroid ; thus, in order to refer the angles t 
and nt-\'Zj to a point and to a meridian which are in* 
variable at the surface of this sphjeriod in the two 
equations (31) and f iVJ ; it is suflScient to alter u and 

*yi£ *yTD 

v by quantities of the order — and — , which quanti- 
ties may ht neglected ; in these equations therefore, it 
may be supposed that au and av are the movements of 
the fluid in latitude and longitude. 

Again, it may be observed, that the centre of gravity 
of the spheroid being supposed immoveable, it is ne-^ 
cessary to transfer in a difierent direction to the fluid 
molecules the forces by which it is actuated in conse- 
quence of the re-action of the sea ; but as the common 
centre of gravity of the spheroid and the sea does not 
change its situation in consequence of this re-action, it 
is evident that the ratio of these forces to those by 
which the molecules are impelled from the action of 
the spheroid, is of the same order as the ratio of the 
fluid mass to that of the spheroid, and consequently of 

the order - ; they may therefore be neglected in the 

calculation of ^ P. 

37« Let us consider in the same manner the motions 
of the atmosphere. We shall in this research neglect 
the variations of the heat at different latitudes and dif- 
ferent heights^ as well as all irregulcy^^aijses whi 




ar» 
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agi(ate it, and only have regard to the. regular causes 
which act upon it as upon the ocean. We shall con- 
sequently suppose the sea covered by an elastic fluid of 
an unifoi^pi temperature ; we will also suppdfe conform- 
ably to experience, that the density of this fluid is 
proportional to its pressure. This supposition gives 
an indefinite height to the atmosphere, but it is easy tot 
he assured, that at a very small height its density is so 
trifling that it may be regarded as nothing. 

This being agreed upon, let *', u^y and -o' represent 
for the molecules of the atmosphere, what 5, u, and » 
signified for the molecules of the sea ; the equation (LJ 
ef No. 35 will then give 

-|-ar*.SOT5sin.*9.i — l-f-2/2.sin.0.co8.0. 

(du\ , 2n.siu.»d rds'\ > . ^ C rd^s'\ 
iu)+—r—\di) I +'^'-' I yir) 

sin.rs+aw';}*+sr-3^. * i 

Let us at present consider the atmosphere in the state 
of equilibrium in which s^y u'^ and i/ are nothing. 
The preceding equation will give by integration, 

4. ^.r^.sin.*Q-f-r— /—= constant. 

The pressure p being conceived to be proportional to 
the density, we shall make p=:Lg.py g being the 
gravity at a determinate place, which may be supposed 
to be the equator, and / being a constant quantity that 

«*vesthe height of the atmosphere, conceived to be of the 
me dendity tkrougbout, as at the surface of the sea : 



Ibis bciglit tf very smaH wh^i compared with the radiui 
of Ifae terresttial spheroid^ of which it is not the 7S0th 

The integral/— is equal to Lg.log.p; theprecedinj; 

equation of the equilibrium of the atmosphere conse- 
quently becomes 

/g-.log./jz^consti-j- F4— ^-f .'sin.*^. 

At the isurface of the sea, the ralue of V is the same for 
a molecule of air as for the molecule of water which i» 
Contiguous to it, because the forces which solicit each 
molecule are the same ; but the conditions of the equi- 
librium -of the sea lequires that we should hATe 

n* 
r4-r-«^'*sMi**fc=Con8t. ; 

therefore at this surface p is constant, that is to say, the 
density ofiht lamina of air next to the sea, is through- 
out the same in the state of equilibrium. 

If R fefNresent the part of the radius I* comprised 
between the centre of the spheroid and the surface oi 
the sea, and r' the part comprised between 4bis sur- 
face and a molecule of air elevated above it, r' wiU 

ittily 'differ by quantities nearly of the order ( — •'^ V 

■III » I ^^MM^^^ 

R 

from the heighit of this tnoleoule above the surfpce of 
the sea: we shall therefore neglect the quantities of 
this order. The equation between p and r will give 

^bi.^-\-te.Ri'.sin*6; (he values of T,. f^) aM- 
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( 



d^F 



, r I beins: relative to the surface of the sea where 
dr^ J ° 

we have 

const.= r-j-r-«^'Sin.*9 ; 

the quantity — ( -7- j — n*/?,sin.*d is the gravity at this 

same surface ; we shall denote it by g'. The function 

(d*F\ 
-V7 I being multiplied by the very small quantity r'*, 

we may determine it on the supposition that the earth 
is spherical, and reglect the density of the atmosphere 
relative to that of the earth ; we ^hall thus h^ve very 
nearly 



\dr)'' 



m 



d^F' 



m 



(d^F\ 
-7- I 

: ..^ -TnT ; we shall therefore have /g'.log.^=iconst. 



— ^^' — 7l*S' » ^^^^ which may be obtained 



r'//, r' 



•('-9 



^=n.c 

c being the number of which the hyperbolical logarithm 
is unity, and 11 being a constant quantity evidently 
equal to ifae density of the air at the surface of the sea. 
Let h and h' represent the respective lengths of pendu- 
lums oscillating seconds at the ^surface of the sea under 
the equator, and at the latitude of the molecule of air 

«./ y 
which h^s been considered : we shall have ~=r * and 

2u 
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r'h! f r\ 

This expression of the density of the air shews^ that the 
laminae of the 3ame density are throughout equally 
elevated aboye the surface of the aea^ except by the 

quantity — -^ nearly ; but in the exact calculation 

of the heights of mountains by the observations c^the 
barometer, this quantity ought not to be neglected. 

Let us now consider the atmosphere in the state of 
motion, and let us determine the oscillations of a lamina 
of level, or of the same density in the state of equilib- 
rium. Let a^ be the elevation of a molecule of air 
above the surface of level to which it appertains in the 
state of equilibrium ; it is evident that in consequence 
of this elevation, the value of S F will be augmented by 
the differential variation — <xg'«(f ; we shall therefore 
lave S V=:0 V)—ag.^(^(tl V ; (l V) being the value 
of ^F whicb in the state of equilibrium correisponds to 
the lamina of level and to the angles ^^au and nt-^-^ 
r-}-«'9; W being t{ie part of ^F arising from the nefw 
forces which in 4he state of movement agitate the at- 
mosphere* 

Let p=('p^4"«/j (pi being the density of the lamina 
of surface in ihe «tate of equilibrium. |f we mfike 

y 

— .==y', we shall have 

(O :* , 

P, (fJ 

but in the state of equilibrium 

the general equation of the motion of the 9tfa(Gim||Ha 
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will therefore become rebiive to the laminae of levei, 
with respect to which Sr is very nearly nothing, 

^•^*- 1 (^0-2msin.e.cos.fi.(^) ^ 



J^.iia. J 8in.«S.r^)+2ii.sinAcos.fl/^) 

m($'J being the variation of r corresponding in the 
state of equilibrium to the variatons au' anJ oct/ of the 
angles S and m. 

liCt us suppose that all the molecules of air situated at 
first upon the same terrestrial radius^ remain constaally 
upon the same radius in the state of motion, which has 
place by what precedes in the oscillations of the sea ; 
and let us try if this sH|^)08ition will satisfy the eqta^ 
tions of the motion and of the continuity of the atmos* 
pheric fluid. For this purpose it is necessary, that 
the values of tt^ and v' should be the same for all these 
molecules; but the value $P is very nearly the same 
fdt these molecules, as will be seen Sben we shall d^<^ 
termine in the sequel the forces from which this varia- 
tion results ; it is therefore necessary that theJirariations 
If and ^j^[ sJhould be the same for i^ these molecules, 

— 1, 

and iir^r.sin.^dj.{f^ — (s')} may be neglected in the 
preceding equation. 

At the surface of the sea we have ^=y, €ty being* 
the elevation of the surface of the sea above its surface 
of level. Let us examine if the suppositions of 9 equal 
tejf, and of^ constant for all the molecules of air situ- 
tdtA upon the same radius, can subsist with the equatkni 



276 LAPLACE'S MECHANICS* 

of the continuity of the fluidi This equation, by 
No. 35, is 

from which we may obtain 

y=-^' \ (7^ J+(^ J+i^ J+-7i^ 5 • 

r-^rdts' is equal to the value of r of the surface of level 
which corresponds to the angles d-f-aw and ©-|-«t), plus 
the elevation of the molecule of air above this sur- 
face; the part of »s' which depends upon the variation 

of the angles Q and zs being of the order , may be 

neglected in the preceding expression of ^', and con- 
sequently it may be supposed in this expression that 

5'=(p ; lastly if we make (p==y, we shall have I -^ ) 

=;0, because the value of (f is then the same relative to 
all the molecules situated upon the same radius. M ore- 



«* 



overj^ is by wh#precedes of the order I ox — ; the 

expression of y will thus become 

^fdy}\ I fdv'\ , M^cos.g) 

^=-^- eV"5^J+V5^J+li^X S ' 

therefore u' and nf being the same for all the molecules 
situated originally upon tjhe same radius, the value. of 
y' will be the same for all these molecules; Moreover 
it is evident from what has been said, that the quantities 

2«r.5w.sin.^9. J — ■ j and nV.sin.*9.5,{5' — (s')}j may 

be neglected in the preceding equation of the motion. pf 
the atmosphere^ which can then be satisfied by siip?- 
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posing thai u* and x! ar« the-s^me for all the molecules 
of air gitnateil originally upon the same radius ; the 
supposition that all these molecules reniain constantly 
upon the same radius during the oscillations of the fluid, 
is therefore admissable with the equations of the motion 
and of the continuity ofthe atmospheric fluid. In this 
case the oscillations of divers laminae of level are the 
same, and may be determined by means of the equatiom 



t^ 



\ • 



-f-r',S^ J sin.*S.i — l-|-2w.sin.6.cos^d« 

. ; .i • ... ' ' 

, i /" du'\ , r dv'\ , u'.cos.O}' 

These oscillations of the atmosphere ought to produce 
analogous oscillations in the altitudes of the barometer. 
To determine these by means ofthe first, let us suppose 
a barometer fixed at any height whatever above the 
surface of the sea. The altitude of the mercury is pro- 
portional to the pressure which iHh surface exposed to 
that ofthe air experiences; it may therefore be repre- 
sented by lg,f ; but this surface is successively exposed 
to the action of difiereiit laminas of level which elevate 
and lower themselves like the surface of the sea; thus 
the value of p at the surface of the mercury varies ; 
first, because it appertains to a lamina of level which 
in the state of equilibrium was less elevated by the 
quantity ay ; secondly, because tlie density of a lamina 

is augmented in the state of motion by ap' or by — ^■~. 
In consequence of the first cause the variation of /> is 



97S 



-*y'(l)' 
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or . * - ; the total variation of the den- 



siiy /» at the surface of the mercury is therefore aCp)^ 
^~^. It follows from' the above, that if the altitude 

of the mercury in the barometer at the state of equilib« 
rium is denoted by:X; ; its oscillations in the state of 

Hlotion mil be expressed by the function — '—^ ; 

they are therefore similar at all heights above the sur- 
face of the sea> and proportional to the altitudes of the 
barometer. 

It now only remains in order to determine the oscilla* 
tions of the sea and of the atmosphere, to know the 
forces which act upon these two fluid masses and to in- 
tiegrate the preceding difimmtial equations ; which will 
be done in the fourth book of thfs work. 
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CHAP. IX*. 



Of the law of unhersal gravity obtained from 

phenomena* 

38. Afteb having developed the laws of motioa, utm 
will proceed to derive from them and from those of tb# 
celestial motions presented in detail in the work entitled| 
Exposition du Systeme dn Monde, the general law 9C 
these motions. Of all the phenomena that which seems 
to be the most proper to discover this law, is the elliptic 
motion of the planets and of comets about the snn t let 
us see what may be derived from if. For this purpose, 
let X and y represent the rectangular co-ordinates of a 
planet in the plane of its orbit, having their origin at 
the centre of the sun ; also let P and Q denote the forces 



* This chapter which forms part of the first chaptei^ of thsi 
second book of the Mechanique Celeste, is added in prder to 
afford the readev some idea of the manner in which Laplac# 
appllM Urn mlts givtn in the introductory treatise. 
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which act upon this planet parallel to the axes of a: and 
y^ during its relative motion about the sun, these forces 
being supposed to tend towards the origin of the co- 
ordinates, lastly, let dt represent the element of the 
time which we will regard as constant ; we shall 
have by Chap. 2, 

If we add the first of these equations multiplied by — y 
to the second multiplied by x, the following equation 
will be obtained, 

n d,(x dtf^y dx) , ^ w 

It is evident that xdy — ydx is equal to twice the area 
which the radius vector of the planet describes about 

* 

the SUA during the instant Vf^ ; by the first law of Keplpr 
this area is proportional to the element of the time, we 
shall therefore have 

otdy — ydx-==zcdt^ 
c being a Constant quantity ; the differential of the first 
member of this equation is equal to nothing, conse*^ 
quently 

xQ—yPzznO. 
It follows fi'om this equation that P has to Qthe 
same ratio as x has to y, and that their resultant passes 
by the origin of the co-ordinates ; that is by the centre 
of the sun. This is otherways^ evident, for the-curvede- 
scribed by the planet is concave towards the sun, con- 
sequently the force which causes it to be described 
tend^ towards that star. 

The' law of the proportionality of the areas tathe. 
times^ em ployed to describe them, .tbprefpre qQpducta. 



• ■ < 
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tis to this T0mari[al>te result ; thfat the force tvbich soli- 
cits the planets and lhe<M»lMls is directed towards (hO 
centre of-ifce sun* 

39. Let us now determine the law by which theforce 
acts at different distance^from lhi» istar. It is evident 
that the planets and the cometg alternately approach to 
and recede from the san, .doriif^ each revolution ; the 
nature of the ellif^tic motion ought to conduct us to this 
law. For which purpose resuming the di&rential 
equations (1) and (3) ofthe|ireceding No., if weadd 
thefirstmulKpIiedby e&r tothe secpnd multiplied by 
^) we shall bave 

gives by ititegration 

the constant quantilgr being^t indicated by the sign of 
integration. If we «ub6titi^ instead, of ^1 its value 

•^"^^ — , which is given by the law of the propor- 
tionality of the areas to the times, we shall have 

*> For greater simplicity let the co-ordinates jc and jf 
be transformed into a ladius vector and a traversed angle 
conformably to astronomical practice. Let r represent 
the radius drawn jfrom the centre of the sun to that of 
the planet, or its radius vector, and r> the angle which 
it fiNSms with the axis of j: ; we shall then have 



*.cos.Dy yasr.sin.v; r=sV^P^-y*/ 
consequently 

Sir 
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If the principal force that acts upon the planet be 
denoted by ^ ; the preceding No. will give 

Pz=9.cos.«/ 9i=9.8in,«/ 9==yp*+Cf 
therefore 

Pdx-^ Qcfyiszfdr / 
hy substitution we shall have ^-^ 



consequently 

edr 

rV—c^—^r^S^dr ^ 

This equation will give by means of quadratures iV% 
value of V in r, when the force (p is a known function of 
r; but this force being unknown, if the nature of the 
curve which it cai|scs to be described is given, by 
differentiating the preceding expression of S/I^r, we 
shall have to determine (p the equation 



C dr* > 

c* c* % — ^ > 



dr 

The orbits of the planets are ellipses, having the 
centre of the sun at one of the foci ; if in the ellipse w 
denotes the angle which the major axis makes with the 
axis of x, and the origin of a: be fixed at the focu 



7 



and a represent the semi-major axis^ and e the ratio 
the eccentricity to the semi-major axis; we shall have 

which equation belongs to a parabola if f=:1, Und a be 
infinite; and to an hyperbola if e surpass unity, 'IM a 
]be negiat ive* This equation gives \ _ : 

dr* ^ 11 '^ •' p '• ^ 



r^rfo* "^^rr/f 1-tf* J ya €^(l^^) f 
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consequent^ 

c» 1 

therefore, the orbits of the planets being conic sections, 

the force 9 is inverselj as the square of the distance of 

the centre of thes^Ianets from that of the sun. 

We also perceive that if the force (p is inversely as 

h 
the square of the distance, or expressed by — , h being 

a constant coefficient, the preceding equation of conic 
sections will satisfy the differential equation (i) 
between r and Vy which gives the expression off when 

we change 9 into — • We shall then have A=:- 



which forms a conditional equation between the two 
constant quantities a and e of the equation of conic 
sections ; the three constant quantities a, e, and zj of 
this equation are therefore reduced to two distinct con- 
stant quantities, and as the differential equation be- 
tween r anfd v is only of the second order, the finite 
equation of conic sections is the the complete integral 

From the above it follows, that if the curve described 

be a conic section the force is in the inverse ratio of 

the square of the distance, and reciprocally if the force 

As inversely as the square of the distance, the curve 

described is a conic section. 

40. The intensity of the force (p relative to each pla- 
net and to each comet depends upon the coefficient 

c* 
^ ^ ; the laws of Kepler likewise give the means 

of determining it. Thus, if T denote the time of the 
revolution of a planet, the area that its radius vector 
describes during this time being the surface of the pla- 
netary ellipse is equal to vff^i — e*, « being the ratio 



of the semi-circumference to the radius ; Ikit bf irbat 
precedes, the area described during the instant dt is ^ 
tdt : the law of the preporllonality of the areas to 
the times will therefore gire the foUcrwiBg praportion, 



icdt : ira' V 1— c»"": : A : r ; 

therefore 



c= y . 

Relative to the planets, the law of Kepler, that the 
squares cf the times of their revolutions are as the cubes 
of the great axes of their ellipses, givesT*=i'a', ^ 
being the same for all the planets ; we therefore have 

C= jj 

Sa(l — e*) is the parameter of the orbit, and in different 
•orbits the values of c are as the areas traced bj the radii 
^rectores in equal times ; these areas are tbereforf^ as tke 
square root of the parameters of the orbits« 

This proportion has equally place relative to the or- 
bits of comets compared either to each other or to the 
orbits of the planets ; this is one of the fundamental 
points of their theory which answers so exactly to all 
their observed motions. The major axes of their orbm^ 
and the times of their revolutions being unknown^ we 
calculate the motions of these stars in a parabolic oibit, 
and, expressing by D their perihelion distance, we 

suppose c= '^ — r — ; which is equivalent to making 

c equal (o unity, and a infinite, in the preceding ex« 
prcssion of c ; we have therefore relative to comets, T* 
r=:/c*a% so (hat when their revolutions shall be known^ 
t he-major axes of their orbits can be determined. ' 
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The coefficient -— being the saEme for all Ac planets 

and comets, it results that for each of these bodies, 
the force 9. is inversely as the square of the distances 
from the centre of the sun, and only varies from one 
body to another by reason of these distances; from 
^hich it follows, that it is the same for all these bodies 
supposed at equal distances from the sun. 

We are 4he]«foi« coadoctad by 4ha JieaiUifuI laws of 
Kepler to regard the centre of the sun as the focus of 
an attractive force which extends itself infinitely in all 
directions, decreasing in the ratio of the squares of the 
distances* The law of the proportionality of the areas 
described,by the radii vectores to the times employed ia 
describing them, proves |o us that the principal force 
which solicits the planets and the comets is constantly 
directed towards the centre of the sun ; the cllipticity 
of the planetary orbits, and the very nearly parabolical 
1^ motionsof the comets, shew that for each planet and 
for each comet this force is inversely as the square of 
the distance of these stars from the sun ; lastly, from 
the law of the proportionality of the squares of the 
times of the revolutions to the cubes of the major axes 
of the orbits, or that of the proportionality of the 
areas described during the same time by the radii vec- 
tores in different orbits to the square roots of the para- 
meters of these orbits, which law contains the preceding 
ami is extended to comets ; it results, that this turce is 
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the same for all the planets and the comets placed at 
equal distances from the sun, so that in this case, these 
bodies \¥oaId be precipitated towards it with the same 
velocity. 




1 l\i>.i 




Frtnted by U, JBavoeit, Im$ Rowy Mar&elrplace, K^tiim^Mtt* 



£RRATA. 



Page 11. Notes line 3,' for, direction htf S. 4*^. wad, 

direction hy lines denoted hy S. S^c. 
Page 56. Line I, for^ dz^ read, d^x. 
Page 135, Notes line 4 from the bottom, instead of, 

to one half that^ read, to thai. 
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